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GENERAL INTRODUCTION.

THE following invaluable work is one of

the fruits of a life which was uniformly

devoted to studious enquiry, and to the pro

motion of the best interests of mankind.

The motives that first led the author to

engage in these labours were the most hu

mane and honourable, and he considered the

success that attended them as the highest

reward and gratification he could enjoy.

Even in preparing his notes for the former

edition, which unfortunately were never

completed, he mentions his life as then draw

ing near its close, but that he had reason to

reflect with satisfaction on the time which he

had employed in those pursuits.

The different Prefaces which have been

affixed to the several editions published by

the Author himself, render it unnecessary to

W O L. I. 3. enter
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enter minutely into the origin and progress of

this work. But it may not be improper to

observe, that the advice and instruction

which it contained could not possibly have

been communicated at a more seasonable

opportunity, than at the time of its first

publication in 1769–The various Societies

for the benefit of age and widows which

were then continually rising up to allure and

to defeat the hopes of the ignorant and

distressed, were become an object of serious

concern, and if the evil had not been effec

tually opposed, it would certainly have

proceeded to a much more alarming extent.

On the first appearance, however, of this

work, the rage for establishing new Societies

immediately subsided, a partia/ reformation

took place in some of those which had been

already formed, and in a short time the

greater part of them, convinced of their

mistakes, dissolved themselves. A few,

indeed, persevered in an obstinate adherence

to their original plans, but they have long

since exhibited a melancholy proof of their

own folly, and of the truth and justice of

the admonitions which had been wasted

upon them. - -

- It
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º It was Dr. Price's intention to have writ

ten a new Preface to the former edition, in

which he meant to have continued his ac

count of the state and progress of the few

Societies which then remained, and also to

have inserted whatever additions and re

marks he might have thought necessary to

the improvement of the following volumes.

—But he died soon after the first of them

was printed, and left only a few detached

hints and observations in regard to the plan

which he was to have adopted. — Being

anxious to exert every effort in my power to

wards fulfilling his intentions, I then endea

voured, though in a much inferior nanner,

to pursue the method which he had pointed

out for himself; but in the present edition I

have ventured to deviate from that plan, by

introducing the remarks which I had for

merly inserted in the preface, together with

some additional observations, in the form of

notes to the different chapters which treat of

those Societies. ..

Besides the peculiar satisfaction which he

derived from this work as having been in

strumental in doing much good, Dr. Price

was also accustomed to reflect on it with

a 3 pleasure,
_*
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pleasure, as it contained, in his opinion,

many improvements in the doctrine of An

nuities and in Political Arithmetic.—It was

his wish therefore to have rendered it as com

plete as possible ; and the great number of

tables and valuable observations with which

he has enriched each edition, and particularly

the fourth, are a proof of his zeal and suc

cess in accomplishing this purpose.—To the

fifth edition a new table was added of the

values of two joint lives, computed under

his direction from the probabilities of life at

Northampton, reckoning interest of money at

6 per cent. and also three other tables of the

values of single lives, communicated and

computed by myself, from the same table of

observations at the several rates of 6, 7, and

8 per cent. These I believe were all the new

tables, excepting those in the Appendix,

which Dr. Price meant to have added to that

edition :-nor did he seem to entertain the

most remote idea of making any material al

terations either in the arrangement or the

matter of the second volume, which he did

not live to correct.—When that edition was

put to the press it was done in some haste,

and his other engagements prevented him

from
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from attending to the correction of it before

the first two chapters were printed off. Had

not this been the case, he meant instead of

the present answers to the 11th and 12th

questions in the first Chapter, to have sub

stituted others from a paper communicated

by myself to the Royal Society in the year

1788, which was honoured with their appro

bation, and published in the 78th Volume of

their Transactions. But being disappointed

in this intention, he reserved what he had to

say on the subject for a note at the end of the

second volume.—As far as relates to these

questions I have endeavoured to supply the

deficiency. I have also explained some of

the notes at the end of the first volume

which appeared to me to be too concise, and,

have deduced from the real probabilities of

life other solutions of such Problems as had

been derived from Mr. De Moivre'ſ hypo

thesis, -intending by this means to give a

further proof that it can seldom or ever be

necessary to have recourse to such an expe

dient in the doctrine of Annuities.—In con

sequence of a reference made by Dr. Price in

a note at the end of the third Chapter,

(Vol. I.) I have inserted all the different rules

- respecting
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respecting the values of reversions depending

on survivorships between three lives, which

I had communicated to the Royal Society in

the years 1789, 1791, 1794, and 1800, and

which were published in the 70th, 81st,

84th, and 90th Volumes of the Philosophical

Transactions. These, like all the other addi

tions I have made, have been kept separate

from the work itself; so that, if any errors

*have been committed, they may be easily

ascribed to the real author.

As all the solutions in the first Chapter,

except those of the 11th and 12th questions,

are strictly true according to any table of

the probabilities of life, I do not know that

this part of the work admitted of any other

improvement than the addition in those two

questions of correct rules in lieu of the ap

proximations which had been taken from

Mr. Simpſon’s Select Exercises. But in re

gard to the second Chapter, which contains

an account of the different Societies for the

benefit of age and widows, the circum

stances and even plans of some of these have

* The Solutions of the sº and 16th questions are true,

and the rules deduced from them are sufficiently correct

for any useful purpose.—Sce Note (H) Vol. I.

undergone
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undergone such considerable alterations since

the year 1773, when the fourth edition was

published, that it became necessary, in this

and the former edition, agreeable to the

author's own intention, to give a more

accurate account of their state.

In the first Volume of this work b an

account is given of a plan for enabling the

labouring poor to provide support for them

selves in sickness and old age by small weekly

savings from their wages. Since the first

publication of this plan Dr. Price had be

stowed great attention on the subject ; and

being furnished with more information than

he then possessed, he was enabled to com—

pute the valuable Tables which are inserted

in the Appendix.-These were intended to

have served as the foundation of a plan to be

established by the legislature, which should

hold forth such particular encouragement to

the poor as should induce them to give it the

preference to those insufficient and erroneous

plans which have been so generally adopted

in this Kingdom. Nothing could be more

important than such a design. It was

founded on the best principles, and had the

- * Note page 149.

happiest
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happiest tendency to assist the poor by en

couraging industry and saving, and by raising

them above the wretched necessity of de

pending upon the parish for subsistence when

rendered incapable of providing for them

selves. The bill for establishing this plan

was brought into parliament about twelve

years ago, and after having passed the house

of Commons was rejected by the Lords.-

But it is to be hoped that this want of suc

cess will not prevent the subject from being

resumed hereafter : For its usefulness and

importance, when properly understood, can

hardly fail to engage every branch of the le

gislature in its support. It is observed by

Dr. Price that the poor's rate in the year

1777 amounted to 361,556,804. Since

that time it has been doubled; and the truth

seems to be, that there is a growing distress

among the poor, occasioned most probably

by the price of provisions having increased

more in proportion than the price of labour ;

which renders it almost impossible for a poor

man, if he have a wife and family, to sub

sist on his wages.—This melancholy truth

might be proved in the most convincing

* Note page 151, Vol. I. -

manner
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manner from the valuable information com

municated to Dr. Price by Mr. Moreton Pitt,

the member for Dorsetshire, whose huma

nity has led him to make particular enquiries

into the state of the poor of this Kingdom.—

But it would be foreign to my purpose to

enter into disquisitions of this kind, though

I cannot help observing how much it is to be

lamented that others have not been stimulated

by this benevolent example to make similar

enquiries, and to interest themselves in

adopting such measures as might effectually

relieve the distresses of the labouring poor.

By the formation of rational plans for this

purpose the many wretched schemes which

have so often risen up to delude their hopes

would disappear, the indigent labourer and

his family might then look forward without

anxiety to seasons of sickness and old age,

and the more wealthy enjoy the advantage of

a reduction in the enormous expence with

which the parishes are loaded for the main

tenance of their poor.—It is indeed a great

misfortune that the different parochial clubs

established in this kingdom should in general

be founded on such erroneous principles, and

that a disposition so laudable in itself should

- I\Ot
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not be properly directed and encouraged by

the legislature. The funds of these Clubs

have, it is true, been preserved by a lace

Act of Parliament from the depredations of

their treasurers. But it would have been as

well, perhaps, if provision had been made

in the same Act against the formation of

such clubs, or of any Society for the benefit

of Age, Widows, &c. without having pre

viously submitted their plans to some persons

competent to judge of their efficiency.---At

present they are formed from the crude sug

gestions of the most ignorant, who in order

to procure a sufficient number of subscrip

tions often propose the most extravagant

terms ; so that it soon becomes a matter of

very little consequence to the greater part of

the subscribers whether they are robbed by

their treasurer, or ruined by the multitude of

their claimants. But of all the phantoms

which are held up to entice and to deceive the

public, none are more mischievous or deserve

more severe reprehension than the ToN

TINEs which have lately prevailed so much

in every part of this country. By these,

while the adventurer is flatter'd with the ex

travagant hope of making his fortune in a

- short
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short period and at a small expence, the

worst spirit of gambling and idle speculation

is called forth, and all those baneful effects

which are produced by a State Lottery in

London are extended to the remotest corners

of the Kingdom. Is it not then a matter of

serious concern that this mischievous spirit

should derive sanction and encouragement

from those who ought to exert every effort in

opposing it The annual establishment of a

State Lottery is now regularly enumerated

among the ways and means of the Minister;

but of all the wretched measures of finance

which have lately been adopted, it is impos

sible to imagine one so unprofitable to govern

ment, and at the same time so deleterious in

its consequences to the public. Wretched

must be the condition of that country

where the morals of the people are sacrificed

to the interests of the revenue, and where

the public exigencies are provided for by

the pernicious assistance of such expedients.

While the worst passions of the human mind

are thus cherished and maintained by those

who ought to exert their power in suppressing

them, we may indeed lament the mischievous

consequences, but it will be of little avail to

oppose
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oppose them by the sober efforts of reason

and argument. -

*

It was Dr. Price’s intention, as appears

from some references in the former edition,

to have continued his account of the public

revenue and expenditure to the beginning of

the year 1791.-He had also proposed to

have published the three plans for paying off

the national debt, which were communicated

by him to Mr. Pitt in consequence of an

application having been made to him for his

opinion and advice on that subject.—One of

these plans was adopted by the minister

without the slightest acknowledgment, and

now forms the foundation of an Act for

reducing the public debt, which was estab

lished by the legislature in 1786, and contri

buted more than any other, measure to raise

the credit of the late Administration. In

order as far as lay in my power to fulfil the

intentions of Dr. Price, I have in the first

Volume inserted those plans, together with

such remarks as were necessary to explain

them. These formed a part of a pamphlet

published by myself on the subject in the

year 1793; which having been long out of

I print,
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print, I thought so much at least of it might

be preserved in this work, as would tend to

illustrate the conduct of a Minister, who,

whatever may be his pretensions in other

respects, does not appear to include gratitude

in the list of his virtues.—At the conclusion

of these remarks I have also added an ac

count of the National Debt;-not indeed at

the period to which Dr. Price intended to

have brought it, for that would have given

a very imperfect idea of its amount, but to

the end of the year 1801; from which it

will be seen how feeble the operations of the

best plans must have proved against the ac

celerated accumulations of the last ten years.

But the chief alterations in this edition

will be found in the arrangement of the

work. All that related to the same subject

I have endeavoured, as far as circumstances

would permit, to bring together ; so that

some of the Chapters which composed the

second, now form a part of the first Volume,

and on the contrary some Chapters in the

first are transposed into the second Volume.

By this means the whole is at least rendered

more methodical, and the reader, in conse

quence, when studying any particular sub

Ject,
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ject, will not be interrupted, as in the former

editions, by having to examine different

parts of the work before he finds all that has

been written in it on that subject.

Hence the questions concerning Reversi

onary payments, and the application of those

questions to the establishment of Societies

for the benefit of Old Age and Widows, are

followed by an account of the different So

cieties of this kind now existing in Great

Britain. In the next Chapter is given the

method of calculating the Values of Rever

sions depending on Survivorships, which

appears to have been written chiefly with the

view of correcting an error into which Mr.

De Moivre had fallen in the solution of

those Problems.--To these succeed an ac

count of the values of the renewal of leases,

and a Chapter containing the most expedi

tious method of computing the values of

single and joint lives according to any tables

of observation. In the 5th Chapter are

given Theorems for finding the difference -

between the values of Annuities payable

yearly, half-yearly, quarterly, and momently;

which, together with the algebraical notes at

the end of the first Volume, contain all that

* 4 - WaS
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was formerly dispersed throughout the dif

ferent parts of the work on the subject of

Annuities and Reversions.

, The National Debt seems to be a subject

not immediately connected with any of the

other matters of which these volumes are

composed. The 6th Chapter, therefore,

which treats of public credit, the establish

ment of a sinking fund, the amount of the

public debt, &c. is inserted at the end of the

1st Volume, in order that the whole of what

has been written on the expectations of life,

the population of the kingdom, and the me

thod of forming tables of observations,

might be connected together in the 2d

Volume. -

The different Chapters on these subjects

constitute a great part of that Volume ; and

the remainder, excepting an appendix at the

end containing some computations and rules

for the better formation of benefit clubs, is

entirely occupied by the vast variety of

Tables, which render this work valuable

above every other publication of the same

kind. It is necessary, however, to observe

that in this new arrangement not the slightest

variation has been made in the text, nor has

any
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any other improvement been intended by the

notes and alterations in this edition, than to

methodize the general plan of the work, and

as far as possible to follow Dr. Price's

practice of extending and adapting the in

formation it contains to the circumstances of

the present time. W. MORGAN

PREFACE

|



PR E FACE

FIRST EDITION.

BEFORE the Reader enters upon this

Work, it will not be improper to give him

the following information concerning it.

A few years ago, many gentlemen, of the

first eminence in the law, formed themselves

into a Society, for providing annuities for the

widows of all such persons injudicial offices,

barristers, civilians, and solicitors, as should

chuse to become members. A plan was

agreed upon and printed ; but, some doubts

happening to arise with respect to it, the

directors resolved to ask the opinion and

advice of three gentlemen, well known for

their skill in calculation. This occasioned a

further reference to me; and the issue was,

that the plan being found to be insufficient,

the whole design was laid aside.

Wo L I. b - About
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About the same time, several other socie

ties were formed with the same views ; but

all on plans alike improper and insufficient.

Finding, therefore, that the public wanted

information on this subject, I was led to un

dertake this work ; imagining, that it might

be soon finished, and that all I could say

might be brought into a very narrow com

pass. But in this I have been much mis

taken. A design, which I at first thought

would give little trouble, has carried me far

into a very wide field of enquiry: and en

gaged me in many calculations that have

taken up much time and labour. I shall,

however, be sufficiently rewarded for my

labour, should it prove the means of pre

venting any part of that distress, which is

likely to be hereafter produced by the socie

ties now subsisting for the benefit of widows.

I have proved the inadequateness of

their plans, by undeniable facts and mathe

matical demonstration. — I have, further,

given an account of some of the best plans,

which are consistent with a sufficient proba

bility of permanency and success. Should,

therefore, any of these societies determine

to reform themselves; or should any insti

- - - -
tutions
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ſ

tutions of the same kind be hereafter estab

lished, they will here find direction and

assistance. -

In Question VI. Chap. I. a general me

thod is described of finding the values, in

single and annual payments, of all life-an

nuities which are to begin after a given term

of years ; and, in the 4th Section of the 2d

Chapter, the plans of the societies for grant

ing such annuities are particularly considered,

and proved to be extremely deficient.—

Indeed, the general disposition which has

lately shewn itself to encourage these socie

ties, is a matter of the most serious concern ;

and ought, I think, to be taken under the

notice of the Legislature. The leading

persons among the preſent members will be

the first annuitants ; and they are sure of

being gainers : And the more insufficient the

scheme is, on which a society is formed, the

greater will be the gains of the first annui

tants. The same principle, therefore, that

has produced and kept up other bubbler, has

a tendency to preserve and promote these ;

and, for this reason, it is to be feared, that,

in the present case, no arguments will be

attended with any effect. The consideration,

b 2 that
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that “ the gain made by some in these socie

“ ties, will be so much plunder taken from

“ others,” ought immediately to engage all

to withdraw from them, who have any regard

to justice and humanity; but experience

proves, that this argument, when opposed to

private interest, is apt to be too feeble in its

influence.

It cannot be said with precision, how long

these societies may continue their payments

to annuitants, after beginning them. A con

tinued increase, and a great proportion of

young members, may support them for a

longer time than I can foresee. But the

longer they are supported by such means, the

more mischief they must occasion.—So, a

tradesman, who sells cheaper than he buys,

may be kept up many years by increasing

business and credit ; but he will be all the

while accumulating distress ; and the longer

he goes on, the more extensive ruin he will

produce at last. - -

In the latter end of the first Chapter, I

have stated very particularly, the method of

computing the values of arturancer on lives

and survivorships, in all cases where no more

than two lives are concerned : And, in the

- - - third
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third Chapter, I have pointed out a consi

derable error, into which there is a danger of

falling in computing some of these values.

The societies and offices for transacting bu

siness in this way, are very useful ; and it.

is necessary that they should go upon the

best principles, and possess all the informa

tion that can be given them.

But there is no part of this work in which

the public is so much concerned, as the ſixth

Chapter. It will be there proved, that had

the sums raised for public services since the

REvo LUTION, been much greater than they

have been, the increase of the public debts

to their present state might have been pre

wented in the easiest manner, and at a trifling

expence. A method, likewise, of reducing

within due bounds these debts, heavy as they

now are, will be proposed.—All competent

judges will, I believe, see, that this method

being founded on the most perfect improve

ment that can be made of money, is the most

expeditious and effectual that the natures of

things admit of. Nor, in my opinion, if the

nation is not yet too near the limit of its re

sources, can there be any good reason against

carrying it into execution." It is , well

- - - known,
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known, to what prodigious sums, money,

improved for some time at compound intereſt,

will increase'. A state, if there is no

misapplication of money, must necessarily

make this improvement of any savings,

which can be applied to the payment of its

debts. It need never, therefore, be under

any difficulties; for, with the ſmallert savings,

* A penny, so improved from our Saviour's birth, as

to double itself every 14 years, or which is nearly the

same, put out to 5 per cent. compound interest at our

Saviour's birth, would, by this time, (that is, in 1773

years) have increased to more money than would be con

tained in 150 millions of globes, each equal to the earth

in magnitude, and all solid gold *.

* This computation is made on the supposition that a cubic inch of gold

is worth about 35l.—But since a cubic inch of water' is known to weigh

254 grains nearly, and the specifick gravities of standard gold and water are to

each other as 18,888 to one, it will follow that a cubic inch of gold, according

to the Mint price of 31. 17s. Io; d. per oz. will amount to 381. Ios. 1+d. and

consequently that a penny improved at compound interest so as to double itself

once in 14 years, from the time of our Saviour's birth to the year 1773,

would have accumulated only to 107 millions of such globes as are mentioned

by Dr. Price,—but this is abundantly sufficient to prove the strength of his

argument.—In the year 1792, it would have accumulated on the above suppo

sition to 274 millions of those globes. *

If instead of supposing money to double itself every 14 years it be improved

at 5 per cent. compound interest, the accumulation in 1791 years will amount

only to 144 millions, and in 1773 years to no more than 60 millions of globes.

The difference therefore between the supposition of money's doubling itself

every 4 years and of its being improved at 5 per cent. compound interest,

is far from being inconsiderable, especially in a long term of years. M.

it
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it may, in as little time as its interest can re

quire, pay off the largest debts.

In the firſt Essay I have made many ob

servations on the expectations of lives, the

pernicious influence of great towns on health,

and manners, and population ; the increase of

mankind ; and other subjects in the doctrine

of Annuities and Political Arithmetic.

In the second Essay I have stated carefully

the proper method of forming Tables of the

probabilities of human life, from given ob

servations : And, at the close of this work,

besides several new Tables, I have thought

it necessary to give Mr. Simpſon’s Tables of

the values and expectations of LoNDoN

lives. I have also, in the notes at the end

of the first Volume, given the Demonstra

tions of the Answers to the Questions in

Chap. I. These Demonstrations I have

chosen to keep out of sight in the body of

the work, in order to avoid discouraging

such readers as may be unacquainted with

mathematics.

Upon the whole. A great part of the

work now offered to the Public is, I believe,

- new ;
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new ; and I am in hopes also, that it will be

found to contain some improvements in those

branches of philosophical enquiry, which

are the subjects of it. -

PREFACE
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THAT favourable reception of this Work,

which has occasioned the present Edition of

it, so soon after two former editions, is such

a proof that it has been of some use to the

public, as amply rewards me for the atten

tion and labour which I have bestowed upon

it. In revising it on the present occasion, I

have been anxious about improving it as far

as possible. Several additional facts and ob

servations have been inserted in different

places, particularly in the First Essay and

the Postscript to it.—That part of the Second

Section, Chap. II, which treats of the Scotch

establishment, has been new composed, and

carefully accommodated to the more accurate

information concerning it, with which I have

been favoured,

The
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The SUPPLEMENT is an addition which

was made to the ſecond edition.—The obser

vations in it on the present state of our

population have been a good deal enlarged.

—This is a very serious and important sub

ject. If, indeed, there has been that dimi

nution of our people which the evidence I

have produced seems to shew, it must alarm

every one who wishes well to his country,

and it ought to engage the immediate and

vigorous attention of government. Many

differ from me in this point ; and I wish I

could find sufficient reason to believe as they

do. Several great manufacturing towns have,

I know, increased ; but these are nothing

to the whole kingdom; and even by their

increase, our population may, on the whole,

have lost more than it has gained.—In truth;

it would have been strange if our numbers

had not been declining; for I can scarcely

think of any great cause of depopulation,

which has not for the last 80 years been

operating among us.

"The prodigious traffic now carried on in

Life-annuities, and the rage for forming and

encouraging Annuity Schemes, which has for

some time been spreading through the king

dom,
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dom, has rendered the information which I

have meant to convey in the following work

particularly necessary. And I have had the

pleasure to observe that it has been attended

to. Several of the Annuity Societies in

LoNDoN have been dissolved; and there is

reason to hope, that those which stili re

main will not be able much longer to support

themselves on their present plans, in opposi

tion to the evidence of demonstration, and

the calls of justice and humanity. These

Bubbler, however, are of little consequence,

compared with that GRAND NATIONAL

Ev1 L, which is the subject of the sixth

chapter of this treatise. This is an evil on

which I could not imagine, that any such

efforts as mine would make any great im

pression. Perhaps, indeed, the united efforts

of all the independent part of the kingdom

would now be too weak to save us from the

distress with which it threatens us.

Much has been said for some time of a

plan mentioned in PAR LIAMENT, at the end

of the last session, for paying off the NA

TroNAL DEBT. This raised some expect

- - ations;
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ations; and I will beg leave here to give a

brief account of it. -

After providing for all the current services,

there remains this year (1773) a raving or

overpluſ of 261,200,000. With this sum,

and a profit of 26150,000 from a Lottery

consisting of 60,000 tickets, a MILLIon

AND A H A LF of the 3 per cent. annuities,

purchased at 90, will be paid off—When

this was proposed to the House of Com

mons, it was at the same time announced,

that it would be the co MMENCEMENT OF A

PLAN FOR PAYING OFF THE NATIONAL

p EBT ; for, if no extraordinary services

should call for any other application of the

public surplusses, the same payment in

creased by the interest of former payments,

is intended to be made every year while the

peace lasts: And thus, reckoning compound

interest at 3 per cent. S Eve NTEEN MILLIONs

will be paid off during a peace of ten years.

On this plan I will take the liberty, with

all the deference which becomes me to the

station and abilities of the proposer of it, to

effer the following remarks.

º 1st. It
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1st. It implies, that there is to be a Lot

tery every year during the whole continuance

of peace.—Formerly, lotteries were expedi

ents for procuring money on more advanta

geous terms, to which government had re

course, when pressed by the necessities of

war. They are now, it seems, to be estab

lished as permanent resources never to be

given up or suspended.—This must shock

every person who is duly acquainted with

the mischief occasioned by lotteries, parti

cularly among the lower classes of people.

The rage for gaming threatens the ruin of all

that is virtuous and manly among us. It is

increasing fast, and wants not to be fostered

by government. t

2dly. The ſurplus of the present year is

in part the effect of some extraordinary savings

in the last year, (1772) which cannot be

expected another year : And, I believe,

that those who are best acquainted with this

subject, must be sensible that there is no suf

ficient reason to expect, while the augmen

tation of the navy is continued, a constant

furpluſ of so much as a MILLION per ann.

I mean this on the supposition, that the pro

... duce of the Sinking Fund will continue what

1t
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it is taken for this year, and what it has been

the last three years, or ºf 2,600,000. But

this is certainly more than can be depended

on. The difficulties of the Eaſt India Com

pany; that stagnation of credit which has

lately distressed the public ; and many other

causes, may possibly occasion Deficiencier.

Should there, however, be an increaſe, it

will be owing, I am afraid, to a very bad

cause: I mean, to an increase of our importa

tions proceeding from luxury, and turning

the balance of trade against us ; and, conse

quently, draining the kingdom of its ſpecie,

and leaving it more and more to the precari

ous and dangerous support of paper-money.

But, -

3dly, Let the ſurplus of the public revenue

prove what it will, there is too much proba

bility that, even during the continuance of

peace, some emergencies or other will be

often furnishing reasons or pretences for em

ploying it in other ways than the payment

of the public debts. This has been the case

hitherto ; and from the year 1730 to the

present time, it has never happened, that we

have gone on above three or four years to

gether employing surpluſes in discharging

3 debts,
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debts. Though in profound peace, there

have been calls for a different application of

them ; nor can I imagine what reason there

is for believing that our circumstances are

so much changed for the better, that there

will arise no such calls for ten years to come,

should the peace last so long. But,

4thly, The most capital defect in this

plan is, that its operation is to cease as soon

as a war begins. That is ; it is to cease

at the very time when it would operate to

most advantage, and make the quickest pro

gress in redeeming the public debts. This

has been demonstrated in the chapter on

public credit in this Treatise, and in my

Appeal to the Public on the Subject of the

National Debt. - -

Is it then any wonder, that such a plan has

had no effect on public creditº—Does it

mean any more than that the surplusses of the

revenue shall be applied to the discharge of

our debts, when there are no other uses for

them —And was there ever a time when

this was not done 2 Is not this the very plan

we have been pursuing these forty years, and

to which we owe our present incumbrances

Certain

º
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Certain it is, that nothing but a plan that

shall go on operating uniformly in war as

well as in peace, or the establishment of a

permanent fund that shall never be diverted ;

that is, in other words, a return to the scheme

adopted by the legislature in 1716; and

which even now stands established by law,

but which, through the unpardonable miscon

duct of men in power, has been defeated

of its good effects: Nothing, I say, but this

can do us any essential service ; or, in our

present circumstances, be much more than

trifling with the difficulties and dangers of

the public.—Establish such a fund—Consign

it to a particular commission, acting under

penalties, in such a manner as shall take it

out of the hands of the Treasury, and form a

check even on the Houſe of Commons itself.—

Supply from time to time all deficiencies just

as if no such fund existed ; and, by these and

other measures, convince the kingdom that

something effectual is meant, and that the

public debts are indeed in the way to be ex

tinguished.—LET THIS BE Don E ; and we

may soon see a new state of things; public

credit may revive; and the kingdom enjoy at

least

n

--
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least a chance for being preserved.—By the

confidence which such a measure would give

in government security ; but more especially,

by the increasing sums which would be

thrown annually into the public markets,

and returned to the public creditors, the 3

per cents. would soon be raised to par, and

in some time probably far above par. It'

is well known, what an effect borrowing

every year has in sinking funds. Paying

every year would certainly have an equal

contrary effect. In a time of war, particu

larly, it would give such a demonstration to

the public, that an irrevocable plan of re

demption was at last established, as 'could

not but produce the happiest effects. It

would indeed in these circumstances be ne

cessary to borrow an extraordinary sum an

nually equal to the appropriation. That is:

supposing the fund to set out with a million

per ann. it would be necessary to borrow so

much more annually than would have been

wanted had the fund been capable of being

diverted. But this being done to convey a

conviction with which the very power of

borrowing wasconnected ; and to preserve a .

jund on which the very being of the state

VO L. I. C depended ;

, ) .
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depended ; no bad consequences could, fol.

low. The annual charge on the public,

occasioned by the war, would be even leſs

than it must have otherwise been. For, let

us suppose ten million'ſ necessary to be bor

rowed every year to defray the expences of

war, nine million, only of which would have -

been wanted, had not the million ſurplus

been locked up. — Suppose farther, that

the scheme, by keeping up public credit,

and throwing money every year into the

hands of lenders, enables government to bor

row at 261 per cent. less interest than would

be otherwise required; that is, at 4 instead

of 5 per cent.—In these circumstances, there

would arise a present saving to the kingdom

of 2650,000 per ann. ; for the interest of ten.

millions at 4 per cent. is 2650,000 less than

the interest of nine millions at 5 per cent.

And such a saving, repeated every year of a

war, would be an object of some importance

to the kingdom.—Indeed, there may be no

possibility of conceiving what important

effects in this way, the establishment of such

a scheme might produce. During its pro

gress in discharging our debts, and before it

could give any relief by the annihilation of

ta X&S,
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taxes, it might ſave the kingdom, by pre

serving it from difficulties which would have

sunk it. And every one must be sensible of

this, who has considered what danger there

is that a war, should it become unavoidable

before our debts are put into any certain

course of redemption, will either entirely

overwhelm public credit, or so much weaken

it, as to produce an impossibility of borrow

ing except on very exorbitant interest, and,

consequently, of finding taxes sufficiently

productive to pay such interest. The general

apprehension now is, that the nation is

overloaded; and that its debts will never be

paid. This keeps the funds near 18 per

cent. lower than they were in the last peace.

In the next war such apprehensions will in

crease, and produce great danger. But

should it be then seen, that a plan for re

deeming our debts, the most efficacious pos- -

sible, was going on ; and, in consequence of .

being guarded in some such manner as I

have hinted, would not (or could not easily)

be revoked ; in these circumstances, all

danger would be so far lessened, that it might

be practicable to find new taxes which would

- c 2. support
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support the expences of war during the ope

rations of the scheme.

Bút I am got far beyond the limits I pre

scribed myself when I begun this Preface.—

As the national debt is a subject unspeakably

interesting to this nation, I could not allow

myself to omit any thing that appeared to

me of consequence upon it ; and the Reader

of this Treatise will on this account, I

hope, excuse me, if I have detained him

here too long and too unprofitably. Much

has been before said on this subject by writers

of more consequence to no purpose ; and

we shall pursue the path,we are in, till the

edge of the precipice towards which we are

advancing awakens us, and ruin becomes

unavoidable.—The distress occasioned by the

shock lately given to the bubble of paper

credit, is, I am afraid, a prelude to greater

calamities, and a warning to prepare for
‘hem. •º

PREFACE
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THIS work having been for some time

out of print, I resolved about four years

ago to prepare for the press a new edition of

it, expecting that I should have only a few

corrections and additions to make of no

particular consequence. But in this expecta

tion I have found myself greatly mistaken.

Such a variety of new matter came in my

way, and such means of improving this

work were communicated to me, as have led

me to bestow upon it more attention and

labour than can be easily imagined, and to

increase it from one to two volumes.

It is probable that nothing could have

engaged me to undertake so much labour

had

v
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had I foreseen it ; but having begun, I could

not avoid going on ; and I was encouraged

by the reflection on the favourable manner

in which the former editions of this work

had been received, and also by the hope

that on one subject of human enquiry I

should be able to produce a work more

complete than any that the public has been

yet furnished with.

The additions of most consequence in the

present edition are the following.

There has been added to the Second Chap

ter an account of several foreign Societies ; .

and a continuation of the history of such

annuity societies as are still subsisting in

London, to the time when that Chapter was

printed off; that is, to the beginning of

the year 1782. The largest of these ad

ditions respect the Amicable Corporation for

Perpetual Affurancer at Serjeant’s Inn ; and

the Society in Chatham Place for Equitable

Arſuranceſ on Liver and Survivorſhipſ.—

The former of these Societies, should they

think proper to look into these observa

tions, will, I am persuaded, find that they

require their attention. But it is the

Society
º
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Society last mentioned, which, through the

whole of this Treatise, I have had chiefly

in view. Having for many years been con

cerned in advising this Society (the first of

the kind in the world, and increasing fast),

I have been anxious about giving it all the in

formation and assistance possible.—The

additional observations addressed to it in this

edition will be found chiefly in this Volume

from page 181 to 191 ; and at the end of the

Remarks on the 36th Table in the 2d Vo

lume. And, from these observations, it

may be learnt in particular, that though this

Society, in consequence of having happily

begun too high, has already found itself

capable of making great abatements in its

demands, it is still capable of making farther

abatements.

In the former editions of this work, I

had intimated that a publication of the

tables by which its business is transacted

would be proper, together with an account

of the principles assumed, and the method

taken in composing them. This is an in

formation to which the public has a right,

and which is now given it in different parts

* of
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of this work, and particularly in the Second

Volume at the end of the Remarks on the
36th Table. w

* Many corrections have been made and

several additional notes inserted in the First

Essay. Some of these have been occasioned

by two late publications ; one by Mr. Waler,

master of the mathematical school at Christ

Church; and the otherby Mr. Howlet. See,

particularly, the notes in p. 17, 24, 26, and

27, Vol. II. The Table in p. 70,Vol. II,

is also now first inserted. -

To the fourth Chapter a Postscript has

been added, the principal intention of which

is to point out the reasons for discarding the

valuation of single and joint lives derived

from Mr. De Moivre's hypothesis; and also

to describe a method of computing these

values from any given tables of mortality,

which, while it leaves no possibility of any

mistakes, renders such computations as easy

and expeditious as their nature will allow.

The third Essay * is the same that it has

been in all the former editions. But to the

Fourth b some additions have been made ;

• In the present edition, the third Chapter. M.

b Now the second Essay in the second Volume. M.

! particularly,
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particularly, the notes in p. 88,90, and 91,

Vol. II. The first two of these notes have in

view a remark of Mr. Waleſ’; ; and the de

sign of the last is, to retract an assertion in

the former editions concerning the duration

of life in old age in great towns, and to shew

the reason why a greater proportion of the

inhabitants of London died formerly in old

age than have died lately.

But the additions of most consequence

are the Tables in the Second Volume, with

the remarks explaining the construction, use,

and application of them—In the general

introduction to these Tables, and in the re- .

marks on Table XVI. p. 306, it is shewn

(and, I think, undeniably) that the Tables of

the values of lives deduced from the London

bills of mortality err only by giving them

too high ; and that, with respect to the

main body of the inhabitants, the unfavour

ableness of London to the duration of life

continues much the same that it used to be.

Tables I. II. III. and IV. are an abridge

ment of Mr. Smart’s tables of compound

interest, and contain all that is important

in them. • *

1 - The
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The XVIIth Table, shewing the mean pro

babilities of the duration of life according to

a register of mortality at NoRTHAMP ToN,

has been inserted in all the former edi

tions; but it is now given more correctly ;

and tables deduced from it have been added,

of the expectationſ of life and the values of

Jingle lives and of any two joint lives at all

ages, and for three rates of interest. The

labour of computing these tables was under

taken in order to set aside all occasion for

using the defective valuation of lives founded

on Mr. De Moivre's hypothesis ; but not

having been able to finish these computa

tions till a great part of this Treatise had

been printed off, I have been obliged to

continue the use of the old tables so far as

to take from them many of the examples of

the solutions of questions in the first and

following chapters.

When tables of the values of two joint

lives are given, the values of three joint lives

may be deduced from them, with perfect

ease, by Mr. Simpſon's rule inserted in the

Second Volume of this Treatise".

This rule saves so much trouble, that I

• See Remarks at the end of the 36th Table. M.

6 have
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have thought it worth while to procure cal

culations of the XXXVth and XXXVIth

Tables, on purpose to determine how far

it may be depended on. The result is given

in the remarks and comparisons at the end

of those Tables. And it seems to appear

that it finds the values of three joint lives

so nearly as to leave little room for wishing

in this instance any greater degree of cor

rectness.

The rules from p. 221 to p. 233, Vol. I.

describe a method of deducing, with sufficient

accuracy, the value of any life or number of

lives at all rates of interest, from the correct

value given at one rate of interest.—In

computing, therefore, tables of the values of

lives, according to any given observations,

no more will hereafter be necessary than to

compute them for any one rate of interest.

All improvements, however, of this kind

would be of little consequence, were there

notables which state correctly the laws that

govern human mortality in different situa

tions. One principal part of my business in

this work has been to frame such tables; and

any one who will look over the collection of

tables in the Second Volume, and particu

- larly
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larly those from the 41st to the 47th Table,

will see that I have been furnished with the

best means of doing this. -

With respect to the Tables, in particular, . . .

deduced from the Swedish Observations, I

cannot hesitate to pronounce that they exceed

in correctness every thing of this kind which

has been hitherto offered to the public; and

that nothing is wanting to make our know

ledge in this instance complete, but similar

observations in other kingdoms.-By these

Tables I have been enabled to state mi-.

nutely the different rates of mortality at all

ages among males and females; and to form

tables of the values of single and joint lives

for each sex, as well as for both sexes col

lectively; in consequence of which, I have

been farther enabled to determine the in

crease of the values of annuities payable

during survivorship, occasioned by the longer

duration of lives among females ; and thus

to furnish a direction of some importance

to the various societies in this kingdom and

abroad for providing annuities for widows.

I must not in this place neglect to ac

knowledge the great obligation I am under

to Mr. WARGENTIN of the Royal Academy

- of



Fou RT H EDITION. xlv.

of Sciences at StockHo LM, for the com

munications which have enabled me to make

the additions to this Treatise last-mentioned.

It will be found also, that I have been much

indebted to Mr. OEDER of Oldenburgh for

several useful communications.

In the observations and rules in page 200,

&c. Vol. I. I have given a general account

of the method of computing the values of

preſentations to livings, and of the renewals

of leases held either for terms certain or for

lives. - - * *

The rules from p. 263 to p. 271, Vol. I.

shew how to deduce, from the values given

of any annuities payable yearly, their values

when payable half-yearly or quarterly, or

when secured by land and payable half

yearly. And the last Table in p. 271, ex

hibits the particular differences between these

values for two rates of interest.

The collection of Tables is preceded by a

SUPPLEMENT which formed a part of the

Third Edition of this work, In the present

Edition several notes have been added to

this Supplement; but the addition of most

consequence is the Postscript on the sub

ject
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ject of the population of the kingdom.—

In the former Editions, and also in the pub

lication entitled an Eſſay on the Population of

England from the Revolution, &c. I gave an

account of several facts which seemed to

me to shew, that our population has de

clined. Great pains have been taken to

prove this to be a mistake *. In the Poſt

script just mentioned, I have entered a little

farther into this controversy ; and it will

appear that though I still retain my former

opinion, yet I wish to be considered as far.

from being decided in it, and therefore as

* Much has been said also about a mistake into which

it is supposed I have fallen in estimating the quantity of

gold coin in the kingdom. The truth, in this instance,

is briefly this.-The third proclamation for calling in the

gold coin brought in near double the sum that was ex

pected. In consequence of this, an estimate which I

had published in the First Tract on Civil Liberty, proved

short of the truth about three millions and a half; and it

appears now, that, exclusive of two millions purchased

by the bank and melted into bars, the gold coin of the

kingdom was (in 1773) about sixteen millions, instead of

twelve millions and a half, as I had reckoned it. And

this is the account I have given in the last edition, p. 74,

of the Tract just mentioned, except that being then not

informed of the coin purchased by the bank, I have not

mentioned it.

open
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open to receive any evidence which can be

produced to overthrow it.

Being willing to comprize in this Edition

all that I have written on the duration of

human life, and the values of life-annuities,

I have inserted Three Essays on these sub

jects, which have been published in the

Philoſophical Tranſactionſ of the Royal So

ciety.

A pretty copious Index closes the whole.

|

The additions I shall last mention are

those which relate to public credit and the

national debt ; and I have chosen to men

tion them last, on account of their particu

lar nature and importance.

In the Preface to the Third Edition,

(see p. xxvii) I took notice of a plan an

nounced in 1773 by Lord North to the House

of Commons, for paying in the ten follow

ing years 17 millions of the public debt.

It is necessary I should here just mention,

that this plan was never afterwards heard of.

—The remarks I have made upon it,

were followed with a proposal for expedit

ing a plan of redemption in such a manner,

aS
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as to cause an appropriation of a million

per ann. to discharge, in forty years, a hun

dred millions of the public debts then bear

ing 3 per cent. interest. This proposal has

not been continued in this Edition, because

I intend soon to lay before the public a plan

more efficient, and better adapted to the

present state of our funds. I must, how

ever, observe that, having now no hope that

an efficient plan of redemption will ever be

established, I think with regret of the time

and attention I have bestowed on this sub

ject. Nothing relieves me, but the reflec

tion that the object about which I have lost

my time, has been the removal of an evil

which, if no such measures as I have pro

posed are adopted, must bring on a cataſtrophe

which will make this country a warning and

a terror to the world.

At the end of the chapter on public credit

‘I have, in this Edition, inserted a brief

history of the Sinking Fund ; and also a

particular account of the increase of the pub

lic debts from 1776 to 1783 *, and of 'the

- - State

* This account was omitted by Dr. Price in the 5th

Edition, but I have endeavoured to supply the deficiency

*- - - in
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state of our finances at the time of signing.

the Preliminaries of peace in january last e, ,

This account is, I believe, as correct as, it is

possible at present to make it; and I have

chosen for many reasons that it should form

a part of this work. Hereafter, probably,

it will be read with amazement. Our folly,

in this instance, is without example. Lord

NoFTH enjoys the singular distinction of

having contributed more to it than any for

mer minister. By a war which has degraded

the kingdom, and a dissipation of treasure

which was never equalled, he has, in the

short compass of seven years, doubled a debt

before too heavy to be endured. And let

future generations rise up ; and, if possible,

let them call him—Bleſſed". -

Newington-Green, -

March 29th, 1783.

in the present Edition by giving the amount of the public

debts in 1786, and also at the time of signing the Defini

tive Treaty of Peace in April, 1802, (p. 337, Vol. I.) M.

* These statements were omitted by the author in the

fifth edition. - M.

* Had Dr. Price lived to witness the profusion of the

last ten years, he would probably have moderated the

severity of this censure—The debt which appalled him,

when it amounted to 230 millions, has lately swollen to

VOL, I. d the

~
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the enormous mass of 540 millions*, and the yearly ex

penditure of a peace-establishment which he considered

as insupportable at 16 millions, will in future require an

annual taxation of more than 34 millions !—The paper

circulation which he so justly deplored when he first

published this work, appears to have been then only in

its infancy: it has now completely inundated the coun

try. The coin has disappeared, and the Bank, for whose

credit he was so apprehensive, has for many years ceased

to pay its notes in specie. The American war, which

he regarded as so injurious and disgraceful to the king

dom, has been succeeded by another infinitely more

ruinous, and more degrading in its consequences. Had

he therefore lived to witness these, and a long train of

other calamities which are too deeply felt to need the

recital of them — had he lived to behold the Man,

during whose administration they were produced, retiring

from office in triumph and congratulating the nation on

the envied state of prosperity to which it had been lately

exalted, he would have changed the object of his re

sentment, and acknowledged that Lord North had long

lost the distinction assigned to him in this preface. M,

* See page 338 in this Volume.



CHAPTER I.

Questions relating to Schemes for granting

Reversionary Annuities, and the Value of

Arſurancer on Liver.

QUESTION I.

“A SET of married men enter into a

“society for securing annuities to their wi

“dows. What sum of money, in a single

“ present payment, ought every member to

“contribute, in order to entitle his widow

“to an annuity of £30 for her life, esti

“mating interest at 4 per cent *

ANSWER.

It is evident, that the value of such an

expectation is different, according to the dif

ferent ages of the purchasers, and the pro

portion of the age of the wife to that of the

husband. “Het us then suppose, that every

person in such a society is of the same age

with his wife, and that one with another all

the members when they enter may be reck

oned 40 years of age, as many entering above

this age as below it. It has been demon

strated by Mr. De Moivre and Mr. Simpson,
VO L. I. B that
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that “ the value of an annuity on the joint

“ continuance of any two lives, subtracted

“from the value of an annuity on the life

“ in expectation,” gives the true present

value of an annuity on what may happen to

remain of the latter of the two lives after the

other.

In the present case, the value of an annuity.

to be enjoyed during the joint continuance of

two lives, each * 40, * is 9.826, according

to the probabilities of life in the Table of

Observations formed by Dr. Halley, from the

- * * * * * . bills

* ... " ! -
. . . . . .

* See Table VIL Vol. II. . . . .

*The values of joint lives and reversions, as deduced.

from the Breslaw observations, are not given in any part

of this work from Mr. De Moivre's rules in his treatise on

annuities on lives. For these rules are approximations,

which give results so far from the truth, as to be, not

only useless, but dangerous. In the 4th Chapter a Rar

ticular account of this will be given, and also of the me

thod in which these values have been calculated.

Mr. De Moivre has calculated the values of single lives,

on the supposition of an equal decrement of (ſe through all

its stages till the age of 86, which he considered as the

utmost probable extent of life. Thus, let there be 36.

persons alive at 30 years of age. It is supposed that one

will die every year till, in 56 years, they will be all dead.

The same will happen, to 46 at 40, in 46 years. To 36

at 50, in 36 years, and so on for all other ages. The

number of years which a given life wants of 86, he calls

the complement of that life. Fifty-six, therefore, is the

complement of 30; 46 of 40, and 36 of 59.

. This hypothesis eases very much the labour of calcu

lating the values of lives; and at most ages between 32

and 70, or 75, it is so conformable to Dr. Halley's Table

of Observations, that I shall not, in these questions, think

it necessary to distinguish between the values of single
2 lives
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bills of mortality of Breſlaw in Sileſia. The

value of a single life 40 years of age, as given

by Mr. De Moivre, agreeably to the same Ta

- - * . ble

lives as deduced, from this Table, and the same values

deduced from the hypothesis, -

In order to avoid putting the reader to trouble, I have

given this table among other tables in the ad Volume.

And I have also given two tables which I have formed

from the bills of mortality at Northampton and Norwich.

These last answer more nearly to Mr. De Moivre's hypo

thesis than Dr. Halley's table; and the difference between

the values of single and joint lives by the hypothesis, and

the same values computed strictly from the tables, is

generally less in these tables than in Dr. Halley's. When

therefore, in the course of this work the values of single

and joint lives are mentioned, as given agreeably to Dr.

#; table, it must be understood, that they are taken

from the 6th and 7th tables, and given in strict agreement

only to the hypothesis; and that for this reason, they

are in reality still more conformable to the Northampton

and Norwich tables. . -

The inhabitants of London, as is well known, not liv

ing so long as the rest of mankind, the values of single

and joint lives there, are considerably less than those just

mentioned. And, therefore, whenever I have had Lon

don lives in view, I have given particular notice of it,

and taken their values from Mr. Simpson, who has calcu

lated them from the London tables of observation. See

the Tables in the 2d Volume.(a)

(a) When this work was first published no other tables

of the values of annuities on single and joint lives had

been computed from real observations, than those given

by Mr. Simpson from the very inaccurate bills of morta

lity in London. Dr. Price, therefore, at that time was

under the necessity, in exemplifying his rules, of having

recourse to Mr. De Moivre's hypothesis, which, agreeing

nearly with the Breslaw table in the middle stages of º:
B 2 e
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º

'ble, is 13.20 *; and the former subtracted

from the latter, leaves 3.37, or the true num

ber of years purchase, which ought to be

paid for any given annuity, to be enjoyed by

a person 40 years of age, provided he survives

another person of the same age, interest being

reckoned at 4 per cent. per annum. The an

nuity, therefore, proposed in this Question

being=630, the present value of it is 30 mul

tiplied by 3.37, or 36101 24.

By calculating from Mr. Simpson’s Tables"

he considered as more correct than tables deduced from

the decrements of life in a large town, where they are

always found to be much higher than among mankind in

general.—In the fourth edition, however, new tables were

#. of the values of Single and Joint lives deduced

rom observations at Northampton, Sweden, &c. which

have rendered this hypothesis altogether unnecessary, and

enabled us to obtain the exact values of Annuities and

Reversions in all cases, instead of those values which in

the earlier and later periods of life do not even approxi

mate to the truth.-But inasmuch as Dr. Price chose to

continue his original examples in the two editions which

he published after computing the above-mentioned tables,

I have not ventured to alter them, but have contented

myself with giving the correct values in the notes sub

joined, which will be found in general to differ but little

from those in the body of the work, owing to the ex

amples having for the most part been confined to the

Iniddle stages of life, where the hypothesis agrees nearly

as well with the Northampton, as it does with the Breslaw

table of observation. - M.

* See Table VI.

"The annuity by the Northampton table is worth

3.377 years purchase, or -61or 6s. - M,

* See Tables X and XI. Vol. II. * *

formed
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formed from the bills of mortality of Lon

don, this value comes out £102.

The difference in the value of the reversion

will be inconsiderable, whether the common

age is taken a few years more or less than 40.

Thus married men of 39 ought not, accord

ing to Dr. Halley’s Table, to give two-fifths

of a year's purchase more, for any given re

versionary annuity for their wives, than mar

ried men of 50, provided they are of the same

ages with their wives ; and one quarter more,

according to Mr. Simpson’s Table. If the

wives are younger (as is generally the case)

there will indeed be a considerable difference;

for the value now determined would be

361.20 according to the Breslaw Observa

tions, supposing the two lives to be 40

and 33, or that wives are one with another

seven years younger than their husbands ;

and ºf119 8ſ. according to the London Ob

servations.

QUESTION II.

“Supposing such a society as that de

“scribed in the preceding Question, to be

“limited to a certain number of members,

“ and constantly kept up to that number, by

“the admission of new members as old ones

“are lost, in consequence of their own

“deaths, and the deaths of their wives :

“What is the number of annuitants which,

- ** in
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“ in some time after its establishment, will

“come to be constantly upon it º’’
t

- ANSW ER.

Since every marriage produces either a

widow or widower; and since all marriages

taken together would produce as many wi

dows as widowers, were every man and his

wife of the same age, and the chance equal

which shall die first ; it is evident, that the

number of widows that have ever existed in

the world, would, in this case, be equal to

half the number of marriages. And what

would take place in the world, must also, on

the same suppositions, take place in this so

ciety.—In other words ; every other per

son in such a society leaving a widow, there

must arise from it a number of widows equal

to half its own number.—But this does not

determine what number, all living at one and

the same time, the society may expect will

come to be constantly upon it. For if every

widow lived no more than a year, the society

would never have more annuitants upon it,

than came on in a year. And on the con

trary, if none ever died, the number of an

nuitants would go on increasing for ever.—

*Tis, therefore, necessary, in order to answer

the present enquiry, to determine how long

the duration of ſurvivorſhip between persons

of equal ages will be, compared with the du

ration of marriage. And-the truth is, that,

supposing the probabilities of life to decrease

- - - - uniformly,

*
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uniformly f, the former is equal to the latter;

and consequently, that the number of fur

vivorſ, or (which is the same supposing no

second marriages) of widows and widowerſ

alive together, which will arise from any

given set of such marriages constantly, kept

up, will be equal to the whole number of

marriages ; or half of them (the number of

widows in particular) equal to half the num

ber of marriages.—Now, it appears that in

most towns the decrease in the probabilities

of life, is in fact nearly uniform. According

to the Breslaw, the Norwich and Northampton

Tables of Observation, almost the same num

bers die every year from 20 years of age to

77 8. After this, indeed, fewer die, and the

rate of decrease in the probabilities of life is

retarded. But this deviation from the hypo

thesis is inconsiderable ; and its effect, in

the present case, is to render the duration of

survivorship longer than it would otherwise

* That is, supposing that out of any given number

alive at any age, the same number will die every year till

all are dead. See the preceding note. That on this hy

pothesis, the duration of survivorship is equal to the du

ration of marriage, when the ages are equal; or, in other

words, that the expectation of two joint lives, the ages

being equal, is the same with the expectation of survivor

ship, may be learnt from the 18th and 20th problems of

Mr. De Moivre's treatise on annuities; and a demonstra

tion of it, together with a particular explanation of this

subject, may be found at the beginning of the first Essay

to which I must beg the reader to turn, if he is at any

loss about the full meaning of what is here said.

* See Tables V. VIII. and XVII. Vol. II. -

be.
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be. According to the London Table of Ob

servations, the numbers dying every year

begin to grow less at 50 years of age ; and

from hence to extreme old age, there is a

constant retardation in the decrease of the

probabilities of life". Upon the whole, there

fore, it appears in answer to the present

Question, “ that according to the three

“ former Tables of Obseryations, and sup

“ posing no widows to marry, the number

“ enquired after is ſomewhat greater than

“ half the number of the society; but, ac

“ cording to the London Table, a good dea/

“greater.” -

It must be carefully remembered, that this

has been determined on the supposition, that

husbands and their wives are of equal ages,

and that in this case it becomes an equal

chance which shall die first. In reality nei

ther of these suppositions is just. Husbands

in general are older than their wives ; and, in

equal ages, the mortality of males has been

found to be greater than the mortality of fe

males. For both these reasons, it is much

more than an equal chance that the husband

will die before his wife, or that the woman

shall be the survivor of a marriage, and not

the man. This will increase considerably

the duration of survivorship on the part of

* The reason of this difference between the London

and other Tables, will be given at the end of the se

cond Essay. -

the
*
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the woman, and consequently the number

enquired after in this Question. The mar

riage of widows will also diminish this num

ber, and the operation of these causes will

be different in different situations. But it is

by no means to be expected (in the situation

of the societies I have in view) that the di

minution from the latter cause will be con

siderable enough to overbalance the opera

tion of all the other causes which have been

mentioned, and: the number under

consideration so low, as half the number of

marriages'.

S C H O L I U M. *

In London it appears, that there is a re

tardation of the decrease in the probabilities

of life, which renders the duration of survi

vorship between two lives of equal ages, con

siderably longer than their joint continuance.

It seems worth observing, that this is the

reason why, though the probabilities of life,

and therefore the values of single and joint

lives, are less in London than in other places,

yet the values of reversions depending on sur

vivorships, are in some cases greater there.

It is proper to add, that this likewise is the

reason why, in calculating the values of joint

lives and reversions, the present value of an

annuity payable yearly to the survivor of two

* It will be observed hereafter, that this observation
has been found to be true in fact.

equal
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equal lives, may come out equal to, or even

greater than, the present value of a like an

nuity for the joint lives. As an annuity,

during such survivorship, will probably not

become payable for some years, and º:

fore the money given for it will have time

to accumulate, it is manifest, that the value

of it could never be equal to the value of an

annuity on the joint lives, the payment of

which begins immediately, were not the ob
servation now made true. f

QUESTION III.

“ Such a society as that described in the

“ preceding Questions being supposed; in

** what time will the number of annuitants

“upon it come to a maximum ” -

ANSW ER,

In order to be more clear in answering this

Question, I will first suppose the society to

comprehend in it from its first establishment,

all the married persons of all ages in any town

or country, where the number of people con

tinue constantly the same. In this case, the

whole collective body of members will be, at

their greatest age, at the time of the establish

ment of the society; and the number of

members, together with the number of wi

dows left every year, will, taking one year

with another, admit of no increase or dimi

nution. The number of widows in life to

gether, derived from any given number com

ing
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w

ing on a society every year, will increase con

tinually, till as many die off as are added

every year; that is till they come to die off

as fast as possible. But they cannot die off

as fast as "possible, till the whole collective,

body of widows are at their greatest age : or,

till there is among them the greatest number

possible of the oldest widows; and, therefore,

not till there has been time for an ac

cession to the oldest widows, from the

youngest part of the widows that come on

annually. *

Let us, for the sake of greater precision,

divide the whole medium of widows that

come on every year, into different classes ac

cording to their different ages, and suppose

some to be left at 56 years of age, some at 46,

some at 36, and some at 26. The widows,

constantly in life together, derived from the

first class, will come to their greatest age,

and to a maximum, in 30 years, supposing,

with Mr. De Moivre, 86 to be the utmost

extent of life. The same will happen to the,

second class in 40 years, and to the third in

50 years". But the whole body, composed

of these classes, will not come to a maxi

mum, till the same happens to the fourth or

youngest class ; that is, not till the end of

60 years. After this, the affairs of the society

* In note (A), at the end of the 2d Volume, a rule is

given by which the numbers alive at the end of any par

ficular number of years may be very easily determined.

will
w
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will become ſtationary, and the number of

annuitants upon it of all ages will keep

always nearly the same.

Such is the answer to this Question, sup

posing a society to begin with its complete

number of members, consisting of married

persons of all ages, in the same proportion to

one another, with the proportions in which

they exist in the world. If it begins with

its complete number of members, but at the

same time admits none above a particular

age : If, for instance, it begins with 200

members all under 50, and afterwards limits

itself to this number, and keeps it up by ad

mitting every year, at all ages between 26

and 50, new members as old ones drop off;

in this case, the period necessary to bring on

the maximum of annuitants will be just dou

bled. For, in the first place, the whole col

lective body of members will be 60 years in

getting to their greatest age, as may easily

appear from what has been just said. The

annual medium of widows therefore, that

will come on the society will increase con

tinually for 60 years; it being evident, that

the older any set of married men are, taken

one with another, the faster they will leave

widows. And after this annual medium is

increased to a maximum, 60 years more will

be necessary to bring to a maximum the num

ber in life together, derived from such a fixed

annual medium constantly coming on. If

1 such



Reversionary Annuities, &c. 13

such a society is any number of years in gain

ing its maximum of members, the time ne

cessary to bring on the maximum of annuitants

will be still further prolonged, and will be

equal to twice 60 years with that number of

years added.—Most of the societies for grant

ing annuities to widows are of this kind:

and, therefore, supposing them to gain their

complete number of members in ten years,

and for ever afterwards to preserve it, the

number of annuitants upon them will go on

increasing for 130 years—It is proper, how

ever, to be remembered, that the increase

will be quicker at first, and afterwards slower;

and that, within 20 or 30 years of the end

of this term, it will be so slow as scarcely to

be sensible, though still real.

All who will bestow due attention on this

subject must see these decisions to be just ;

and a demonstration of them might be given,

in a form more strictly mathematical, were

it necessary.

- QUESTION IV.

“Suppose the members of such a society

“ as that described in the preceding Ques

“tions, to chuse making annual payments

during the continuance of marriage, in lieu

of the sum which the reversionary annuity

“ for their widows is worth in preſent mo

“ney : What ought these annual payments to

“be, estimating interest at 4 per cent *”

& 4

ANSWER,
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A N SW E R.

This will be easily determined, by finding

what annual payments, during two joint lives

of given ages, are equivalent to the value of

the reversionary annuity in present money.—

Suppose, as in Question I. the two joint lives

to be each 40, and the reversionary annuity

36.30 per annum. An annual payment during

the continuance of two such lives is worth,

according to Dr. Halley’s Table of Observa

tions, 9.82 years purchase. The annual

payment then ought to be such as being mul

tiplied by 9.82, will produce " £101.1, the

present value of the annuity in one payment

by Question I. Divide then £101.1 by

9.82, and the quotient, or £10.3 will be the

3I)SWCI. This is very nearly the annual

payment of all the members at an average,

supposing equal numbers to offer themselves

for admission of every age between 30 and

50. As much as some give less, others

*-

* See Table VII. Vol. II.

* Particular notice should be taken of the method of

notation here used, because it will be carried through the

whole of this work: The figures on the right hand of

the full-point signify the decimal parts of £1. Thus;

.# 1o 1.1, is 101 and the 10th of £1 or £101 and 25

Ato:39, is £9, and 39th hundredths of £1 or £9 73.

1od. .#11:33, is £11, and 33 hundredths of £1

or £11 6s. 7d.--—In general; it should be remembered,

that 2 shillings allowed for every unit in the first place

of decimals, and two-pence half-penny for every unit in

the second place of decimals, will give, nearly enough,

the value of the decimal part of every such expression.

ought
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ought to give more, according to their ex

cess of age. Thus, the annual payment of

a married person, 30 years of age, ought to

be 369.39; and of a person 50 years of age,

36:11.33 ".—If the values ofjoint lives and

of the reversionary annuity are taken agree

ably to the London. Table of Observations,

these annual payments, will be, for 30 years

of age *, 3610.9—for 40, 26.12.6—for do,

£14.5. . . . . . -- . . .

If either the rate or interest is supposed

lower, or wives are supposed younger than

their husbands, the annual payments will be

increased. But there is no occasion for point

ing out particularly the difference. It may

be easily found in any cases by the directions

now given. There is, however, one obser

vation which ought to be here earefully at

tended to. This method of calculation sup

poses, that the first annual payment is not
!

- * * . . . . . .” t ... I

" These payments by the Northampton Table are

£9.19 and £11.82 respectively. . . . M.

* The value of two joint lives of 30, taken from Table

XII. Vol. II, is 9.6. This subtracted from the value of

the life in expectation, or from 13.1, by Table XI.

gives 3.5, the number of years purchase which an an

nuity for a life of 30 years of age, after another life of

the same age, is worth. This remainder, multiplied by

30, gives £105, the value in a single payment, ...;
the reversionary annuity to be £30. And £105 divide

by 9.6, gives £10.9, the value of the same annuity in

annual payments, during the joint continuance of the two

lives, according to the London observations.—By similar

operations all the other values above given have been
-

*

found. - -

to
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to be made till the end of a year. If it is to

be made immediately, the value of the joint

lives will be increased one year's purchase ;

and, therefore, in order to find in this case

the annual payments required, the value in

present money found by Quest. I. must be

divided by the value of the joint lives in

creased by unity, and, in this way, the pre

ceding values at 4 per cent. according to the

Breslaw Observations, will be found to be

sé8.62—369.35–3610.07 P-According to

the London Observations, £10,—ºf11.2,-

sé12.7.

QUESTION v.

“A society may chuse to make abate

“ments in these annual payments, and to

“require the remainder of the value of the

“ reversionary annuity to be given, in fines

“ or premiums, at the time of admission. It

“ may, for instance, chuse to fix the annual

“payments of all the members to 5 guineas.

“What, in this case, would be the premium

“ due at admission, the annuity being sup

“ posed 3630 per annum, and interest being

“ at 4 per cent 2"

A N SW E R.

From the whole present value of the an

nuity in one payment, subtract the value of
* *

By the Northampton Table, 368.45, £9.36, º
£10.5.

* 5 guineas
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-

5 guineas per annum, during the joint lives ;

and the remainder will be the answer.

Supposing the joint lives, both 40, the

whole present value of the annuity in one

payment is, according to the Breſlaw Obser

vations, aft: 101.1, by Quest. I.-The value

of 5 guineas per annum, or of 365.25 per

annum, during two such joint lives, is

2.É5.25, multiplied by the value of the joint

lives ; that is, 5.25, multiplied by 9.82, or

2651.55; and this subtracted from ºf 101.1,

gives ºf 49.55, the answer required for two

lives at the age of 40. The answer found

in the same way for two lives whose com

mon age is 30, is ºf:46.5,-and for two

lives at 50, af'50".

According to the London Observations,

these values are, for two lives, at 30,

£54.6.—At 40, £59.4.—At 50, £63.3.

If the first of the annual payments is to be

made immediately, the true answer will, in

every instance, be the values found in the

manner now directed, diminished by the an

nual payment ; or, in the present case, 5

guineas less than the values specified.

The values, in single and annual pay

mentſ, of any other reversionary annuity, will

be as much greater or less than these, as the

annuity itself is greater or less. .

* These three values by the Northampton Table re

£49.75, £44.6s and £3305. M,

v. 1. . . C QUESI:ON.

*
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QUESTION VI.

“A person 35 years of age wants to buy

“ an annuity, for what may happen to re

“ main of his life after 50 years of age.

“What is the value of such an annuity in

“ ready money, and also in annual payments,

“ till he attains to the said age; that is, in

“ annual payments for 15 years, subject in

“ the mean time to failure, should his life

** fail P”

ANSW E R.

The present value of such an annuity is

the preſent value of a life at 50, in money to

be received 15 years hence, and the payment

of which, depends on the contingency of the

continuance of the given life 15 years. That

is ; it is equal to the value of a life at 50,

multiplied by the present value of £1 to be

received at the end of 15 years, and also by

the probability that the given life will con

tinue so long.—A life at 50, according to

Mr. De, Moivre's valuation of lives, and

reckoning interest at 4 per cent. is worth

11.34 years purchase. The present value

of 361 to be received at the end of 15 years,

is, by Table I. Vol. II. 0.5553. And the

probability that a life at 35, will continue 15

years, is, according to the Breslaw Observa

tions ; ; ; *. And these three values, multi

plied

* The probability that a given life shall continue any

number of years, or reach a given age, is (as is well

- known)
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plied by one another, give 4.44, , or the

number of years purchase that ought to be

given for the annuity.—The annuity then

being supposed 3650 its value in present

money is 36222. -

In order to find this value in annual pay

ments, while the given life is attaining 50,

it is necessary to find the value of an annuity

for 15 years, subject to failure on the ex

tinction of the given life. And the value of

such annuity is, evidently, the last value

subtracted from the value of the given life;

or, in the present instance, 384.44, sub

tracted from sé13.97. (See Table VI.

Vol. II.) that is, 369.53.−36.222 then,

being the present value of an annuity of £50

for the remainder of a life now 35, after at

taining 50 ; and 9.53 being the number of

known) the fraction, whose numerator is the number of

the living in any Table of Observations opposite to the

given age and denominator, the number opposite to the

present age of the given life.—Thus, in the present in

stance; 346 is the number in Dr. Halley's Table oppo

site to 5o, and 490 the number opposite to 35–343 (or

the odds of 17 to 7) is, therefore, the probability that a

ſº whose age is 35 shall attain to 50, or live 15 years.

n the same manner it will appear, that, according to the

same Table, the probability that a person at this age shall

live 25 years, is ###; or nearly an even chance.

At Morwich and Northampton a person at the same age,

has an even chance of living 26 years; but in London,

scarcely 20 years. See Tables V. VIII. XVII. and IX.

at the beginning of Vol. II. I will add, though foreign

to my present purpose, that a person at the same age has

in these towns a better chance of living one year, than

in London, in the proportion of 3 to 2. -

C 2 - years
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years purchase, which ought to be given for

an annual payment to last 15 years, if a life

now 35 lasts so long, it follows that the

value of the same annuity in annual pay

ments, till this life attains.50, is £222 di

vided by 9.53 ; or ºf23.3. - - -

This calculation supposes, that the first of

the annual payments is not to be made till

the end of a year. If the first payment is

made immediately, the value will be, the

fingle payment divided by the value of the life

for the given term increased by unity ; that

is, in the present case, 36.222 divided by

10.53 ; or ºf 21.08°. -

- If the value of the annuity is required in

** single payment, over and above any given

annual payment ; deduct the value of the an

nual payment from the whole value in a sin

gle present payment, and the remainder will

be the answer.—Thus, let 5 guineas, in the

present instance, be the given annual pay

ment for the assigned term ; and let the en

* It never happens that the annual payments are made

in this manner—The usual, indeed the invariable method

is, to advance the first payment immediately, and the re

maining ones at the beginning of each of the following

years; so that the number of payments shall be equal to

the number of years.—The single payment therefore

ought to be divided by the value of the life for one year

Mess than the given term increased by unity; hence #222

in the present case, instead of being divided by £10.53,

should be divided by £1 o. 18, (or the value of the life

for 14 years increased by unity,) and consequently the

annual payment will be £2 1.8, which agrees nearly with

the same payment found by the Northampton Table. M.

quiry
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quiry be, how much more in present money

the supposed annuity is worth. By what

has been just said, 9.53, multiplied by 5

guineas, that is, 2650 is the value of the

annual payment; and this sum deducted

from 36222, leaves ºf172 the answer.

If the annual payment begins immediately,

its value is 10.53, multiplied by 5 guineas,

and the answer comes out ºf 166.75 °.

In this way may be found the value, in

single and annual payments, of any other.

annuity, payable to an assigned life, after a

given term of years, taking any valuation of

lives or interest of money. But care must

be taken to remember, that it is the title to

the annuity that will commence at the end

of the given term, and that the first payment

is not to be made till a year afterwards ;

that is, in the case here specified, not till

the end of 16 years.

S C H O LIU M.

The value of the remainder of two joint

lives, after a given term of years, is likewise

the value of £1 due at the end of the given

term multiplied by the value of two joint

lives, each older by the given term than the

given lives ; and this product, multiplied by

* If the payments are confined to the beginning of

each year, (See note, page 20) 5 guineas should be mul

tiplied into 19.18, and the answer will then be ºf 16855.

, - º M.

the
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the probability, that the given joint lives shall

not fail in the given term ; or (which is the

same) by the product of the two probabili

ties, that the single lives shall each continue

the given term. And the value of an an

nuity, on any given joint lives for a term of

years beginning now, is this last value sub

tracted from the whole present value of the

joint lives. Thus ; the value of two joint

lives, one 40 years of age, and the other 50,

(see Table VII. Vol. II.) is 8.91; which,

multiplied by o.6755, the value of 361 due

10 years hence, and by +++ (the probability

that a life at 30 shall continue 10 years)

and also by 34, (the probability that a life

at 40 shall continue 10 years) give 3.92, the

present value of the remainder of two joint

lives, aged 30 and 40, after 10 years ; and

this value, subtracted from 10.43, (the va

lue in Table VII. ibid. of two joint lives,

aged 30 and 40) leaves 6.51, their value for

10 years.

As the value of the longest of two lives is

always the value of the joint lives, sub

tracted from the sum of the values of the

two ſingle lives ; their value also for any

given term, is the value of the joint lives

for the given term, subtracted from the sum

of the values of the single lives for the given

term. -

The truth of these rules may easily ap

pear without particular proof. I have,

however, pointed out the method of de

monstrating
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monstrating them in a note" at the end of

this work. -

By similar operations, may be found the

values of three or more joint lives, or the

longest of three or more lives, for a given

term of years, or of what shall remain of

them after a given term of years.

QUESTION VII.

“The present value is required of an an

“ nuity to be enjoyed by one life, for what

“may happen to remain of it beyond an

“other life, after a given term ; that is,

“ provided both lives continue, from the

“ present time, to the end of a given term

“ of years 2"

ANSW ER.

Find the value of the annuity for two

lives greater, by the given term of years,

than the given lives. Discount this value

for the given term ; and then, multiply by

the probability, that the two given lives

shall both continue the given term; and the

product will be the answer.

EXAMPLE.

Let the two lives be each 30. The term

seven years. The annuity 2610 Interest,

4 per cent. The given lives, increased by

7 years, become each 37. The value of two

* See note (B) at the end of Vol. II. . .

joint
º
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joint lives each 37, is (by Table VII. Vol.

II.) 10.25. The value of a single life at

37, is (by Table VI. ibid.) 13.67. The

former, subtracted from the latter, is 3.42,

or the value of an annuity for the life of a

person 37 years of age, after another of the

same age, by Quest. I.-3.42 discounted for

7 years, (that is, multiplied by 0.76, the

value of 361 due at the end of seven years

by Table I. Vol. II.) is 2.6.—The proba

bility that a single life at 30 shall continue 7

years, is (by the hypothesis explained page

2.) :: *. The probability, therefore, that-5 5

tWO

* In this case, it is on some accounts best, as well as

easiest, to take the probabilities of life from the hypo

thesis, rather than immediately from the Tables.—Fifty

six persons being supposed alive at 30, one will die every

year, according to the hypothesis. At the end of seven

years then, the number of the living will be 49, and 4%,

or the odds of 7 to 1, is, by note, p. 18, the probability.

that a life, aged 30, will continue 7 years; and this frac

tion, multiplied by itself, is the probability, that two

- lives of this age, shall both continue 7 years. In general,

it must be remembered, that the probability, that any two

or more events shall all happen, is the product arising

from multiplying by one another, the probabilities of all

the events taken separately. The probability, therefore,

-

that any number of persons will all live any given time,

is rightly found by multiplying into one another the pro

babilities that each of them will live that time.--It may

further be of use to some, that I should observe here,

that the difference between unity and the fraction ex

pressing the probability that an event will happen, gives

the probability that it will not happen. . Thus; the pro

bability, that a person 40 years of age will live 11 years,

is, by the Breslaw Table, (or Table V. Vol. II.) ; ; ;.

The probability, therefore, that he will not live 11 years,

- - FS
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two such lives shall both continue 7 years,

is ::::::, or, in decimals O.765. And 2.6,

multiplied by 0.765, is 1,989, the number

of years purchase which ought to be given

for an annuity, to be enjoyed by a life now

30 years of age, after a life of the same age,

provided both continue 7 years. The an

nuity then being £10, its present value is

&#19.89. *

By similar operations, it may be found,

that supposing the term one year, and the

ages and the rate of interest the same, the

present value of the same reversionary an

nuity is 2632.4 ; and that if the term is 15

years, the value is 369.7 y.

For two lives each 40, these values are

2630.33.−617.44.—46.7.3, the term being

1, 7, or 15 years.

For two lives each 50, the same values

for the same terms, are zé28.2—ºf13.86— `

.#34.34 *.

These values, according to the London

is #3; subtracted from unity or #3. In like manner:

The probability that two persons aged 30 shall boºh live

7 years, being o.765, the probability that they will not

both live so long, or that one or other of them will die in

7 years, is o.765 subtracted from unity, or .235. -

If any reader is unwilling to take these assertions for

granted, he should consult the beginning of Mr. De

Moivre's, or Mr. Simpson's Treatises on the Doctrine of

Chances, where he will find them demonstrated.

* By the Northampton Table #210.03, and the six

following values by the same Table are £31.01, #17.89,

47.61, #28.66, £14.3, and £4.64. M.

* See Note (C) at the end of Vol. II.

4 Observations

x
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Observations and Mr. Simpſon’s Tables of

the values of single and joint lives, are,

For 2 lives at 30—ſ. 32.05—1. 18.62— 1.7.66.

at 40—1.30.7— 1.15.6— 1.5.45.

at 50—1.29.36 l. 12.33— 1.3.24.

QUESTION VIII.

“Let the scheme of a society for granting

** annuities to widows, be, that if a member

“ lives a year after admission, his widow

“shall be entitled to a life annuity of £20.

“ If reven years, to gélo more, or =#30 in

“ the whole. If fifteen years, to another

“ additional £10, or 2640 in the whole.

“What ought to be the annual payments of

“ the members for the ages of 30, 40, and

“ 50, supposing them of the same ages

“ with their wives, and allowing compound

“ interest at 4 per cent º'

AN SW E R.

According to the hypothetir, explained

p. 2.; and, therefore, very nearly, according

to the Tables of Observation for Breſlaw

and Norwich, or Tables V. and VIII. at the

beginning of Vol. II. -

sé8.44; 368.69; aftg.05.

According to the London Observations.

sé9.41 ; 26.10.17; 26.10.92*.

* According to the Northampton Table 368.34; 368.91;
£944. - M.

These
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- These values are easily deduced from the

values in the last Question. For example.

The value of £10 per annum for life to 40

after 40, provided the joint lives do not fail

in one year, is, according to the hypotherif,

affāo.33. The value of 2620 per annum,

in the same circumstances, is therefore

sé60.66. In like manner, the value of

gé10 after reven years, is 3617.44. And

of £10 after 15 years =67.3. These values

together make ºf 85.4, or the value of the

expectation, described in this Question, in

a ſingle present payment; which, divided by

9.82, the value (by Table VII. Vol. II.) of

two joint lives at 40, gives 368.69, the va

lue of the same expectation in annual pay

ments, during the joint lives. In the same

manner may be found the answer in all cases

to any Questions of this kind.

These calculations suppose, that the an

nual payments do not begin till the end of

a year. If they are to begin immediately, the

true annual paymentſ will be, as was before

observed, the ſingle payments, divided by the

value of the joint lives increased by unity :

and in the present case they will be, by the

Aypotherif, -

- aff?.75; 267.9; 8.07.

By the London Observations,

268.52 ; 269.06; ºf 9.51°.

* By the Northampton Observations ez,66, 48.89,
4'84. - M.

2 By
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*

By the method of calculation now ex

plained may be easily found in all cases,

supposing the annual payments previously

settled, what are the reversionary annuities

corresponding to them in value. Thus, the

annuities being the same with those men

tioned in this Question, the mean annual

payments for all ages between 30 and 50,

are nearly 268 according to the highest pro

babilities of life; 269 according to the low

eft ; and 8 guineas the medium *; interest

being at 4 per cent. and the first payment to

be made immediately.

If the mean annual payments, beginning .

immediately, are fixed to five guineas, the

corresponding life annuities will be nearly

(by the hypotherif) ºf 12, if the contributor

lives a year, and 2.É24 if he lives seven years;

or (by the London Observations) 2.É12 if he

lives a year, and 262o if he lives seven

years".

It.

• The value of this expectation, supposing. married

men 40 years of ‘ī; and their wives 30, is, in a single

payment, #113. In annual payments beginning imme

diately, £9.88, by the hypothesis. And £107.—and

3: 10.93, by the London Observations.(b) -

(b) By the Northampton Table ºf 116.4 and £10. 13.
M.

d If the annuities in expectation are 3614 provided a

member lives a year, and #20 provided he lives seven

years, the proper mean ſingle payments for all ages, taken

one with another, under 50 or 52, is 50 guineas nearly,

according to all the Tabies of Observation, supposing

equality of age between men and their wives. And the

. - addition

a

Y.
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It is observable, that the difference in the

values of the annuities, arising from differ

ence of ages and the difference in the pro

babilities of life, is less in this Question than

in Question IV; and that, consequently, the

plan proposed in it, is the safest, as well as

the most equitable and encouraging, that a

society can adopt. -

It is necessary to remark here further, that

jearly payments which begin immediately,

are more advantageous than half-yearly pay

ments which begin immediately. In an Essay

published in the Philoſophical Transactions,

Vol. LXVI. p. 109, and inserted in the

latter part of this volume, I have shewn

that in the case of life-annuities, half-yearly

payments which begin at the end of half a

year, are nearly a fifth of a year's purchase

better than yearly payments which begin at

the end of a year. And it is manifest, that

addition which ought to be made, on account of excess

of age on the man's side, is, taking the nearest and the

easiest round sums, about a guinea and ; for every year

as far as 17 years: or, in the annual payments, (sup

posed 5 guineas) ; a guinea per annum for five years ex

cess, and ; a guinea more for every four years excess

beyond five years, till the excess comes to be 17 years.

And, I believe, that 62 guineas in single payments, and six

guineas in annual payments beginning immediately, may

very well be stated as the lowest common payments proper

to be required, supposing all married men under 52, taken

into a society, without inquiring into the difference of

age between them and their wives, the annuities being

all along supposed to be life annuities, and interest reck

oned at 4 per cent.

- half.
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Balf-yearly payments, which begin immedi

ately, are no more than half a year's pur

chase better than those which begin at the

end of half a year. But yearly payments,

which begin immediately, are a whoſe year’s

purchase better than the same payments to

begin at the end of a year. The difference

of value, therefore, between yearly and half.

yearly payments, supposing both to begin

immediately, is three tenths of a year's pur

chase in favour of the former. The whole

of this subject may be seen accurately stated

in the essay just referred to.

QUESTION IX.

“ The value is required of an annuity to

“ be enjoyed for what may happen to re

“ main of one life after another, provided

“ the life in expectation continues a given

“ time P’’

- - ANSW E R.

Find by Question VI, the present value of

the annuity for the remainder of the life in

expectation, after the given time, and multi

º this value by the probability, that the

, other life shall fail within that time. Find

also by Question VII. the value of the rever

sion, provided both lives continue the given

time. Add these values to one another, and

the rum will be the answer in a single present

payment.

EXAMPLE.
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Ex AMPLE.

An annuity of 2610 for the life of a person

now 30, is to commence at the end of 11

years “, if another person now 40, should

be then dead; or, if this should not happen,

at the end of any year beyond 11 years in

which the former shall happen to survive the

latter : What is the present value of such an

annuity, reckoning interest at 4 per cent. and

taking the probabilities of life as they are in

Dr. Halley’s Table, or Table V. at the begin

ning of Vol. II.

The value of 2610 per annum, for the

remainder of the life of a person now 30,

after 11 years, found by Question VI. is

3669.43. The probability that a person 46

years of age shall live 11 years, is, by Dr.

Halley’s Table, #3. The probability, there2 ++

fore, that he will die in 11 years, is #:

subtracted from unity', or ; ; ; ; which mul

tiplied by gé69.43, gives ºf 17.16. The

value of the reversion, provided both live 11

years, found by Quest. VII. is £17.23.

And this value added to the former, makes

* That is, the title to the annuity is to commence at

the end of 11 years, and the first payment to be made a

year afterwards, in case the life in expectation should

continue so long, and the other fail. But if both lives

should continue the given term, the first payment is

always to be made at the end of the year, in which the

former life shall happen to survive the latter. See

Quest. VI.

* See the Note, p. 24.

£34.39
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£634.39 the value required in a ſingle pre

rent payment ; which payment divided by

3611.43, (the value by Table VII. Vol. II.

of two joint lives, aged 30 and 40, with

unity added) gives 363 *; or the value re

quired in annual payments during the joint

lives, the first payment to be made immedi

ately.—If, every thing else being the same,

the assigned term is 15 years, the value re

quired will be ºf29 in a ſingle payment, and

£2.55 in annual paymentſ.

QUESTION X.

“What money in hand, or in annual

“payments during life, ought a person of

“ an assigned age to give for a sum of

g See the demonstration of this rule in Note (D)

Vol. II.(c)

(c) This demonstration is derived from Mr. De Moivre's

hypothesis, and therefore I have added in the note above

mentioned another demonstration founded on the real

probabilities of life, from which the following rule is

obtained, which is rather more concise than the rule

given by Dr. Price—“Find by Quest: VI. the value of

“ the annuity for the remainder of the life in expectation

after the given time. Find also by the Scholium to

“ the same Question the value of the annuity for the

“ remainder of the two joint lives after the given time.

“ The latter subtracted from the former will be the value

“ required.”—Thus; the value of an annuity of £10 on

a life of 30 after 11 years is £69.43—the value of the

Iike annuity during the remainder of two joint lives aged

3o and 40 after 11 years is 3'35.08. Subtracting this

latter sum from the former we have fºº.35, as given

above, for the value required. By the Aorthampton

Table the value of this annuity is £3377. M.

g

money,

. . "



Reversionary Annuities, &c. 33

“ money, payable at his death to his heirs"?

“ In other words, what money in hand, or

“ in annual payments during life, ought a

“ person of a given age to pay for an arru

“ rance of any given sum on his life º’”

ANSW ER.

| Subtract the value of the life from the

perpetuity. Multiply the remainder by the

product of the given sum into the interest of

2.É100 for a year; and this last product, di

vided by sºloo increased by its interest for a

year, will give the answer in a ſingle preſent

payment. And this payment, divided by the

value of the life, will give the answer in

annual payments, during the continuance of

the life.

Example. Let the life be 30. The sum

gé100. The valuation of lives, that in

Table VI. Vol. II. and the rate of interest

4 per cent. The perpetuity, therefore , is

25. The interest of 38100 for a year is 264;

&#100, increased by its interest for a year,

is 36.104. And the value of the life 14.68. ,

The value of the life, subtracted from the

* This Question is the same with Problem 16th, in Mr.

De Moivre's Treatise on Annuities, and Problem 26th,

in Mr. Simpson's Select Exercises; but the answers there

given are right only when applied to reversionary estates,

and therefore must be materially wrong when applied to

reversionary sums, as will appear from the Scholium to

this Question, and from Note (E) at the end of this Vol.

* That is; the value of the fee-simple of an estate

found by dividing £100 by the rate of interest.

WOL. I. D perpetuity,
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perpetuity, gives 10.32, which, multiplied

by the product of £roo into 4, or by 36400,

gives 4128. And this, divived by 104,

gives 3639.7, the value of £100, payable

at the death of a person aged 30, in a single

present payment.—And this payment, di

vided by 14.68, is 302.7, the same value in

annual payments during the continuance of

the life. - . . -

These values found in the same way agree

ably to the valuation of lives for London, in

Table XI. Vol. II. are £45.76, and £3.49.

If the life is 36, and interest 4 per cent, these

values are 2643, and 363.1, by Table VI.

Vol. II. and 26.4.1, by Mr. Simpſon’s va

luation of lives for London in Table XI.-If

interest is reckoned at 3 per cent. the same

values are, by De Moivre'; valuation of lives,

for 30 years of age, 3648.14, and 2.86—

For 36 years of age, gé51.43, and 3C3.28.*.

It appears here, that difference of interest

makes no considerable difference in the an

swers to Questions of this kind, except when

the values are required in a single payment.

: If the first of. annual payments is to be

made immediately, the single payment is to

be divided by the value of the life, with

unity added to it, agreeably to what has been -

already observed ; and the annual payments

in this case (interest supposed at 4 per cent.)

.* These values by the Northampton Table are £47.8

and 36'2.83, and £51.28 and £3.26. };
- will
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will be by Mr. De Moivre's valuation of lives

(or Table VI. Vol. II.) for a life at 30,

£2.53—At 36, 362.9.

If the payments are half-yearly payments

beginning immediately, the single payment

must be divided by the value of the life in

creased by seven tenths, (see Question VIII.

page 29.) And the half-yearly payments,

for the age of 36, will be half 2.96, or 1.48.

And half 1.48, or 74, is likewise nearly the

proper quarterly payments. -

...Again ; if an annual payment, beginning

immediately, of £2.9, ought (reckoning in

terest at 4 per cent.) to purchase £100 pay

able at the failure of a life now 36; sé5, by

the rule of proportion, ought to purchase

eff172. And in like manner, it may be

found, that the same annual contribution, in

half-yearly or quarterly payments, beginning

immediately, ought to purchase #170.-

These sums, according to the London Obser

vations, are sé132 and £130 nearly.

The reason of mentioning these particu

lars will be seen in the next chapter."

..., SCHOLIUM. a

... If the reversion is not a rum, but an an

nuity for ever, or an estate in fee-timple, to be

entered upon, after a given life, its present

value, in a ſingle payment, will be “the value

“ of the life subtracted from the perpetuity,

“ and the remainder multiplied by the an

“ nuity, or the annual rent of the estate.”

- D 2 And



36 Questionſ concerning

And the value, in annual paymentſ, will be,

as before, the single payment divided by the

value of the life. Universally. It ought to

be remembered, that a reversionary estate,

after any given life or lives, is worth as

much more than a corresponding reversionary

rum, as 36.1oo, increased by its interest for

a year, is greater than 26100. Thus, the

present values, in single and annual pay

ments, of 264 per annum for ever, and of

sé1oo in money after any assigned life, are

to one another, (interest being at 4 per cent.)

as 104 to 100, or 1.04 to one. The reason

of this difference is, that the calculations

suppose, that the reversionary rum, and the

first yearly rent of the estate, or first pay

ment of the annuity, are to be received at

the same time, after the extinction of the

lives in possession. It is easy to see, that

this is a circumstance which must make the

latter of most value. But to prevent any

doubts about it, I shall explain it more par

ticularly in a note in the Appendix".

QUESTION XI.

“A person of a given age, having a

“ yearly income which will fail with his

“life, wants to make provision for another

“ person of a given age, in case the latter

“should happen to survive. What ought.

“ the former to give in a single payment,

Vid. Appendix, note (E) at the end of this Volume.
- * ** -- “ or
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“ or in annual payments during their joint

“ lives for 'a given sum, payable at his

“ death to the latter " -

It is manifest, that the value of the given

sum in this case, must be less than in the

case stated in the last Question ; because,

here the payment of it is suspended on the

contingency, that one life shall survive an

other; whereas, in the other case, it is cer

tainly to be paid at the failure of a given

life.

. A NSW ER. --

Find, by the solution of Problem XXXII.

p. 297, Mr. Simpſon’s Select Exercises, the

value of an estate, corresponding to the given

sum, and depending on the given survivor

ship. Divide this value by gé1, increased

by its interest for a year, and the quotient

will be the value of the given sum in a single

present payment. And the single payment,

divided by the value of the given joint lives,

will be the answer in annual payments
during the joint lives. w

The solution I have referred to is as fol

Iows: - -

“Find the value of an annuity on two

“equal joint lives, whereof the common age

“ is equal to the age of the older of the two

“ proposed lives; which value subtract from

the perpetuity, and take half the remain

“ der. Then say, as the expectation of the

- “ duration

& 4
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-

“ duration of the younger of the two lives

“ is to that of the elder, so is the said half

“ remainder to a 4th proportional, which

“ will be the number of years purchase to

“ be given for the estate when the life in

“expectation is the oldest of the two. But

“if this life is the youngest, then add the

“ number of years purchase just found to

“ the value of the joint lives, and let the

“ sum be subtracted from the perpetuity,

“ and you will also have the answer in this

“ case m.”

Let

* Mr. Simpson has given the following examples of

this solution, adapted to London lives:—Example I.

“Suppose the age of the expectant to be 40, of the pos

“ sessor 30. The rate of interest 4 per cent, and the

“given legacy £5000 or £200 per annum. Then the

“ value of two equal joint lives of 40, being 8.1, (see

“ Table XII.) ai the perpetuity 25, the remainder or

“ difference will be here 16.9; whereof the half is 8.45.

“Therefore, it will be as 23.6 to 19.6, so 8.45 to 7.02

“ years purchase, or £1404, the required value.”

Example II. “Let the age of the expectant be 30, of

“ the possessor 40, and the rest as in the preceding ex

“ ample. Here the value of the joint lives 30 and 40,

“ will be 8.8; which added to 7.02, (found above) 3.

“ sum will be 15.82; whence the answer, in this case,

“ is 9.18 years purchase, or £1836.” -

I have shewn, that the values of reversionary estates,

and reversionary sums, are not the same as is here sup

posed. The rule gives the true value when applied to

the former; but, when applied to the latter, the values

given by it must be divided by Gé1 increased by its in

terest for a year, as above directed. The same observa

tion is to be applied to Mr. Simpson's next Problem, or

the 33d.

... In these Examples 23.6 and 19.6, are the expectations,

in Table X. of 30 and 40, according to the London*:
- r - | 16S
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... Let the life in expectation be 30 ; and the

other life 40 : The sum, #100. Interest,

4 per cent. The valuation of lives, Mr. De

Moivre'ſ, or that in Table VI. Vol. II.

The expectation of the first life, is 28 ; of .

the second life 23, by Mr. De Moivre's hypo

the fir. The value of the joint lives is 10.43.

by Table VII. Vol. II. The value of two

joint lives, both 40, is 9.82, by the same

Table. The estate corresponding to 26100

is 364 per annum, and the present value of

such an estate to be entered upon by a per

son 30 years of age, provided he survives a

person 40 years of age, is, by the rule just

quoted, 2633.32. And this value, divided

by 361, increased by its interest for a year,

or by 1.04, is ºf 32.03, the value in a single

preſent payment of the sum of £100, ğ.

pendent on the given survivorship. And

this single payment divided by 10.43, is

£3.07, the required value in annual pay

ments, during the joint lives, if the first

payment is not to be made till the end of a

year. But if the first payment is to be made

immediately, the required value in annual

bles of Observation ; and the method of finding them for

any age, and from any Tables of Observation, is ex

plained at the beginning of the first Essay.

In Mr. De Moivre's hypothesis, the expectation of a life

is always half the complement. See note, p. 2. Some

times the complement of a life is mentioned without any

view to Mr. De Moivre's hypothesis, and it then means

double the expectation of the life, whatever that may be,

according to any Table of Observations. -

payments
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payments will be sé82.03, divided by 11,43,

or 362.8. These values, according to the

London Observations, or Mr. Simpſon’s Ta

bles founded upon them, are sé85.30, in a

single payment; and 2.É3.6, in annual pay

ments, beginning immediately.

Mr. Simpson, in the Problems following

that here quoted, has given solutions of most

other Questions, concerning the values of

reversions depending on survivorships, where

the whole duration of two or three lives is

concerned. And I am acquainted with no

other solutions of these Questions, which are

applicable to all Tables of Observations", and
* , which

* The solutions of this and the following Question

were certainly the most accurate of all that had been

*given previous to the fifth edition of this work. About

three years before that edition was published, more correct

solutions of these Questions were communicated by my

self to the Royal Society, and published in the 77th

volume of the Philosophical Transactions. These being

derived from the real probabilities of life, depend on no

hypothesis, and give the exact values in all cases; while

the solutions of Mr. Simpson, though applicable to any

Table of Observations, are deduced from the expectations

of life, and therefore can be regarded only as approxima

tions, even where they happen to be most accurate. In the

earlier and latter periods of life, however, they are much

too incorrect for use; nor can it indeed be ever necessary

to have recourse to them, since the exact values may be

obtained with little or no difficulty from the solutions

abovementioned. The general rule for determining the

value of the reversion in the present Question may be

expressed as follows: “Let F represent a life one year
esyº. and P. a life one year older than B. Multi

“ply the value of an annuity on the joint lives of A P.

“increased by unity, into the probability that B lives a

“year,
*
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*

which at the same time (proper regard being

paid to the correction explained in the last

Question)

“year. Multiply the difference between the perpetuity

“ and the value of an annuity on the joint lives of A B.

“into the interest of £1 for a year. Add these two

“products together, let their sum be divided by £1, in

“creased by its interest for aº and reserve the quo

“tient. Divide the value of an annuity on the joint

“lives of A F, by the probability that F lives a year.—

“Subtract this from the reserved quotient, and the

“remainder being multiplied into half the given sum

“will produce the value required, when B the expectant

“is the oldest of the two lives.” . If B be the youngest,

the value will be obtained, as in Mr. Simpson's rule, by

subtracting the value of A's expectation, found above,

from the whole value of the Reversion after the joint

lives of A and B.

e X AM P L E.

Let it be required to determine, the value of £10o

payable on the death of A, aged 24, should B, aged 67,

be then living, computing at 5 per cent. and from the

probabilities of life in the Northampton Table of Obser

vations. In this case the ages of F and P will be 66 and

68 years. The value of an annuity on the joint lives

of AP, by Table XXVIII. and XXIX. Vol. II. is 5.924,

the probability that B lives a year is ####, 6.924, (or

5,924 increased by unity,) multiplied into ####, pro

duces 6.550. The value of an annuity on the joint lives

A B, (or 6.130.), subtracted from 20, the perpetuity,

leaves 13.87, which being multiplied into .o.5, or the in

terest of £1 for a year, produces .694. Adding this to

the former product, and dividing 7.244, (their sum,) by

1.05, we have 6.899 for the quotient to be reserved. The

value of an annuity on the joint lives of A F, (or 6.331,

divided by ####(d), (the probability that F lives aº
quotes 6.675, which being subtracted from 6.899, the

reserved

(d) Or, which is the same thing, multiplied into #3.
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* *

e

Question) may be considered as sufficiently

Correct”. . . .

QUESTION XII.

“Suppose an institution for the relief of

“ widows to extend its assistance likewise

“ to the families of married men, provided

“ they leave no widows. Suppose, for in

“ stance, that in this case children are to be

“ entitled to ºf 100. What is such an ex

“ pectation worth, in present payment, in

“terest being at 4 per cent. 2”

ANSW ER.

If 40 is the mean age at which members

are admitted on such an institution, and 32

the mean age of their wives, the answer

º: no subsequent marriages) is, by

the 33d Problem in Mr. Simpson's Select Ex

ercises, p. 298, and the correction already

reserved quotient, and .224, the remainder, being multi

plied into 52, or half the given sum, we have £11.20,

for the value required. If A had been 67 and B 24, the

foregoing value must have been deducted from 66.05, the

whole value of the Reversion after the extinction of the

joint lives of A and B, found by Question X. and the

remainder, or £54.85 would have been the answer in

this case. These values agree nearly with the values by

Mr. Simpson's rule. But # the difference of age between

A and B is very great, or a Table of Observations is used

in which the decrements of life are not so regular as in

the Northampton Table, the values by Mr. Simpson's rule

will be found in many cases to be one third wrong. M,

* See the third Chapter.

explained,
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explained, 36.13.80 P, taking the expecta

tions and values agreeably to Mr. De Moivre's

hypothesis.

But

* This Problem and its solution are given by Mr.

Simpson in the following words: “A, and his heirs are

“entitled to an estate of a given value, upon the decease

“ of B, provided B survives A; to find the value of

“ their expeetation in present money.”—Solution. “Find

“the value of an annuity on the longest of two equal

“lives, whereof the common age is that of the older of

“ the lives A and B; which value subtract from the

“perpetuity, and take half the remainder; then it will

“be, as the expectation of duration of the younger of

“the lives A and B, is to that of the older, so is the

“ said half remainder to the number of years purchase

“required, when the life of B is the older of the two. But

“if B be the younger; then to the number thus found,

“add the value of an annuity on the longest of the lives

“A and B, and subtract the sum from the perpetuity, for

* the answer in this case.” -

If the estate is Gé4 per annum, the age of B 40, and o

A 30, interest 4 per cent, the answer by this rule comes

out £13.86, which divided (as in the preceding Question)

by 104, gives 313:32, the value, as above, of £100 in

money. If B is 30 and A 40. the same value is £15.71.

N#. The value of the longest of the two lives is always

the difference between the value of the joint lives, and the

sum of the values of the two given single lives. Thus;

the value of a life at 40, is, by Table VI. Vol. II. 13.2.

The sum of the values of two such lives is 26.4. The

value of two joint lives, whose common age is 40, is, by

Table VII. 9.82; and the difference is 16.58, or the

value of the longest of two lives at 4o. (e)

(e) This rule, like the preceding one of Mr. Simpson,

being deduced from the expectation of life is equally in

correct; and therefore, in most cases, it will be best to

adopt the following general rule deduced from the Solu

tion to which I have referred in pag. 4o. “Let F, as in

“the former question, denote a life one year younger, *:
- - “P a
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But there is a reduction necessary, on ac

count of the chance there is, that a widower

may marry again. Suppose, therefore, one

half of all widowers to marry a second and

third time, and that two fifths of such wi

dowers

“P a life one year older than B-Multiply the value of

-“the joint lives of AP, increased by unity, into the proba

“bility that B lives a year. Subtract the difference be

“tween the joint lives AB and twice the value of the

“single life B from the perpetuity and multiply the re

“mainder into the interest of £1 for a year. Let this be

“added to the former product, divide their sum by £1 in

“creased by its interest for a year and reserve the quotient.

“Divide the value of the joint lives AF by the probability

“that F lives a year—subtract this from the reserved quo

“tient, and the remainder being multiplied into half the

“given sum will produce the value required.”

E X AM P L F.

Let it be required to determine the value of £1co

payable on the death of B, aged 65, should that happen

after the death of A aged 25, computing at 3 per cent.

and from the probabilities of life at Northampton. The

value of an annuity on the joint lives AP by Tables

XXVIII. and XXIX. Vol. II. is 7.123 which being

increased by unity and multiplied into #### (the proba

bility that B lives a year, found by Table XVII.) pro

duces 7,725. The value of an annuity on the joint

lives AB is 7.370.—The value of an annuity on the life

of B by Table XIX. is 8.302, and the interest of £1

for a year is .og.—The difference between 7.37 and

16.604 (or twice 8.302) being subtracted from 33.333,

theP. and 24.ogg the remainder multiplied

into .o.2 produces .723, which being added to 7.725 the

former product, and 8.448, their sum being divided by

1:o3 we have 8.202 for the quotient to be reserved.—

The value of an annuity on the joint lives AF is 7.61 1,

the probability that F lives a year is ####, the former

divided
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dowers survive these subsequent marriages.

In this case, added to of +, or, , , of allI O

who become widowers, will die without leav

ing widows, and therefore 2, of 36.13.8, or

º, will be the answer. If only one fourth

of all who become widowers marry again,

and two fifths of these survive, the answer

will be sé11.73. ; :

This calculation supposes all marriages to

leave children who survive their parents. If

this is considered as uncertain, the values now

determined must be diminished in the pro

portion of this uncertainty. Thus ; if one

marriage in seven fails of leaving children?

that survive their parents; these values will

be reduced a seventh part, or to #8.28, if

half, and Gé10.05, if a quarter of all wi

dowers marry. • * > . º

In this way may any other questions of the

same kind be answered on any suppositions

that may be thought most reasonable. -

‘. . . ;

divided by the latter quotes (f) 7.984, which bein

subtracted from 8.202 the reserved quotient, and .218,

the remainder, being multiplied into 50, or half the given

sum, we have £10.90, for the value required, "Sup

posing A to be 65 and B 25 years of age, the foregoing

sum must be subtracted from 41.761, the wholetº:
the reversion atter the longest of the two lives of A an

B, and £30,861, the remainder, will be the value à:
Case. " . . . - * *

* This for many years has been nearly the fact among

the ministers and professors in Scotland. . . -

(f) Or, which is the same thing, multiplied into ###,

QUESTION.
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QUESTION XIII.

“Let an establishment be supposed which

“ takes in at once all the marriages in a

“ country, or all marriages among persons

“ of a particular profession within a given

“ district, and subjects them for perpetuity

“ to a certain equal and common tax, or an

“nual payment, in order to provide life an

“ nuities forsuch widows as shall result from

“ these marriages. What ought the tax to

“ be, supposing the annuity 3620, and calcu

“lating at 4 per cent. from Mr. De Moivre's

“ valuation of lives P’’

- ANSw ER,

• Since, at the commencement of such an

establishment, all the oldest, as well as the

youngest marriages, are to be entitled equally

to the proposed benefit, a much greater num

ber of annuitants will come immediately

upon it, than would come upon any similar

establishment, which limited itself in the ad

mission of members to persons not exceed

ing a given age. This will check that ac

cumulation of money, which should take

ace at first, in order to produce an income

equal to the disbursements at the time when

the number of annuitants comes to a maxi

mum; and, therefore, will be a particular bur

den upon the establishment in its infancy. For

this, some compensation must be provided;

and

-
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and the equitable method of providing it, is,

by levying fines at the beginning of the esta

blishment, on every member exceeding a given

age, proportioned to the number of years

which he has lived beyond that age. But in

the present question, it is supposed, that such

fines cannot be conveniently levied, or that

every payment must be equal and common,

whatever disparity there may be in the value

of the expectations of different members.

The fines, therefore, must be reduced to one

common one, answering as nearly as possible

to the disadvantage I have mentioned, and

payable by every member at the time when

the establishment begins. After this, the

establishment will be the same with one that

takes upon it all at the time they marry;

and the tax or annual payment of every mem

ber adequate to its support, will be the annual

payment during marriage, due from persons

who marry at the mean age at which, upon

an average, all marriages may be considered

as commencing.—There are then two points

to be here determined. The fines necessary to

be paid at first, according to the account I have

just given; and the constant annual payment,

necessary to be made by every member, as

an equivalent for theºãº
by the establishment.—The finer to be paid

at first are, for every particular member, the

same with the difference between the value

of the expectation to him at his present age,

and what would have been its value to him

2 had -
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had the scheme begun at the time he mar

ried? Or, they are, for the whole body of

members, the difference between the value.

of the common expectation, to persons at the

mean age of all married persons taken toge

ther as they exist in the world, and to per

sons at that age, which is to be deemed their

mean age when they marry.

Thus; let 33 for the man, and 25 for the

woman, be the mean ages of all that marry

annually. Let also 48 be the mean age of

all the married men in the world, and 40

of married women".-Now, he that will

calculate for these ages, in the manner di

rected in Quest. IV. will find, that the value

in annual payments during marriage, and be

ginning immediately, of the expectation of

an annuity of £20 per annum by a person

25 years of age, after a life whose age is 33.

is £6.64.—And that ºf 8.04, is the value of

the same expectation, the ages being 48 and

40. " . -

The former, therefore is the payment for

perpetuity from every member of the esta

blishment; and the value of the difference be

tween it and the latter, or of 261.4. per ann.

payable during two joint lives, whose ages

are 40 and 48, that is, 3614.2, is the fine ne

* I must beg leave to refer to note (F) in the Appendix,

for an explanation of what I mean by the mean ages of

married men and women, and also for a confirmation of

the answer I have given to this Question.

- cessary
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cessary to be levied on every married mem

ber at the beginning of the establishment".

It would be easy to extend the benefit of

such an establishment, so far as to provide

sé100 for the children of members, provided

they leave no widows; and the necessary ad

dition on this account to the perpetual an

nual payments can scarcely, in the circum

stances this question supposes, be much more

than about 15ſ. payable during life, and ex

cluding from all benefit such as happen to

be widowers at the commencement of the

establishment, and do not afterwards marry.

If, in such an establishment, all persons

of a particular denomination, whether mar

ried men, widowers, or bachelors, are sub

jected alike to the taxes and fines ; they

ought to be as much left, as the whole num

ber of persons subjected to them, is greater

than the number of marriages constantly

existing.

In carrying these schemes into execution,

there cannot be a more easy, or equitable

way of raising the necessary fines, than by

providing, that none shall be entitled to any

* An annuity for ever, the first payment of which

is to be made immediately, is worth 26 years purchase,

interest being at 4 percent. £14.2 therefore is equivalent

in value to £o.55 or 11s, per annum, for ever. Add this

to £6.64, and it will appear, that £7.19 per annum, be.

ginning immediately, is the answer to this Question, sup

posing the value of the finet o be provided for in the per

petual annual payments.

WOL. I. E expectation
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expectation for a few of the first years. Thus,

an establishment, entitling widows to £20

per annum for life, and consisting of 667

married members, and 344 unmarried, al

ways kept up at an average, ought to begin

with a capital of 2614.2 multiplied by 667,

or 269471, besides one payment in hand of

the constant annual payments. That is, (the

proper annual payment of every member be

ing in this case, ºr multiplied by gé6.64,

or £4.38) it ought to begin with a capital

of £13.809 over and above the payment of

264.38, at the end of every year for ever

afterwards “..—The exclusion of all the first

members from any benefit, unless they sur

vive the first two years, or live to make three

payments, would raise this capital nearly.

And such an exclusion for three or four

years, would be an advantage so consider

able, that it would probably give security

and stability to the scheme for all subsequent

time.

In these observations, I have had in view

some schemes which have been established

in this kingdom ; but more particularly, one

established by act of parliament among the

clergy in Scotland; of which I shall have

* Or, supposing the value of £9471 (the fine) pro

vided for in the annual payments, it ought to receive

every year, at the beginning of the year, a contribution.

from each member of £4.74.

occasion.
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occasion in the next chapter to take further

notice. . . .

... I have chosen to calculate here only from

Dr. Halley's Table, or Mr. De Moivre's %.

§grounded upon it, because the Londo,

able is, by no means, adapted to the cases
in view. -

It should be further remembered, that

when the mean ages, at which marriages

commence, are supposed to be 33 and 25,

all second and third marriages are included;

ind that it is to be expected, that almost all

these marriages will begin after these ages;

and likewise, that a considerable proportion

of the first marriages will begin a much lon

ger time after these mean ages, than any of

the other first marriages will begin before

them.—Probably, therefore, these mean ages

should not be taken younger. One or two

years, however, more or less, inº sup

position I have made, will make no difference

of any consequence.

QUESTION XIV.

“A person of a given age has an estate de

“pending on the continuance of his life for

“a given term. What ought he to give for

“having it aſſured to him#. that term?”

ANSWER.

From the value of an annuity certain for

the given term, found y Table II. sub

tract the value of the life for the given term,

E 2 found
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found by Quest. VI. and reſerve the remain

der.—Multiply the value of 361 due at the

end of the given term, (found by Table I.)

by the perpetuity, and also by the probability,

that the given life shall fail in the given term.

The product added to the reſerved remainder,

and the rum multiplied by the given annuity,

will be the required value of the assurance

in one present payment".
-

EXAMPLE.

An estate or annuity of £10 for ever, will

be lost to the heirs of a person now 34,

should his life fail in 11 years. What ought

he to give for the aſſurance of it for this

term?–That is; What is the present value

of such an annuity to be entered upon at the

failure of such a life, should that happen in

11 years."
-

The value of the life of a person whose

age is 34 for 11 years, is, by Quest. VI.

(reckoning interest at 4 per cent. and taking .

Mr. De Moivre's valuation of lives) 7.76;

which, subtracted from 8.760, (the value

of an annuity certain for 11 years) leaves 1

the remainder to be reserved.

The value of £1 to be received at the end

of 11 years, is, 0.6496, by Table I. Vol. II.

The probability that the life of a person,

aged 34, shall fail in 11 years is, by Dr.

Halley'sTable, 4:3 and the perpetuity is 25.
1 o 2.

* See the demonstration in note (G) at the end of this

volume.

1 - 1 These

**** - - -
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These numbers multiplied by one another,

and 1 added to the product, make 4.32,

which, multiplied by 10, (the given annuity).

gives 2643.2, the required value in a single

present payment. - - - -

=£43.2 divided by 1.04, gives =#41.54

the true value (by Scholium to Question X.)

of the assurance of an equivalent sum, or of

aft:250 for 11 years on the given life”. . .

* . - - Again

* The premium of assurance for a given sum may be

more easily obtained by the following rule: “Find the

“ value of the life for one year less than the given term.

“Let this value added to unity be divided by £1 in

“creased by its interest for a Year. From the quotient

“ subtract the value of the life for the given term, and

“ the remainder being multiplied into the given sum will

“ be the value required.” -

The equivalent annual payments, the first to be made

immediately and the others at the beginning of each year,

may be found, “by dividing the single premium by the

“ value of the life, with unity added, for one year less

“ than the given term.” In the rules given by Dr. Price,

in this question, and the scholium,the first payment is sup

posed to be made at the beginning, and the last at the ex

piration of the term. But this method of assurance is

never adopted; the annual payments being always made,

according to the rule given above, at the beginning of each

year. - - -

E X A M P L E.

Let it be required to determine the value of an as

surance of £250, in single and annual payments, for a

term of 11 years on the life of a person aged 34, accord

ing to the Northampton Table of Observations, and at

4 per cent interest.—The value of the life for 10 years is

7:335, and 8,335 (or 7,335 increased by unity) being di

vided by 1.04 quotes 8.014; from which deducting

7.851, (or the value ofthe lifefor 11 years) we have. 163;

- - - - which
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Again 41.54, divided by 8.76, (the value

of the given life for the given time with unity

added to it) gives 4.74, the same value in an

nual payments beginning immediately, for

# yearsy, subject to failure should the life

ail. -

SCHO LIUM.

In a similar way may the price of assu

rances on any two joint lives, or the longest

of two lives for any given terms, be calcu

lated; the rule being as follows:

“From the value of an annuity certain

“ for the given term, subtract the value of

“ the joint lives, or the longest of the two

** lives for the given term, found by Scho

“ lium to Quest. VI. and reſerve the remain

“ der.—Multiply the value of 261 to be re

“ ceived at the end of the given term by the

“ perpetuity, and also by the probability

“ that the joint liver, or the longeſt of the two

“ liver, shall fail within the given term.

“This product added to the reserved re

“ mainder, and the ſum multiplied by the

“ annuity to be assured, will be the value of

“ the assurance in a single present payment.”

which being multiplied into 250, produces 3640.75 for the

value of the assurance in a single payment.—And 40.75

divided by 8.335 gives £4.89 for the same value in an

nual payments to be made at the beginning of each year.

* The last payment to be made at the end of the 11th

year; or 12 payments in all. . . . . .

- - EXAMPLE.
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EXAMPLE.

“What is the value of 2610 per annum,

“to be entered upon, should either of two

“persons, one 40, and the other 30 years of

“age, die in ten years, reckoning interest

“ at 4 per cent. and calculating from Dr.

“ Halley's Table.”

The value of two joint lives at these ages,

for 10 years, (found by Scholium to Quest.VI.)

is 6.51; which, subtracted from 8.11, (the

value of an annuity certain for 10 years, at

4 per cent.) leaves 1.60, the remainder to be

reſerved. * . . . -

The value of affi to be received at the end

of 10 years, is .6755, by Table I. Vol. II.

The probability, that the lives of one or

other of two persons, aged 30 and 40, shall

the in 10 years, is ; ; by Table V." And

fail perpetuity 25. These numbers, mul

tiplied by one another, and 1.60 added to the

product, make 7,48, which multiplied by 10,

(the given annuity) gives ºf 74.8, the an

swer in a single present payment. . . .

, 2674.8, divided by 1.04, gives aé71.92,

the value of the assurance of an equivalent

* The probability taken from the Table, that a per

son, aged 30, shall live 10 years, is ###. That a person,

aged 40, shall live 10 years, is ##. That they shall

both live 10 years, is ###, multiplied by ###, or ###.

That they shall not both live 10 years, or that one or other

of them shall die in this time, is ###, subtracted from

unity, or ###. See note p. 24.

Ju?! ;
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film ; or of 36250 ; 2671.92, divided by

7.5.1, (the value of the two joint lives for 10

years with unity added) gives 9.57, the value

of the same sum in annual payments be

inning immediately, for 10 years, subject to

#.

EXAMPLE II.

“What is the value of 2610 per ann. to

“be entered upon, should two persons, one

“ 30, and the other 40, both die; that is,

“should the longert of the two lives fail in

“ 10 years, reckoning interest at 4 per cent.

“ and calculating from Dr. Halley’ſ Table?”

The value of the longest of the two lives

for 10 years, (that is, the value of the joint

lives for 10 years, subtracted from the sum

of the values of the single lives for 10 years)

is 7.91; which, subtracted from 8.11,

the value of an annuity certain for 10 years,

leaves .20 the remainder to be reserved.—

The value of £1 to be received at the end

of 10 years, is, .6755. The probability that

the lives of two persons, aged 30 and 40,

shall fail in 10 years, is, by Table V. ºr

multiplied by ºr or +4++++ 3 and the pere

etuity 25. These numbers, multiplied by

one another, and .20 added to the product,

make .740, which, multiplied by 10, (the

* See Scholium to Question VI.

given
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given annuity) gives 7.4, the answer in a

single payment.

7.4. divided by 1.04, gives 7.11, the va

lue of the assurance of Æ250.

REMARK I.

The values of single lives for given terms,

when these terms are less than ten years,

must, in answering these Questions, and also

in answering the following Questions, be

found true to at least 2 or 3 places of deci

mals. When they cannot be found to this

exactness by any Tables, they must be cal

culated in the following manner:

“Multiply the probability, taken out of

* the Table of Observations, that the life

“shall exist 1, 2, 3, &c. years, by the value

“of 361 due at the end of 1, 2, 3, &c. years;

“ and the sum of the products will be the

“value of the life for 1, 2, 3, &c. years.”

-

-: ;

For Example. The probability, that a

person whose age is 34, shall live a year, is,

by Dr. Halley’s Table, #3. The probability

at the same age, of living 2 years, is, ; ; ; ;

3 years, #3–;; multiplied by .9615, (the

value, by Table I. of 261 due at the end of a

year, interest being at 4 per cent.) is, .942;

or the value of the life for one year—; ; ;,

multiplied by .925, (the value of 361 due at

the end of two years) is, .891. And this added

to
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to the former product, gives 1,838; or the

value of the life for two years.-: ; ; multi

plied by .8890, (the value of £1 due at the

end of 3 years,) is, .841; and this product,

added to 1.833, makes 2.674, or the value

of the given life for 3 years.

When the term exceeds 10 years, the rule

in Quest. VI. will give these values with suf

ficient exactness; and it would do the same

in all cases, were the values of lives given

true to 3 or 4 places of decimals", and in

strict argument to the Tables of Observation

used.

º: The remark now made is to be extended

to the values of joint lives for given terms.

For these values, like those of ſingle lives

cannot be found in solving these Questions

with sufficient accuracy, (when the terms are

small, and the values of lives are given only

to one or two places of decimals) by any

method, except the tedious one, of mul

tiplying the probability that the 2 lives

shalf both continue, 1, 2, 3, &c. years, by

the value of £1 due at the end of 1, 2, 3,

&c. years, and taking the sum of the pro

ducts in the manner just described.

* Such tables are given in the present edition of this

treatise; and therefore this remark is now less necessary

than, it was, See the tables of the values of single and

joint lives in the next volume, deduced from the register

of mortality at Northampton, &c.

REMARK,
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REMARK II.

If the annuity is to be entered upon, in

case of the failure within a given time of

any life or lives, at the end of that time ; and

not at the end of the year in which the failure

may happen; its present value will be the pro

duct arising from the continual multiplication

by one another of the perpetuity increased

by unity, the value of £1 due at the end of

the given time; the annuity, and the proba

bility that the life, or lives, shall fail within

the given time. And care should be taken

not to confound these two sorts of Questions

with one another.—Thus, the value in one

payment of 2610 per ann. to be entered upon

eleven years hence, in case a person aged 34.

should not live so long, is 26, (the perpetuity

increased by unity, interest being at 4 percent.)

multiplied by .6496, and by 2610 and also

by ; ; ; ; or 34.8.-This value, divided by

1,04, is 33.5, the value of an equivalent

sum, or of £250 to be obtained on the same

conditions.

The value of the arturance of anyº
on the whole continuance of any single life

is, by Quest. X. the exceſſ of the perpetuity

above the value of the life, multiplied by the

annuity. And in like manner; the value of

the aſſurance of any annuity on the whole

continuance of any two joint lives, or the

longeſt of two lives, is the excess of the per

petuity
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y

petuity above the value of the joint lives, or

of the longest of two lives, multiplied by the

annuity. This is very obvious; but no ge

neral method has been yet explained of find

ing the values of aſsurancer on lives and sur

vivorships for terms of years less than the

whole continuance of the lives. For this rea

son, I have been here more explicit than I

should otherwise have been ; and as such as

surances are now much practised, and may

be very useful if their values are rightly de

termined, I have thought proper to add the

two following Questions, which, when join

ed to Question XI. and Mr. Simpſon’s 32d

Problem given in the note p. 38, will, I be

lieve, exhaust this subject as far as two lives

can be concerned, º

QUESTION xv.

“B, expectant, will lose a given sum,

“should he survive A, within a given time.

“What ought he to pay for the aſsurance of

“it *—In other words: “What ought he

“to pay for a given sum to be received at

“the death of A, should he happen to sur

“vive him within a given time º’”

z.

A NSW E R.

Divide the ſum of the decrements of life

in the Table of Observations from the age

of A, for the given time, by the given time;

and, by the quotient, divide the number of

the
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the living in the Table at the age of A; and

again, by this second quotient", divide the

given sum, reserving the third quotient.

Find the value of an annuity on the life

of B, for the given time. To this value add

the quotient, that will arise from dividing the

value of an annuity certain, for the given

time, by twice the complement of the life of

B; and the rum, multiplied by the reserved

quotient, will be the required value in a single
present * payment “. a s

EXAMPLE.

• When the age of A is under 60, and the term so

large as to exceed the difference between it and 70, it

will be best when the London Table is used, to divide

the given sum, not by the second quotient here men

º, but by the complement, or double the expectation

of A. -

* See the demonstration of this rule, and also of the

rule that will be given for solving the next Question, in

note (H) at the end of this volume.

• The following rule derived from the solution of the

11th Problem (see note G.) is rather more simple, and

is so far preferable to the rule #.. as it has

been obtained without the aid of Mr. De Moivre's hy

pothesis, which it is best entirely to exclude from the

doctrine of Survivorships. “Divide the sum of the decre

“ments of life from the age of A for the given time,

by the given time multiplied into the number of the

living at the age of A, and reserve the quotient. Let

the value of the life of B for one year less than the

given term, with unity added, be divided by £1, in

creased by its interest for a year. To the quotient add

the value of an annuity on the life of B for the given

term,º this quantity into the reserved quotient

a

and also into half the given sum, and the product will

be the value required.” -

sº

EXAMPLE.
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EXAM P L E.

Let the Table of Observations be Mr.

Simpſon’s for London (see the Tables in the

next volume). Let the rate of interest be

3 percent. A, seven years of age. B, 30. The

given time 14 years. The given sum ºf 100.

—The sum of the decrements, for 14 years

E X A M P L E.

Let the respective ages of A and B be 7 and 30 years,

the given sum £100, the term 14 years, the rate of in

terest 3 per cent, and the probabilities of life as they are in

the Northampton Table.—The sum of the decrements for

14 years from the age of 7 is 865; the number of persons

living at that age is 5925, which being multiplied into 14,

and 865 divided by 82950 (the product) we have .olo;

for the quotient to be reserved. The value of an annuity

on the life of B for 13 years is 9.436, and 10.436 (or

9,436 added to unity) divided by 1.63 (or £1 increased

by its interest for a year) quotes 10,132; which *:::
added to 9,937, the value of an annuity on the life of

for 14 years, and 20.069 (the sum) being multiplied into

.oloq, (the reserved quotient) and also into 50, (half the

given sum) we have to.4 for the value required.—The

same value by the London Table is £11.94, or £1 25.

more than Dr. Price makes it to be. But it should be

observed, that when the decrements of A's life for the

given term are equal (as they happen to be very nearly by

the London Table in the present case) that the exact value

of the reversion is obtained by this rule, and therefore

that the value by Dr. Price's rule in this instance is one

tenth less than the truth.--This inaccuracy arises from ap

plying Mr. De Moivre's hypothesis to a Table of Obser

vations for which it is by no means suited. Had the

Northampton, or any other table been used, which agrees

better with this hypothesis, the values by both rules would

have been nearly the same. M,

from
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from the age of seven, is 75, which, divided

by 14, gives 5.36. The number of the living

at seven is 430, which, divided by 5.36, and

36100 divided by the quotient, gives' 1.12,

the quotient to be reserved.

The value of an annuity for 14 years on

the life of B, is, by Quest. VI. 9.54.—The

value of an annuity certain for 14 years, is,

(by Table II. Vol. II.) 11.296, which di

vided 94.4, (twice the complement of the life

of B, by Table X*. gives. 12, which, added

to 9,54, gives 9,66; and this again multiplied

by 1.12, the reserved quotient, gives 10.82,

the present value in one payment of £100,

payable at the death of A. aged 7, to B aged

30, should A die and leave B the survivor

within 14 years. -

The present value for 14 years of two joint

lives, one 7 and the other 30 years of age,

may be found, by the help of Table XII. and

the rule in the Scholium to Quest. VI. to be

nearly 9 years purchase; and, ºf 10.82 di

vided by this value with unity added, or by

10, gives 1.082, the foregoing value in an

nual payments during the joint lives, for 14,

years, the first payment to be made imme

diately, and the laſt payment at the end of

14 years, should the joint lives not fail.

- tº : -

* This table gives the expectations only, but it should

be remembered, that twice the expectation is always the

complement of a life. See note, p. 39. -

SCHOLIUM.
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SC HOLIUM.

It deserves particularly to be remembered,

that in this method likewise may be calcu

lated, what sums ought to be paid on any

survivorship, within a given time, of one life

beyond another, in consideration of any given

sumnow advanced.—The following Example

of this is a case which has offered itself in

practice.
-

“A person, aged 30, has in expectation

“an estate which is to come to him, pro

“vided he survives a minor, aged 7, before

“he is out of his minority; that is, pro

“vided he should be himself living at the

“time of the minor’s death, should that hap

“pen before he is 21.-In these circum

“stances, he wants to borrow £1000 on his

“expectation. What reversion out of the

estate depending on such a survivorship, is

“a proper equivalent for this sum now ad

“vanced, interest being reckoned at 3 per

“cent. and the probabilities of life being

“supposed the same withthose in Mr. Simp

“ son’s Table of London Observations º'

&

ANSW E R.

It appears from what has been just deter

mined, that for 3610.82 now advanced, the

proper equivalent in such circumstances, is,

£100 to be paid, in case the survivorship

should take place; or, by the correction in

- page
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page 35, as much of the estate as 36100

will buy at 3 per cent. supposing the first rent

to be received immediately; (that is, sup

posing the estate worth 34.33 years purchase).

or 362.912 per annum.—By the rule of pro

portion, therefore, for 361000 the proper

equivalent will begóg242 in money, or36269

per annum out of the estate.

QUESTION XVI. -

** =#100 will be lost to B's heirs, shoul

“he happen to die after A, within a given

“ time. What is the price of the aſsurance

“ of it?—That is : What is the present va

“lue of £100 payable at the death of B,

“provided his death should happen after A's

“ death, within a given time 2"

ANSWER.

Divide the sum of the decrements of life

in the Table of Observations from the age of

B, for the given time, by the given time;

and by the quotient divide the number of the

living at the age of B; and again, by this

recond quotient *, divide the given sum, re

serving the third quotient. -

Find the value of an annuity on the life A

for a number of years, less by one year than

the given time, which subtract from the va

* Or rather, if the London Table is used, by the com

plement of the life of B, when his age is under 60, and the

term exceeds the difference between it and 70.

VOL. I. F lue
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lue of an annuity certain for the same num

ber of years. Multiply the remainder by the

reſerved quatient, and divide the product by

the amount of 261 for one year, and let this

be a second reserved quotient.

Again, Multiply into one another the first

reserved quotient, and the value of an an

nuity certain for the given time; and divide

the product by twice the complement of A's

life. This last quotient, added to the second

reserved quotient, will be the answer in a pre

sent single payment".
EXAMPLE.

* The solution of the 12th question (seenote Gat theend

of this volume) affords an easierand in general a more cor

rect method of determining the value of this reversion:

“ Divide the sum of the decrements of life from the age

“ of B for the given time by the given time multiplied into

“ the number of persons living at the age of B, and re

“ serve the quotient. Divide the difference between the

“ value of an annuity certain, and the value of an an

“ nuity on the life of A for one year less than the term,

“ by £1 increased by its interest for a year. Add the

“ quotient to the difference between the value of an an

“nuity certain and the value of an annuity on the life of

“A for the given term, Let this quantity be multiplied:

“ into the reserved quotient, and also into half the given

“ sum, and the product will be the value required.”

E X A M P L E. -

Let the respective ages of B and A be 40 and 30. The

sum £100. Therate of interest 4 per cent. The term zoº

years; and the probabilities of life as they are in the North

ampton Table.—The sum of the decrements of life in this

table from the age of 40, for 20 years, is 1597, which,

divided by 3635 multiplied into 20 (or by the number of

persons living at the age of B multiplied into the given

term) gives ozz for the quotient to be reserved—The

** . . value.
- -
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Ex AMPLE. . . . . .

Let the age of B be 40. Of A 30. The

sum £100. Rate of interest 4 per cent.

The given time 20 years. The Table of

Observations, Mr. Simpson’s, or Table IX.

in the next volume.—The sum of the de

crements of life, in this Table from the age

of 40 for 20 years, is 127, which, divided

by 20, (the given time) gives 6.35.-The

number of the living at 40 is 229, which,

divided by 6.35, gives 36.06; and 3100

(the given sum) divided by 36.06, gives

2.77, the firſt quotient to be reserved.

The value of an annuity for 19 years on

a life at 30 years of age, is 10.45; which,

subtracted from 13.134, (the value of an an

nuity certain for 19 years, by Table II.)

value of an annuity certain for 19 years is 13.134. The

value of an annuity on the life of A for the same time is:

11,134. The difference, or 2, divided by 1.04 (or £1.

increased by its interest for a year) quotes 1.923. The

value of an annuity certain for 20 years is 13.595. The

value of an annuity on the life of A for the same term is

11.432. The difference, or 2,158 being added to 1.923,

makes 4-681; which, multiplied into oz2, the reserved

quotient, and also into 59, half the given sum, produces

3&4.489 for the value sought-By the London Table this

# is £7.71, which agrees, nearly with the value by

Jr. Price's rule ; and this will always be the case when

the lives are between 20 and 50 years of age. But if one

of the lives be very young and the other very old, this.

latter rule, when the London Table is used, will be found.

º incorrect. If the computation, however, be,

made from the Northampton, or any other table agreeing

better with Mr. De Moivre's hypothesis, the values, as in

Question XV, will be nearly the same by both rules. M.

F 2 and
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and the remainder multiplied by 2.77, gives

7.435. This product divided by 1.04, (the

amount of £1 in one year) gives 7.15; the

recond reserved quotient.

2.77 multiplied by 13.59, (the value of an

annuity certain for 20 years) gives 37.644;

and this product divided by 94.4, (twice the

complement of A's life by Table X.) gives

.399, which, added to 7.15, givesÅ.

the Answer; or, the value of £100 payable

at the death of B, on the contingency of his

surviving A aged 30, and both dying in 20

years.

It is plain, that this is likewise the sum.

that ought to be lent to B now, on the ex

pectation of ºf100, at his death, provided it

should happen after A's death in 20 years.

This rule gives the just solution in all

cases, except when B, the expectant, is the

youngest of the two lives, and at the same

time the term of years greater than the com

plement of A's life. In this particular case

the following rule must be used.

Find, by the preceding rule, the value of

the assurance of the given sum for a term of

years, equal to the complement of A's life,

and let this value be reserved. Multiply by

one another the given sum ; the value of £61

to be received at the end of a number of

years equal to the complement of A's life;

and the value of an annuity certain for as

many years as the given term exceeds this

complement. And the product, divided .
t
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the complement of B's life, and the quotient

added to the value reserved, will be the true

value sought.

EXAMPLE.

Let the age of B be 30; of A 40. The

term 47 years; and every thing else as in

the last Example. The complement of A's

life, is, by Table X. 39.2. The value of

sé100 to be received at the death of B, if he ,

survives A within 39 years, may be found

by the preceding rule to be £16.15 ; the va

lue to be reserved—The value of 261 to be

received at the end of 39 years is, by Table

I. .2166. The value of an annuity certain

for 8 years, (the excess of the given term

above the complement of the life of A by

Table X.) is, 6.733, .

And these two values multiplied by one

another, and by 26100 give 145.83; which,

divided by 47.2, (the complement of the life

of B) and 16.15, added to the quotient, make

2619.23, the value sought. - -

R.E.M.A. R. K.

As after finding the present value of an

estate, or annuity, it is necessary to divide

that value by the amount of £1 in one year; .

in order to find the present value of a sum

equivalent to the annuity; so, after finding

the value of a sum, it is necessary to multi

ply that value by the said amount, in order

... to
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to find from it the value of an equivalent

annuity. " . . . . . . . . . .

In the first example, therefore, the value of

an estate of 264 per annum would be £7.85.

In the second example ºf 20. And this is,

as it ought to be, the value for the whole

duration of the lives, agreeably to the Pro

blem in the note p. 38',

. . . . . . . . In

* The value of a term, if it fall short of the difference

, between the age of B and that of the oldest life in the Table

of Observations, cannot agree exactly with the value for

the whole duration of life." Indeed it seldom happens that

the value of an assurance (unless it be extended to the con

tinuance of both lives) is required for such a term as shall,

exceed the limit of A's life. If this case, however, should

occur, its solution may be obtained from the following

rule: “Find by the preceding rule (see note p. 66) the

“ value of the assurance for a term of years equal to the

“ difference between the age of A and that of the oldest

“ life in the Table, and let this value be reserved. Find

“, by Quesion XIV. the value of the assurance of the

“given sum on the life of B for the whole term, and also

& © . term which shall be equal to the difference between

“ the age of A and that of the 'oldest life in the Table.

“Subtract the latter from the former; and the remainder

“being added to the value reserved will be the answer,”

Ex A M P L E.

Let the ages of B and A respectively be 30 and 56.

The term 48 years. The sum, the rate of interest, and

the Table ofôº. the same as in the Example in

note page 66–The difference between the age of A and

that of the last life in the Table is 49. The value of £109.

to be received on the death of B after A in 40 years is

26°17.13, which is the sum to be reſerved.—The value of

an assurance on the life of B for 48 years, is 37.69. The

value of the same assurance for 40 years is 33.06. The

difference, or 2.63, being added to 17.13, the sum reserved -

tº ſº, º, . . º.º. º. * *, * **, *, *, *, * above, .

tº . .
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In solving this Question, care also must be

taken not to forget the first Remark under

the foregoing Question. . . - -

In this chapter, rules have been given for

finding the values of all assurances on single

lives, and any two lives, or any survivorships

between two lives, whether for terms, or

their whole duration. . In the same way rules

may be investigated for finding the values of

all assurances on any three lives, or any sur

vivorships between them. But this is a work

of more difficulty, and which requires great

attention and skill. I can, however, withpar

ticular satisfaction acquaint the Reader, that

it has been lately executed, in the compleatest

manner, by Mr. Morgan, in his Treatise on

the Doctrine of Annuities and Assurances on

Ilives and Survivorshipſ *. • -

•. * * * * ſ CHAP.

above, we have £19.76 for the value required.—By Dr.

Price's rule this value is £19.55. Had the assurance been

extended to the whole duration of the lives, the correct

value would have been 21.59.—Hence it appears that al

though the term is rather longer than in the Example given

by Dr. Price, yet that the value ofthe assurance is by no

means the same with its -value for the whole life. The

difference, however, is in this case rather too great by

both rules, but in neither of them is the error consider

able. - r M.

* These solutions to which Dr. Price refers, having been

derived, like all which preceded them, from the expecta

tion, and not from the real probabilities of life, are liable to .

the objections which I have already noticed,(see note,p.40).

I have, however, since the publication of the above Trea

tise, given correct solutions of all the Problems involving

three lives in the survivorship; which the Reader may see
in

-
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* CHAPTER II.

Containing an Application of the Questions in

the foregoing Chapter to the Schemes of the

Societies in Great Britain, for making Ar

Jurances on Lives and Survivorſhips, and

for granting Annuitieſ to Widowſ, and to

Persons in Old Age,

S E. C.T. I.

Qf the London Annuity, and the Laudable

Societies for the Benefit of Widows'.

THE scheme mentioned in Quest. VIII.

was nearly that with which the London An

nuity Society set out in 1765. The Laud

able Society was established in 1761, and

formed on a similar plan. In both, the an

nual contribution of every member was five

guineas, payable half yearly; and for this a

title was given to an annuity of £20 to every

widow during widowhood, if the husband

after admission, lived one year according to

the first scheme; or three years according to

in the several volumes of the Philosophical Transactions

for the years 1789, 1791, 1794, and 1800; and the ge

neral rules, deduced from these solutions, are.#at

the end of this volume. M.

*. It must be remembered, that this section has in view

the state of these societies in 1771, or at the time of the

publication of the first edition of this tract.

- - - the

* * * * * ºf , 4.
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the * recond; of 3680, if the husband lived

reven years, according to both schemes; and

zé40 according to the first scheme, if he lived

15 years, or 13 years, according to the second.

—In both schemes also, there was no other

premium or fine required, than five guineas

extraordinary, at admission, from every mem

ber whose age does not exceed 45. The

Laudable Society admitted none above 45, and

the London Annuity Society obliged every

person between 45 and 55 to pay, at admis

sion, five guineas extraordinary, for every

year that he was turned of 45.

These were the main particulars in the

schemes on which these Societies were form

ed; and, therefore, both of them, were the

annuities to be enjoyed for life, received

(supposing the members all under 46 at ad

mission, and of the same ages with their

wives, and money at 4 per cent.) but little

more than three-fifths of the true value of

the annuities; or about one half, supposing

wives, one with another, 10 years younger

than their husbands; as appears from Ques

tion VIII. - . . . . . *

It appears further in that Question, that,

supposing the annuities to be life annuities,”

and men and their wives of equal ages, the

* In this society a member who lived but one year, was

entitled to no more than an annuity of £10 for his widow;

if he lived two years, to £15; if he lived three years, to,

£20; four years, £25; seven years, £30; ten years,

£35; thirteen years, £40. - -*
-

expectation
*
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expectation to which an annual payment of

five guineas beginning immediately, entitles,

is nearly 3614 if the contributor lives a year,

and £20 if he lives seven years", taking the

medium between the London and the other

Tables of Observations. - -

º - -

-

... It is likely, that many persons will be very

unwilling to believe, that these schemes could

have been so deficient as they have been now

represented. I will, therefore, endeavour to

prove this in a way which, though less strict,

is sufficiently decisive, and may he morelikely

to be intelligible to persons unskilled in ma

thematical calculation.—I shall here confine

myself to the scheme of the London Annuity

Society. The differences between it and the

scheme of the Laudable Society are inconsi

derable, and what shall be said of the one.

will be fully applicable to the other.

According to this scheme, as it has been

just described, all that live 15 years in the

society will be entitled to annuities of 3640.

per annum, for their widows. Suppose the

whole society, at admission, to be men of 40

years of age, taken one with another. A

person of this age has an even chance of liv

ing 23 years; and he has an even chance of

continuing with a wife of the same age, (that
* . . . . ; * - a * * * * * * -

* The same annual ayment will, on the same supposi

tions, entitle to £14 if a member lives a year, and #18

if he lives three years. - -

is,*
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*

*-

§ of continuing in the society) 13:years”.

ot much less, therefore, than half the

members will continue in the society, 15

years; and, consequently, not much less

thai, half the widows that will come upon* 97 aſ: . . . . . . . * * * * ... '" - - - . 1

the sºciety, will be annuitants of £49 per

innum. These widows, however, being

older than the rest when they commence an

nuitants, will continue on the society a shorter

time; and, therefore, the number constantly

... .º.º.º.º.
course of years increase, will be proportion

ably smaller. Putting everything as favour

ably as possible, let us suppose, that out of

20 annuitants constantly on the society, five
- .....' . .''' (' 3: . . . . " * * * * . . . . . . . . ; 2) - " ", , , ,

will be nnuitants of£40, six of £30, and

nine of £20. To 20 annuitants then the so

ciety will pay £500 per gunum, or the 20th

part of this Šum, that is 3628 to every annui

tant at an average. But such an annuity for
. . . . . . . . . . . . . . . ,--SP r - { . . . . vi. . ,-º; , ". s

a life at 40, after another equal life, provided

both survive one year, is worth, (by Quest.

VII, p.23.) in a single presentpayment,3685;

nearly, according to the London, and all the
- st- " ; , , , , , sº tº * * * -- ºr “ , ” . . . . . . , ,

* This is the exact truth according to Mr. De Moivre's

hypothesis, and the Norwich Table. But according to .

Dr. Halley's and the Northampton Table, a man 40 years

of age has an even chance of living no more than 22

years, and of joint continuance with a wife of the same

age, 13 years.--Forty must be more than the mean age of

the members of the society at admission, and on this ac

count the number of annuitants of £40 must be propor

tionably greater. The mean age,iſ: has been taken

very moderately. " ‘. . . .*

- Tables

-
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Tables of Observations, interest being all

along supposed at 4 per cent. -

It cannot appear improbable to any one,

that this should be, the true value of such a

reversion. It is not probable, that there is

any situation in which the decrements of life

are such as can make it a tenth part more or

less.--É85 in present payment is the same

with 263...8ſ per annum for ever.—But is an

annual payment of five guineas, which must

cease as soon as either of two lives each 40

fails, equal in value to such a perpetuity

Every one must see, that there is a great dif

ference.—A set of marriages between per

sons all 40, will, according to the probabi

lities of life in Dr. Halley's Table, last, one

with another, 15 years"; and an annual

payment beginning immediately, during the

joint continuance of the lives of two persons

of this age, is worth 10 years purchase",

.* See the beginning of Essay I. . . . . . . -

: * The value of such an annual. payment,by Table XII.

or the London Observations, is 9.1; and io.8, by Mr.

De Moivre's hypothesis—I have not taken into this ac

count the five guineas fine paid at admission, because it is

obviously of too little consequence to make any consider

able difference. . The allowances I have made in favour

of these schemes are more than equivalent to it. In par

ticular, it should be remembered, that the calculations

suppose, that the payments required by these schemes, are

yearly payments beginning immediately; (see p. 29.) and

that the first payment of the annuity is not to be made

till the end of the year in which the husband shall die;

and also, that the annuity is to be paid yearly, and no

thing to be due for any part of the year in which the an

zuitari Shall happen to die. • *

. The
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The comparison then, in the present case, is

between£3...8ſ. per annum fºr ever, and five

guineas per annum for 15 year; ; or between

an annuity of 263...8s, worth 25 years pur

chase, and an annuity of five guineas worth

only 10 years purchase. -

But to throw this subject into another light:

Let the number to which the society is

kept up be supposed to be 200. It has been

demonstrated in Quest. II. that at least half

this number of widows will in time come to

be constantly on the society; and it has also

been just now shewn, that the medium of

annuities, payable to them, will be at least

5628. After a course of years, then, the so

ciety will have a constant expence to bear of

£2800 per annum.—But what will be its

income 2—In order to determine this, we

must consider, that there are two sources

from whence its income will be derived.

First, the annual payments of the members.

And, secondly, the money accumulated, or

the capital raised during the time the number

of annuitants is coming to a maximum.—

The first of these sources affords 1000 gui

neas, or 261050 per annum. This wants'

££1750 of the annual expence just men

tioned; and, therefore, in order that the in

come of the society may be equal to the bur- .

den upon it, when the annuitants come to a

maximum, there must be a fund raised in the

mean time equal to #343,750, or to an estate

1I]
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in perpetuity of £750 fºr annum-But
1056 per annum beginning, immediately

and forborn 25 years, and improved, with:

out loss or delay, all that time at 4 per cent.

compound interest, will but just rise such

a capital. There is therefore, the fullest

proof that the scheme I am considering

is extremely deficient. The truth is, that

scarcely a third of such a. could be

raised, as will appear from the following ob
ServationS. -

Out of 200 persons, all 40 years of age,

more than five, according to the London Ta

ble of Observations, and not so many by Dr.

Hallºy's Table, may be expected to die in a

year. Suppose then five to be the real num

ber of members that will die in the first year

of the society. In subsequent years the col

lective body of members will be continually

growing, older; and, therefore, the propor

tion of them that will die every year, will

be continually increasing, till it gets to a

maximum. I will, however, suppose, that

during the first 20 years no more than the

number just specified will die every year; and

that, consequently, no more than five widows

...Every question of this kind may be easily solved by,

Table IV. in the next volume, which shews, that £10cc,

per annum will, in 25 years, increase to £2666 per an- .

num; and, therefore, AE1050 per annum to £28ooper.
4?!?!?!??. - - - - - ..

1 will



and Laudable Societies, &c. 79

will come every year on the society. The

ages of all these widows, when they com

mence widowhood, will, it is evident, bé

between 40 and 60. One with another then,

ey may be considered as having com:

meñced widowhood at50years of age. Now,

five widows left every year at this age, will,

in 16 years, increase to 43 constantly in life

together, according to the expectatićns of

life in Tables V, VIFF, and XVII; and, in

20 years, to 70*. Suppose the true number

alive together at the end of 20 years to be

only 62. º: part of these will be

annuitants of 2630 and 3840 per ann. and the

rest ºf 20. "Were the former only equal to

the latter, the medium of annuities payable

to them would exceed 3225. Suppose then

this medium to be no more than gé26, and it

will follow, that, at the end of 20 years,

the society will have an annual rent to pay

• Every calculation of this kind is easily made by the

rule in note (A) at the end of this volume.—I have put

the number living together at the end of 20 years at 62, -

not only that the reader may be better satisfied that I have

kept low enough, but also to make an allowance for

such widows as will be left by those members who diewithin a year after admission, and who, therefore, accord- a

#!” these schemes, will be entitled to no annuities.

is allowance is too large. For, after the first year of

the scheme, it will not happen above once in 4 or 5 years,

that the death of a member will be so circumstanced,

supposing the probability that a man at 4o will live a

year, to be, as all but the London Tables make it, 59.
to 1. - -

-- of
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of 3626 multiplied by 62, or sé1612; and, if

then able to §. such an expence, it must,

in the intermediate time, have acquired an

increase of income equal to the difference

between sé1050 and 36.1612 per ann. That

is ; it must, with its savings, have accumu

lated a stock equal to sé562 per ann. and

worth =#14,050. But as, during this time,

there will be a number of annuitants con

stantly increasing, to whom yearly payments

must be made, the savings cannot cer

tainly be one half of what they would have

been had the society been all the time

free from all burdens. Suppose then the

stock produced by these savings, to be equal

to the stock that would arise from an income

of =#1050 per ann. beginning immediately,

and improved perfectly at 4 per cent. com

pound interest, for half the time I have

mentioned, or for 10 years, without being

subject to any checks or deductions: Such an

income thus improved, would in 10 years

produce an additional income of 38504 per'

annum, or a capital of 3612,600.-According

to these Observations, therefore, the annual

income of the society at the end of 20 years,

and before a third part of the highest annui

tants could come upon it, would fall consider

ably short of its expences. About that time

then it would necessarily run aground ; and

long before the number of annuitants could

rise to 100, it would spend its whole *:::
*
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and find itself under a necessity of either

doubling the annual payments of its members,

or of reducing the annuities one half.

All I have now said is meant on the sup

position, that the society begins with 200

members at 40 years of age, and is afterwards

limited to that number, by admitting no more

new members than will just supply the va

cancies occasioned by the loss of old mem

bers. If it is allowed to increase, it may

continue a longer time. And, for this rea

son, a society that wants half the income

necessary to render it permanent, may very

well subsist, and even prosper for 30 or 40

years.—Thus, the Laudable Society, was it

to keep to its present number of members,

might possibly feel no deficiencies for 20

years to come ; but if it should continue to

increase at the rate of 70 or 80 every year,

it would, at the end of that time, possess a

balance so much in its favour as might en

able it to support itself for 15 or 20 years

more'. But bankruptcy would come at last,

and

* What has been before demonstrated in Question III.

should be here recollected, that the number of annuitants

on such a society as this, must go on to increase for more

than 1 oo years after acquiring its greatest number of

members. -

The Laudable Society, I am informed, took its rise

from a calculation contained in a pamphlet entitled, The

Possibility and Probability of a ScHEME intended/or the Be

nefit of Widows being able to support itself. . The scheme

here referred to, is the saine with that which this Society

VOL. I. - G has
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and with the more weight the longer it had

been deferred.
i

The rule in the London Annuity Society,

which obliges every person between the ages

of 45 and 55, to pay at admission 5 guineas

extraordinary for every year that he exceeds

45, is an advantage to it, but it is a very

inadequate, and also a very unequitable ad

vantage. For at the same time, that it

obliges a person 55 years of age, to give

more than the value of his expectation, it

takes above two-fifths leſs than the value

from a person who is 45 years of age.

If any persons remain still doubtful about

what I have said, I must beg their attention

to one further argument.

It must be expected that every other mem

ber of these societies, supposing them to

consist of persons all of the same ages with

their wives, will leave widows to whom, one

with another (as already shewn), at least gé28

has since followed; and I am afraid I shall not be credited,

when I say, that the calculation to prove its capacity of

supporting itself, is founded on the supposition, that a

hundred married men, whose common age is 36, will

leave but one widow every year, though at the same time

it is supposed that two of them will die every year.

This mistake has made the whole calculation one half

wrong.—Nothing can be plainer than that, if the death

of a married man does not leave a widow at the end of

the year, the reason must be, that both himself and his

wife have happened to die in the year. But it is always

very improbable this should happen.

per
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er ann. must be allowed, for as many years

as there have been payments from each mem

ber. For every 10 guineas then received

they must some time or other hereafter pay

gé28. But let it be well considered what

can enable them to do this. Did money bear

no interest, for any given sum now received,

they could not afford at any-time hereafter

to pay more than an equal sum. That is ;

(since the duration of ſurvivorship is in the

present case, by Question II. equal to the

duration of marriage) the proper considera

tion for any given reversionary annuity, to

be allowed to al/ the survivors of a set of

marriages, would be, an equal annuity pay

able by each marriage during its existence ;

and just half the reversionary annuity, if it

is to be allowed only to half the survivors,

or to widows exclusive of widowers. The

annual payment then of five guineas, during

marriage, can entitle widows to no more than

an annuity of ten guineas, supposing money

to bear no interest. But if money does bear

interest, the same payment will entitle them

to more, in proportion to the degree in

which it is capable of being improved,

during the time between that in which the

annual payments begin, and the commence

ment of widowhood, Now, it is easy to

see, that unless money bears very high in

terest, this improvement cannot be likely in

any circumstances to produce a capital, the

interest of which shall be equal to the annual

* G 2 payment



8.4 Of the London Annuity

payment itself. Any given annual payment

perfectly improved at 4 per cent. compound

interest, requires 17 years and a half to

double itself, supposing the first payment

made immediately ". But no marriages are

likely to last so long, except those among

persons who are very young. A marriage

between two persons, both 40, will not pro

bably last longer than 13 years, according to

the probabilities of life in Dr. Halley'ſ Table.

A marriage between two persons, both 50,

will not probably by the same Table, last

longer than eleven years ; nor a marriage be

tween two persons, both 30, longer than 16

ears. Such marriages, it is true, may pos

sibly last 30 or 40 years. But this circum

stance is more than balanced by the fact,

that no less possibly they may not last one

year. The annual payments, then, being

incapable of such an improvement as shall

produce an additional income equal to them

selves ; it is obvious, that no society ought

to go so far as to allow to widows annuities

twice as great as those which might be al

lowed, supposing no interest of money 'i.
- aT,

" At 3 per cent, the period of doubling money by

compound interest, is nearly 23 years and a half. At

5 per cent. 14 years.

* The money accumulated will not be exactly the

same with that to which the annual payment would in

crease, if improved at compound interest for a number of

years, equal to that which the joint lives have an equal

chance of existing. Much less will the increase be the

* x - º SalIlC.
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far, for instance, as to allow, instead of 10

guineas, 20 guineas for an annual payment

of five guineas. In the circumstances of

most of these societies three-fifths addition

may be the full allowance. That is ; sup

posing the annual payment of each member

to be five guineas, time may be expected

for gaining from hence a capital of 75

guineas, or that shall produce three gui

neas per annum interest ; and the proper re

versionary annuity will be 16 guineas; or

six guineas more than the proper reversionary

annuity, did money admit of no improve

Iment Y.

* The

same with that which would arise from the annual pay

ment forborn, and improved, for a number of years equal

to the expectations of the joint lives. It will be less than

either of these, for a reason explained in note (K) at the

end of this volume, -

* To these accounts may be added the following short

and easy method of trying the sufficiency of all schemes

of this kind. *-

In an adequate scheme it can make no difference

whether the annuities themselves are paid, or the value of

them in a single payment at the time they become due.—

Suppose then a society just established, consisting of 6oo

members, all married men at the age of 40, each of whom,

besides one payment in hand, is to make an annual pay

ment of five guineas. Suppose the age of their wives

39}, and every widow to be entitled, on the day her

husband dies, to a life annuity of £20, the first payment

to be made at the end of half a year.—Suppose further,

that the society is to be kept up for ever to 600 members

by admitting new ones at the age of 40, as old ºnes drop

off—In the first year (according to Tables V, VIII, and

XVII. in the next volume) twelve members, at least,

- - - will
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The preceding observations have gone on

the supposition, that the reversionary annui

ties are to be for life. What difference in

favour of these societies arises from the cir

cumstance, that the annuities are to be paid

only for widowhood, cannot be exactly deter

mined. Some judgment, however, may be

formed of it from what has been said at the

conclusion of Quest. II. Were even one half

of the widows to marry, still the schemes I

have been considering would probably be in

sufficient. But, in the circumstances of these

- societies,

will die, and leave twelve widows, each intitled to £25

per annum. The value of such an annuity to commence

at the end of half a year, the age being 40, is 1.4% years

urchase by Mr. De Moivre's valuation of lives, (or Ta

ie VI. Vol. II.) reckoning interest at 3 per cºnt. The

value, therefore, of 12 such annuities; that is, the whole

amount of the sums becoming payable during the course

of the first year, is £348o.—The annual contribution is

floo times 5 guineas, or £31.50, and this, together with

its interest for about half a year, or £3205 is all that

such a society could be possessed of to bear an annual

expence of £348c. It appears, therefore, that, in order

to support the expence of the supposed annuities, the

annual contribution of each member ought to have been

more than five guineas,

A proof of the same nature with that here given may

be deduced, by considering these societies as bodies of

men united for the purpose of assuring to one another,

from year to year, annuities for their widows; and the

way of finding the value of such an assurance is, to mul

tiply the value of the annuity, by the probability that it

will become payable in the course of the year. For in

stance, Let the member's age, and also his wife's, be 4o,

Let the annuity be £20 per ann. for life to commence at

the end of a year, or an annuity whose present value is

a - (reckoning
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societies, it cannot be expected, that above

one in 10, or perhaps one in 20, will marry.

The persons most likely to enter into them,

are such as have not the prospect or ability

of making competent provisions for their

widows in other ways. The widows left,

therefore, will in general be unprovided for,

and, being also left with families of children,

it is quite unreasonable to expect, that any

considerable proportion should marry. This

is true of such as may happen to be left

young; but when a society has subsisted some

time, the greater part will not be young when

left, and these, at the same time that no ad

vantage can be expected from their marrying

(reckoning interest at 3: per cent.) 14 years purchase;

that is, Gé'280. The probability that a person at the age

of 40 will die in a year, and that his wife of the same age

will live a year: or, in other words, theFº that

such a member will leave a widow in the course of the

year, is, by the Breslaw Observations, (or Table V, next

volume) +3+ multiplied by ###, or .o 198. (See page 18,

and 24). That is; there will be the odds of nearly 49

to 1, against such a member leaving a widow in the

course of the year, The value of the assurance, there

fore, is .o 198, multiplied by 28o, or the 50th part of

.#’28o: that is, aft'5... 1 1s. In the same manner the value

of a like assurance for a year at any other ages may be

easily calculated. At the age of 35, it is £5.7s. At

the age of 45, it is #6.7s. The value, therefore, in

creases continually with age; and, if given in an annual

payment constantly the same, which is the case in these

societies, it ought to be greater than the annual payment

due for one year at the commencement of the assurance.

Five guineas per annum, therefore, is, demonstrally,

an insufficient payment from a married man for a life

annuity of £20 to his widow.

- ! wº
*
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w

will be in general the higheſt annuitants, and,

therefore, the heavieſt burdenſ.—Moreover,

the prospect of the loss of their annuities

will have a particular tendency to check mar

riage among them.—For all these reasons it

seems to me likely, that the benefit, which

these societies will derive from marriages

among their annuitants, will not be very con

siderable ; or, at least not ſo considerable as

to be equal to the advantages I have allowed

them, by calculating on the suppositions,

that the money they receive will be always

improved perfectly, without loſſ or delay, at the

rate of 4 per cent. compound intereſt ; that the

probabilities of life among males and females

are the same, and all husbands likewise of the

same ages with their wives, and that con

sequently the maximum of widows on such

societies can amount to no more than half

the number of marriages”.-With respect to

the last of these suppositions, it deserves to be

particularly observed, that from accounts

taken annually with great care in Scotland, it

appears, that the widows of the ministerſ and
*

* Care should be taken in these societies, not to judge

of the proportion, of widows that will marry, from

the proportion that may happen to marry during their

first years. For most of the widows that will be left at

first will be young; whereas the greater part will not be

young when they cominence widowhood, after a society

has subsisted go or 40 years; and, therefore, though one

in three or four should marry at first, it will not be rea- .

sonable to expect, that half so many should marry after

ye affairs of the society become stationary.

- - profeſſorſ
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profeſsors there notwithstanding the dimi

nution occasioned by their marrying, do ex

ceed considerably half the number of mar

riages. And certainly it would be unreason

able in these societies not to reckon that the

same will happen among them.—Indeed it

seems certain, that notwithstanding the ha

zards that attend child-bearing, the proba

bility that the woman shall survive in mar

riage, and not the man, is much greater” than

is commonly imagined. It will be shewn in

the second Essay, that it is not less than the

odds of 3 to 2 ; and had I calculated agree
*

* The number of married ministers and professors,

for 17 years, from 1750 to 1766, was at a medium 667.

And from the enquiries that have been made, it appears,

that from this whole body near 4oo widows constantly

living are derived. The medium of widows left an

nually has, for the last 36 years, been 1973; and, for

1o years, ending in the year 1767, but nine of these

had married.—Of the annuitants likewise (about 160 in

number) on the fund established among the Dissenters in

London, for relieving the widows of indigent ministers,

it is found that few ever marry. See the 2d Section of

this Chapter. See likewise the latter end of the 2d Essay;

and note (A) at the end of this volume.—In the Laudable

Society during 19 years from 1761, the number of widows

that came upon the Society was 167; and of these only

13 had married at Lady-day 1780. Fourteen had died.

* Partly, as observed in page 8, on account of the -

greater mortality of males, but chiefly on account of

the excess of age on the man's side.—The Laudable So

ciety, for several years after its institution, paid no regard

to this excess of age; and the allowance required on this

account by the London Annuity Society was so trifling as
to deserve no notice. - - -

In March 1780, 167 husbands had died in the Laudable

Society, and only 138 wives. . .

ably
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ably to this fact, the values of annuities for

widows, would have been given near a quar

ter greater than they have been given on the

supposition, that the chance of survivorship

is equal between men and their wives.—It

must be added, that I have made no account

of any expences attending the execution and

management of the schemes of these societies.

Some such expences there must be, and some

advantages should be always provided in or

der to compensate them.

There are in this kingdom many institu

tions for the benefit of widows, besides the

two on which I have now remarked; and in

general, as far as I have had any information

concerning them, they are founded on plans

equally inadequate, having been formed just

as fancy has dictated, without any knowledge

of the principles on which the values of re

versionary annuities ought to be calculated.

The motives which influence the contrivers

of these institutions, may be laudable ; but

they ought, I think, to have informed them

selves better. This appears sufficiently from

what has been said ; but I will just mention

one further proof of it.

The London Annuity Society promises that,

if in 21 years; and the Laudable Society that,

if in 25 years, it shall appear that there has

been all along an annual surplus in favour of

the societies, it shall be employed in either

raising the annuitieſ, or in sinking the annual

- payment.f.
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payments. Now, they may be assured, that if

at the end of these periods, they should not

be possessed of a considerable surplus, the true

reason will be, their having granted much

higher annuities than the annual contribu

tions are able permanently to support. For

it has been demonstrated, that the number of

annuitants, and consequently the amount of

the annual expences, will go on increasing for

a long course of years beyond these periods.

The effect, therefore, of carrying into exe

cution this regulation will be, precipitating

that bankruptcy which would have come too

soon had there been no such regulation.

It has been said in defence of these socie

ties, that the deficiencies in their plans cannot

be of much consequence, because their rules

oblige them to preserve a constant equality

between their income and expences, by re

ducing the annuities as there shall be occasion,

And from hence it is inferred, that they can

never be in any danger of a bankruptcy.—

But it has appeared, that the time when

they will begin to feel deficiencies is so,

distant, that it will be too late to remedy past

errors, without sinking the annuities so much,

as to render them inconsiderable and trifling.

All that is given too much to preſent an

nuitants is so much taken away from future

annuitants. And if a scheme is very deficient,

the first annuitants may, for 30 or 40 years,

receive so much more than they ought to

receive, as to leave little or nothing for any

4. who
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who come after them. Deficient schemes,

therefore, are attended with particular in

justice; and this injustice will be the same,

if, instead of reducing the annuities, the annual

payments should be increased; for all the dif

ference this can make will be, to cause the in

justice to fall on future contributors, instead

of future annuitantſ.

But what requires most to be considered

here is, that, after either the annuities have

been for some time in a state of reduction,

or the contributions in a state of increase, it

will be seen that these societies have gone

upon wrong plans, and, therefore, they will

be deserted and avoided ; the consequence of

which will prove still greater deficiencies in

their annual income, and a more rapid deser

tion and decline, till a total dissolution and

bankruptcy take place.—This will be the

death of most of the present societies for pro

viding for widows, if they continue to be en

couraged, and do not soon alter their plans:

And at that period the number of annuitants

will be greater than ever; whose annuities,

having no other support than the poor re

mains of a stock always insufficient, will be

soon left, without the possibility of relief, to

lament that ignorance and credulity which

gave rise to these societies, and which had

so long supported them. -

In the London Annuity Society, there is an

encouragement to bachelorſ and widowerſ to

join them, arising from the additional an

InuitleS

*
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nuities to which they will be immediately

entitled, when they marry, in consequence

of having made their payments a greater

number of years: and it is imagined, that

particular advantages will be derived from

such members. But even these will in ge

neral pay much less than the value of their

expectations.—A person who begins an an

nual contribution of five guineas at the age

of 24, will, should he live 11 years, and

marry a woman of the same age at the end

of that time, entitle her immediately to £35

per ann. during survivorship, and to 2641 per

annum should he live four years after marry

ing, (interest being at 4 per cent.)" In this

particular case, therefore, a person will pay

nearly the true value of his expectation. But

all at all ages who marry, in less time than

11 years after admission, will pay less than

the value of their expectations. -

• The value of five guineas per annum (first payment

made immediately) for 11 years, subject to failure should a

life now 24 fail; and, after 11 years, for the joint lives

of two persons both 35, is, by the Table of London 0%-

servations, £69.3—By Dr. Halley's Table, #76.44.—The

present value of £35 per annum for life to the widow of a

person now 24, should he live II years, and marry a wo

man of the same age with himself at the end of that time;

and also of £6 more, or £41 per annum in all, should he

live after marriage four years; is, by the Table of London

Observations, #69.36.—By Dr. Halley's Table, #76.03.

S UP P L E MENT
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SUPPLE MENT to the preceding Section ; con

taining a further Account of the Societies

for the Benefit of Widowſ."

Of the LoNDoN ANNUITY SocIET Y.

IN the preceding Section, the reader has seen

on what very incompetent plans the two So

cieties, which are the subject of it, have

been formed. Some changes have taken

place in them since the last edition of this

Treatise, of which it is necessary I should

here take notice.

The LoNDoN ANNUITY Society, consist

ing in January 1781 of 326 members, has

so far reformed its plan, as to be now in lit

tle danger. Besides ordering a compensation

for difference of age between husbands and

wives, it determined, in 1774, not to engage

to pay a higher annuity than £20 to widows

if their husbands had lived a year after ad

mision, for a contribution of 10 guineas in

hand, and five guineas per ann. afterwards.

At the same time, however, room was left

for expecting that some additional annuities

might be paid to the widows of such mem

bers as should survive 15 years in the So

ciety; but what the additions should be, was

left to be determined at the end of 15 years

from the establishment of the Society. Ac

- cordingly,
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cordingly, last year some able judges were

consulted ; and, if I am rightly informed,

the result has been, that the Society has

agreed to promise for the same contribu

tions an addition to the 2620 annuity just

mentioned, of 2.É4 per ann. to widows, if

their husbands have been members 15 years

or more.

He that will consider the demonstrations

in the foregoing Section, or compute agree

ably to any table of the decrements of life

by the Rule in Question X. may assure

himself that a contribution of ten guineas

in immediate" payment and five guineas every

year after the first, is scarcely a sufficient

support for an annuity of 2620 during life

to widows, supposing husbands and wives

of the same ages, and money improved at

an interest of 4 per cent.—But money may

now be improved at a higher interest.

Some advantages also must be derived from

making the annuities payable for widow

hood only ; and on these accounts, such a

contribution may safely enough be reckoned

a proper payment for an annuity of 3620

as it is offered by this Society. But it

cannot, without danger, offer more; parti

cularly, as it is certain, that the lives of

women in general, and more especially of

women in the advanced stages of life, are

more durable than the lives of males.

- The additional annuity, however, not be

ing of more value than about three guineas

- - and

--
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and a half in a single payment at entrance,

the Society may possibly find itself capable

of paying it, provided the contributions for

supporting the scheme (namely ten guineas

at entrance and five guineas per ann. from

every member, besides a just compensation

for the excess of his age above that of his

wife) are not loaded with any of the ex

pences of management".

- SEC T.

* In the year 1790 this Society referred the examina

tion of their affairs to Dr. Price and myself, at which time

their number consisted of 328 members, and 85 widows

claiming annuities to the amount of £1967—their stock

invested in the 3 per cents. amounted to £70,5co; the

dividends on which together with the annual premiums,

exceeded their expenditure by £2000 a year.—In con

sequence of our joint opinion and advice, it was then de

termined to increase the annuities to widows AE1 for every

year that the husband should live beyond 24 years, so that

if they lived to make 50 payments the annuities should

amount to £50.—Since that period another investigation

took place in 1798, when it appeared that the Society con

sisted of 302 members and 132 annuitants claiming

£3294 per annum—that their stock in the three per cents.

amounted to £93,000, that their annual income exceeded

their expenditure by more than £1 ooo, and, on the sup

position that this capital was worth 75 per cent, or the

money nearly which had been paid or it, that they pos

sessed a surplus of £14,735. -

Whatever objection may be made to this method of

estimating their capital, it is evident, if the money had

been invested where it could suffer no diminution, that the

affairs of the Society would have appeared to be in a very

flourishing condition. The public funds, however, since

the year 1798, have so improved in value, that if the

stock were now sold it would produce nearly the

sun which was originally paid for it, and therefore no

reasonable doubt can be entertained at present of the So

ciety's



Further Account, &c. 97

Further Account of the Laudable Society for

the Benefit of Widows.

THIS Society affords a melancholy proof of

the pernicious tendency of that disposition

to form annuity societies which prevailed

some time ago.—In consequence of a peti

tion to Parliament in 1774, from many of

the most respectable members, it reformed

its plan; but no arguments could engage the

majority of the members to consent to a

reformation which was likely to be attend

ed with any other effect than an increase of

calamity by postponing it. For thirteen

years from the time of its establishment, it

had overlooked the differences of age be

tween men and their wives, and gone upon

the plan mentioned in page 72.-In 1774, a

ciety's stability. Indeed it is not possible that they should

ever fall into any serious error, provided that at certain

and not very distant intervals, they continue those in

vestigations which have been twice repeated within the

last twelve years.

It may not be improper to add, that on the 1st of Ja

nuary, 1802, the members of this Society amounted to

3oo, the annuitants to 134—the capital to £102,000 stock

in the 3 per cents, the annual income, including dividends

and premiums, to £4804, and the annual expenditure, in

cluding annuities and management, to #3374, or £1439

less than the income. - M.

VOL. I. H compen
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compensation for the wife's inferiority of

age was ordered to be paid by all new mem

bers, and at the same time the following plan

agreed to.—For an annual payment of five

guineas, the first to be made immediately,

every widow was entitled to an annuity

during widowhood of

&#1 o if her husband had

been admitted

r

} 2 years and a day

3615 if – — 3 years

2620 if - — 6

&#25 if - — 8

2630 if - — 1 1

af25 if - — 13

2.É40 if — — 15 "

Any one who will calculate by the rule in

Quest. VIII. will find that the annual pay

ment necessary to support these annuities is

nearly, by Dr. Halley's Table of Observa

tions, 367 supposing equality of age be

tween husbands and wives, money improved

at 4 per cent. and the mean age of admission

thirty-ſeven. This change, therefore, did

not deserve the name of a reformation; and

an attention to the following account will

shew, that instead of doing good, it has in ,

fact only prolonged the existence of the So

ciety to do mischief.

From the establishment of the Society in

1761 to 1772, it had increased to 700 mem

bers; but in April 1780, it had gradually

sunk,

*
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sunk, by deaths and desertions, to 550.-The

whole number of widows which had come

on the Society was then 168, of whom 84

had come upon it in six years, from 1774

to 1779°; that is, fourteen annually. Thir

teen had died and fourteen had married,

which had left 141 annuitants, the claims

of 133 of whom amounted then to 363,310

per ann. The claims of the remaining eight,

reckoned at 3630 per ann. each, will make

26240 per ann.; and the expences of manage

ment (or Æ300 per ann. nearly), added to

these sums, will make the whole annual ex

pence of the Society in April 1780, £3,850.

Its income, consisting of the interest

of 2649,090 three per cent. stock, and the

subscriptions of 550 members at five guineas

each, amounted at the same time to 264,360,

leaving a favourable balance of only £480.

Supposing the Society to preserve its pre

sent number of members, and the number

of annuitants to increase for six years to

come only at the rate of ten annually, its

expence at the end of the present year, or

the beginning of the next, will be equal to

its income ; and afterwards it will find it

self under the necessity of having recourse

to one of the three following expedients.

It will be obliged either to run into its ca

pital, or to increase its contributions, or re

* In 178o fourteen more widows came upon the So

ciety.

H 2 duce
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duce the annuities. –The consequence of

the first of these expedients will be, that the

capital of the Society will be soon consumed,

and the annuitants left without support.—

The consequence of the recond will be, that

the contributions will be increasing every

year till, in 10 or 12 years, they are doubled,

and at last almost tripled.—The consequence

of the last will be, that the annuities will.

sink every year till they come to be less

than half the annuities promised'. Such

are the affairs of this infatuated Society,

nor is it easy to apply any remedy to

them ; for in consequence of going on too

long with an insufficient scheme, the So

ciety has large payments to make in order

to compensate past deficiencies ; and a

scheme at first adequate would now prove

inadequate.—For example. (Supposing a just

allowance required for the wife's inferiority

of age) an annual payment of seven gui

neas from every member, begun in 1772,

when the number of widows was only 42,

would probably have been sufficient to sup

port the reformed scheme mentioned in

page 98; but now an annual payment of

nine guineas from the preſent members, and

* The annuitants (should the number of members con

tinue what it is) cannot increase to much less than double

their humber last year.

of
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of seven from all future members, would

scarcely be sufficient.

. . In such circumstances it seems best to

break up, and to divide the present capital,

as far as it will go among the annuitants.

Should this be done, the annuitants will

indeed be great sufferers; for, so miserably

circumstanced is the Society, that its whole

stock will not pay much more than haſ the

value of the annuities. But this only sets in

a stronger light the necessity of an immediate

dissolution: I say immediate; for the annui

tants are increasing fast, together with the

medium of the annuities due to them; and

therefore the consequence of delay must

be, extending greater sufferings to greater

numbers, - -

P O S T S C R IP T.

SINCE the preceding account was writ

ten, this Society, convinced at last of its

* The mean age of the widows now on the Society is

not probably more than 42 or 43. The value of annui

ties payable half-yearly during the lives of women at this

age, is not really so little as 13 years purchase, reckoning

interest at 4 per cent. Supposing therefore the Society to

break up some time or other before the end of this year

(1781), and the number of widows then upon it 154, the

value of their annuities, at £350 each, will be £53,900,

of which their stock, at its present price, will not pay so

much as £28,000. -

mistakes,
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mistakes, has resolved to reduce the an

nuities of such widows as became claimants

before the alteration in 1774, 35 per cent.

and the annuities of all the other widows

who are now claimants, 20 per cent. It was

also resolved by two general courts, that the

annual payments should be increased from

five to six guineas. But this resolution was

revoked by the general court in July last;

and a resolution substituted in its room to

change the plan described in p. 98, into

one which makes it necessary that a member

should have been admitted 3 years to entitle

his widow to an annuity of ºf 10, and 7

years to entitle her to £20 ; and 13 and

20 years to entitle her to £30 and ºf 40.—

Possibly this resolution, like the former, will

be retracted by some future general court.

Should it be confirmed, it will, in conjunc

tion with the reduction just mentioned of

the annuities payable to present claimants,

constitute a reformation which (supposing

the funds of the Society not incumbered

with any expences of management) might

have been nearly sufficient ten or twelve yearſ

ago to save the Society. But it is far from

being sufficient now The reduction of

the annuities payable to present claimants is

too little. It should have been extended to

the widows of the old members now living,

and the new plan restricted to members lately

admitted, and to future members ; and a

º compensation
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compensation for past over-payments to wi

dows should have been provided".

w SE (2 T.

* This unfortunate Society, since the period in which

the above postscript was written, has repeated its attempts

to reform those errors in which it originated. In the

year 1790 the number of its members had sunk to 330,

while the number of its annuitants had increased to 217.

Its annual income also had fallen short of the expenditure

by £1740, and its capital, after an accurate examination

of its finances, appeared to be insufficient to satisfy the

demands upon it by £30,000 nearly. Under these cir

cumstances it was determined that the annuities payable

to the widows who were then claimants should be re

duced one half, and that the annuities to all future claim

ants should be reduced one fifth. At that time the

Society possessed £42,000 stock in the four per cents :

and had these continued at par, or at the same price as

they were then estimated, it is probable that the Society

would have been spared the mortification of any further

reductions. But in consequence of the disastrous war

which soon ensued, this stock, together with all other

property in the public funds, lost more than one third of

its value—the capital of the Society was diminished in

the same proportion, and the annuities, which were

yearly increasing upon it, required so much larger quan

tity of stock to be sold in order to discharge them, than

the computations supposed in 1790, that new alarms

were produced, and it became necessary once more to

have recourse to retrenchment. In the last year there

fore another investigation of the Society's finances was

undertaken, on the supposition that its stock was then

worth only 80 per cent, or one fifth less than it was really

worth at the period of the former investigation, and the

result was such as might have been expected. The value

of the present and future claims was found to exceed the

value of the capital by £2257, so that no alternative

remained but either to break up the Society, or to reduce

the annuities. The former was deemed impracticable,

and consequently it was determined that the annuities

of the present widows, as well as those which should

hereafter become claims upon the Society, should be re

duced
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S E C T. II.

Of the Arrociation among the London Clergy,

and the Ministers in Scotland, for providing

Annuities for their Widow, i.

IN April, 1765, the clergy within the bills

of mortality and the county of Middlesex,

at a general meeting in Sion-College, agreed to

form themselves into a society for the sup

port of their widows and orphans. Many in

this respectable body may be capable of do

ing, in a better manner, what I have attempt

ed in this Treatise ; and they are, perhaps,

already sensible of the deficiencies in the plan

which they have established. I shall not,

however, I hope, do wrong, in taking the

liberty to recite briefly this plan, in order to

introduce a few observations upon it.

duced one sixth ; so that instead of £24, only £20–

instead of £10, only £13.6;...8d. per annum, &c. are

to be paid in future. The depreciation of the public

funds is an event for which no computation can provide,

and therefore, as the Society's affairs in their present

state depend as much on the stability of those funds as

on the lives of its members, it is impossible to say how

far this last reduction may prove effectual. The number

of its widows now amounts to 2 16, but the number of

its members scarcely amounts to half their number in

1790. If circumstances therefore should still continue

unfavourable, the next measure must be, the dissolution

of the Society, and a division of the remaining capital

among the annuitants and surviving members in proportion

to their respective interests in the funds of the Society. M.

* This section, as well as the former, must be con

sidered as written in 1771. Subsequent accounts of the

different institutions are continued respectively at the end

gf these two Sections.

According
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According to the printed articles, every

clergyman possessed of any benefice, lecture

ship, or licensed curacy, within the bills of

mortality and the county of Middleſex, who

subscribes annually one guinea, or two gui

neas, or more, shall entitle his widow to an

annuity; or, if he leaves no widow, he shall

entitle any such children as he shall leave, to

the same annuity for seven years as his wi

dow would have had. And, in case a widow

possessed of an annuity, should either die or

marry before the lapse of 10 years, from the

commencement of her annuity, such children

of her former husband as shall be then alive,

are to be entitled to as many of the ten years

payments of the annuities as she shall not

have received.—The annuity is fixed to no

articular sum, but instead of this, it is or

dered, that a fourth part of the annual sub

scriptions and interest shall be divided the first

three years after the establishment of the so

ciety; half only the next four years; and three

fourths the next five years; provided, however,

that in no one of these 12 years the dividend

shall exceed ºf 20 to the widows and orphans

of the clergy subscribing two guineas or more;

and 2610 to the widows and orphans of the

subscribers of one guinea. And, after the ex

piration of 12 years, the whole amount of the

subscriptions, and of the interest of the capi

tal stock, is to be divided proportionably for

ever.—It is further provided, that every cler

- - gyman



106 Ofthe Afrociation among

gyman who shall be married, or have chil

dren, at the time of his subscription, shall pay

a fine of two guineas towards a capital stock,

if a subscriber of two guineas or more, and 40

years of age or upwards. If 50 years of age

or upwards, he shall pay a fine of three gui

neas ; if 60 or upwards, five guineas. But, if

not married at the time of his subscribing, and

shall afterwards marry, he shall pay a fine ac

cording to the age he shall be of at the time

of his marrying. The obligation laid upon

all, whether married or unmarried, to become

subscribers, is, an incapacity of being admit

ted members without the consent of a gene

ral court, unless, within two years after be

coming possessed of any ecclesiastical employ

ment, they subscribe.
-

Every one who has attended to the obserf

vations in this and the preceding chapter,

must know what judgment to form of these

regulations.

Let us suppose that all the clergy in Lom

don and Middleſex came into this association

from the first ; and that one with another

they are subscribers of two guineas annually ;

and that there are among them as many un

married persons as married.

In this case, it may be learnt from Quest,

XIII, that the annuity to which widows

should be entitled, (supposing no allowance

to the children of any that die) ought not to

exceed 10 or 1 1 guineas at most ; and that,

- besides
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besides the annual subscriptions, there ought

to have been a fine paid at the commence

ment of the scheme, by every married per

son, of six guineas at least, or, by the whole

number of subscribers, three guineas. If

the number of married members is double

the unmarried, the annuity ought not to ex

ceed eight guineas ; and the fine from every

member should be about four-guineas.-The

order, that only a fourth part of the annual

subscriptions and interest shall be divided

the first three years, half the next four years,

and three quarters the next five, is without

reason ; because the number of claimants,

for the first 12 years of the scheme, will be

so few, that it will not be possible, during

that time, that there should be occasion for

dividing any proportions so large of the an

nual subscriptions and interest, unless they

are indeed beyond all bounds too little.—

. After 12 years, the number of annuitants

will go on increasing for near 50 years, as

appears from Quest. III. The consequence,

therefore, of dividing, after that time, the

whole amount of the annual subscriptions and

interest, will be a constant yearly diminution

in the dividends for near 50 years; and

making the payments to the first claimants

much more considerable than they ought to

be, at the expence of all subsequent claim

ants—For these reasons, it appears to me out

of all doubt, that this scheme is by no means

likely to answer the good ends proposed by
It 3
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it; and that, therefore, it will be best to lay

it aside. At the time it was settled it was,

I find, further agreed, that the annual sub

scriptions of the laity, together with the in

terest of their benefactions, unless otherwise

directed by the donors; and the annual sub

scriptions of such of the clergy as shall so

direct, shall make a charitable fund to be

applied to the relief of the distressed widows

or children of all the clergy within the limits

I have mentioned, whether subscribers or

not, provided that in no one year of the first

twelve more than £20 be given out of the

fund to any one family.—This is an excellent

design; and if the money arising from all

the subscriptions is thrown into this fund,

an important means of relief may be pro

vided for such of the more indigent widows

and families as will accept the help of

charity.

There is one more scheme of particular

consequence, which I must take notice of :

I mean, that which is established by Act of

Parliament, among the ministers and pro

fessors in Scotland, for making provision for

their widows and orphans. The last men

tioned scheme, and also several others of the

same kind * in this kingdom, have been

formed

* There is one among the Dissenting Ministers in the

counties of Chester and Lancaster; and another among

the Dissenting Ministers in Cumberland, Northumberland,

- Westmorland,
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formed on the model of this: and the success

with which it has been hitherto attended, is

one of the principal causes to which they

have owed their rise. It is, therefore, pro

per I should give some account of it; and

it will be sufficient with this view to men

tion, “that for an annual payment, which

“ begun immediately, of five guinear from

“ 1011 contributors, 667 of whom are mar

ried persons, besides a tax on weddings,

“ producing about ºf 142 per annum, it en

“ titles every widow to an annuity of 2620

“ during widowhood, and also every family

“ of children that shall be left by such

“ members as die without leaving widows,

“ to £6200.” This scheme contains a va

riety of other particulars ; but this is its sub

stance—It commenced on the 25th of March,

1744; and from that time to the 22d of

November, 1770', or in 26 years and near 8

months, 151 ministers and professors died,

and left 151 families of children without

widows; that is, 5.66 such families were

left annually ; and the annual disbursements

to them have therefore been ºf1132. Sub

tract this sum from 265450, the whole an

4 &

H'estmorland, and Durham.—Even the London Annuity. .

Society, though its plan is totally different, professes to

form itself on the principles of the Scotch establishment,

and to derive encouragement from it.

'In Nov. 1779, or 35 years and 8 months, 199 mi

nisters andi. had died, and left 199 families of

children without widows; that is 5.58 annually.

5 nual
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nual income ; and the remainder, or 384318

per annum will be the standing provision for

bearing the expence of all the annuitants

possible to be derived from 667 marriages.

Such an annual payment, or 4.27 each from

1011 contributors, is the same with 6.55

each, from 667 contributors; and, conse

quently, it appears, that in this establish

ment a contribution is received equivalent to

an annual payment beginning immediately,

of Gé6.55 from every married man, in order

to entitle his widow to an annuity of 2620

during her widowhood. -

In the societies mentioned in the last sec

tion, annuities increasing from 2620 to gé40

are promised to widows for an annual pay

ment of only 5 guineas". And, in all the

societies for the benefit of widows with

which I am acquainted, there is an equal

or a greater disproportion between the con

tributions received, and the annuities pro

mised.—With what strange rashness then

has the plan of this establishment been co

pied ? And how absurdly have the societies

in this kingdom pleaded it as a precedent

which encourages and favours them —It

would be trifling to say more on this sub

eCt.

It may be observed that the annual income

for the support of this establishment, sup

posing it to have only the benefit of widows

• See page 73. -

II].
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in view, ought to be sé7.19 per amm. from

every marriage, according to Question XIII.

p. 46, and 267.44 per ann. according to

the calculation in Note F, at the end of this

volume.

These determinations exceed the income

actually provided. But the excesses are by

no means considerable enough, to afford any

certain reason for concluding, that the fund

of this establishment will prove insufficient.

I was, however, once led to entertain some

doubts on this subject. And in these doubts

I thought myself confirmed by observing,

that, in the calculations" made at the com

mencement of the scheme, the number 333

was stated, as the maximum of widows living

at one time, likely to come upon it, or to be

derived from 20° widows left annually; and

also, that 40 years was stated as the number

of years necessary to bring on this maximum ;

whereas I was satisfied, that the maximum of

widows would not prove much less than

400 ; nor the number of years necessary to

bring it on, less than 60. In the former

* See Table III. in a book printed at Edinburgh in

1748, entitled, Calculations, with the Principles and

Data on which they are instituted, relative to a late Act

of Parliament, entitled, An Act for raising and establishing

a Fund, for a provision for the widows and children of the

ministers of the church, and of the heads, principals, and

masters of the universities of ScotlanD; shewing the

rise and progress of the Fund.

* See note A, at the end of this volume. See like

wise the note in p. 89. ' ' - -

4 editions
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editions of this work, I gave a distinct acº,

count of this. But I have lately received

such information P as hath convinced me that

my doubts have been in a great measure

groundless. I have learnt, in particular,

that there have been several calculations sub

sequent to those I had seen ; and that this

establishment has enjoyed advantages and

provisions for its support which I was un

acquainted with, and which give reason for

expecting that it will indeed be able to bear

the expence of 400 annuitants, should so

many come upon it. I should only tire most

of my readers, were I to enter into an ac

count of these advantages and provisions. It

will be of more importance to take this op

portunity to observe, that the probabilities of

life from which the determinations I have

mentioned are derived, though much lower

than the probabilities of life among the

ministers and their wives in Scot LAND 1,

are yet such as give the values of reversions

depending on survivorships among them too

high. -

In order to understand this, it must be

considered, that the difference between the

probabilities of life in different situations,

takes place much more in the first and mid

* I owe this information to the kind and very obliging

candour of the reverend and ingenious Dr. WEESTER, of

£dinburgh.

* More particular notice will be takan of this at the

conclusion of the second Essay. -

dle
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dle than in the last stages of life; and that

the effect of this must be to increaſe the

duration of joint liver, and at the same time

to lefsen the duration of ſurvivorſhip in those

situations which are most favourable to

health. Or, in other words, to render the

duration of marriage in such situations,

greater than it would otherwise be in pro

portion to the duration of widowhood; and,

consequently, to reduce the present value in

annual payments during marriage, of any

given annuity payable during widowhood.

For instance. Were the probabilities of life

among the ministers and their wives in

Scot LAND the same that they are in Mr.

De Moivre's hypothesis, or in the Breslaw

and Northampton Tables of Observation, the

duration of marriages among them, taken

one with another, could not be more than

19 years. The duration of widowhood ,

would be 22 years, and the maximum of

widows living at one time derived from

667 marriages constantly kept up, would be

considerably more than 400. Were the pro

babilities of life among them the same that

they are in LoNDoN, the duration of mar

riage would be still leſſ, and the duration of

widowhood greater, and the maximum of

widows derived from 667 marriages, could

not be less than 500. But the fact is, that

the duration of marriage among them is 22

years nearly ; and that of widowhood about

2 VOL. I. I 29
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20 years and a half". And it appears also,

from accounts taken annually, that the num

ber of widows living at one time, derived

from the whole body of ministers and pro

fessors, does not exceed 400. It is, there

fore, certain that a smaller income must be

sufficient for the support of this scheme than

would be necessary, according to the proba

bilities of life in the Tables just mentioned.

—And upon the whole ; after a careful re

view of all the circumstances of this esta

blishment in its present state, I am well sa

tisfied that the success with which it has

been hitherto attended, is likely to conti

nue; and that it will indeed prove a per

manent foundation of that assistance to the

widow and father/eff which is intended by

it.—Caution, however, and vigilance, will

for some time be necessary. Many more

years must pass before it can receive a de

cisive confirmation from experience. Events

have hitherto favoured it more than could

have been reasonably expected. They may

perhaps hereafter try it; and deviations from

robability may arise, which cannot be now

}..." . I ought to ask pardon for

making these remarks. The venerable mi

*See a note at the conclusion of the second Essay; and

also note F, at the end of this volume. The maxi

mum of widows (supposed 395) divided by the number

left annually (or 194%) gives 203, the expectation of

widowhood. See page 89, and Note (A) at the end of
this volume.

- 4. nisters
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nisters and professors concerned will, I hope,

excuse me. They are eminently distinguished

by their abilities and knowledge: and can

have little need of any information which I

am able to give them.

Further Account of the Association among

the London and Middlesex Clergy; and of

the Establishment among the Ministers and

Frofessors in Scotland.

THE Clergy of London and Middlesex

agreed, in 1775, to new rules and orders,

by which such fines were required (on ac

count of a subscriber’s exceeding the age

of 40, and being older than his wife)

and such reductions made in the annuities

as would probably have rendered the con

tributions adequate to the expences of the

association. But the event has been, that in

consequence of this necessary reformation,

the Association has dwindled, and is now

sunk so low as not to be likely to subsist

much longer.

Onthe contrary. The Establishment among

the ministers and professors in Scotland has

prospered to a degree which gives reason to

believe that ‘it cannot fail to answer the

hopes of the venerable body interested in it.

This has been owing chiefly to the great

ability and faithful zeal of the Rev. Dr.

Webster, its founder and conductor.—To

the account already given of it in the Second

- I 2 Section,
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Section, I will take this opportunity to addſ

the following particulars. -

Dr. Webster (having, when the plan was

first formed 38 years ago, no certain data

to go upon) assumed 52 as the medium age

at which the widows of ministers would

commence annuitants. By calculating on

this supposition, and taking the chances of

life as they are in Dr. Halley’s Table, he

found that the number of annuitants on the

scheme at Lady-day 1780 would be 310.

—The fact is, that they were then 304;

and that consequently there was, even in this

way of calculating, a difference of six in fa

vour of the funds which support the scheme.

Since the establishment of the scheme

it has been discovered, that the medium age

just mentioned does not probably exceed 47.

Dr. Webster, therefore, some years ago, in

order to put the scheme to a severer trial,

"instituted a new calculation, on the supposi

tion that the medium age is no more than

44, and found that on this supposition the

number of annuitants at Witsuntide 1780

would be 328. This has made a still greater

difference in favour of the Establishment,

and gives a very encouraging prospect of its

stability; a sufficient income having been

in reality provided for bearing the expences,

had the annuitants increased as in this last

calculation. -

Had 52 been the mean age of the widows

when they commence such, the maximum of

- ~ widows
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widows living at one time derived from 20

left annually, would be 334, according to

Dr. Halley's Table; but supposing it no more

than 44, this maximum would exceed 400;

and the enquiries which have been made,

give reason to expect that it will not fall

much short of this number. Dr. Webster,

therefore, has in his last calculations, reckon

ed upon the increase of the annuitants to this

number ; “and for this reason, and to se

cure more certainly the Establishment, a new

act of parliament was procured in 1779, by

which, among other new provisions, it was

ordered, that the increase of the capital (then

amounting to £75,088) should not be dis

continued till it rose to 2.É100,000.-This

capital, joined to the annual contributions,

will probably be an ample support to the

Establishment, should the number of annui

tants (which will go on to increase for near

forty years more) become at last 400.

Circumspection and caution, however, con

tinue to be necessary, because still unfavour

able events may arise, which no human wis

dow can foresee.

Having bestowed a good deal of attention

on this institution, I cannot take leave of it

without congratulating Dr. Webster on his

happiness. By being the founder of this .

scheme, and by the care with which he has

watched its progrees, and conducted it to

its present state of maturity, he has entitled

himself to the blessings of many indigent

- 1 widows
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widows and orphans, and made it impossible

that he should be ever remembered in the

church of Scotland without gratitude and

respect.
-

It is much to be wished that institu

tions of the same kind, could be establish

ed in England. Some efforts have been

made to this purpose. The reverend and

ingenious Mr. Gandy of Plymouth, hav

ing with much labour and ability’ prepared

a plan of this kind, endeavoured in 1774

and 1775 to get it established in the diocese

of Exeter. Had he succeeded, the benefits

arising from it would have become in a lit

tle time very conspicuous, and an example

would have been given which would per

haps have been followed in other dioceses.

But he did not meet with sufficient encou

ragement, and the scheme was given up.---

Being unwilling that the time and pains

which were employed in digesting and cal

culating the tables for this scheme should be

entirely lost; I have inserted some of the

principal of them among the Tables in the

next volume. The Rev. Mr. Grant, of

Henly upon Thameſ, has been also lately

engaged in soliciting encouragement to a

similar scheme ; and I heartily wish him

the success his benevolence and abilities de

Serve *.

'This scheme has shared the ſate of Mr. Gandy's. M.
-

-

-

º, . . . . . . - Account
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Account of a Scheme established among the

Eaſt-India Commanderſ.

THE East-India, Commanders six years ago

entered into an association for the purpose of

providing for their nomineer, and did me

the honour to desire I would recommend a

scheme to them. They approved the fol

lowing, and have adopted it.—Every mem

ber is entitled to ºf 500 payable at his death

to his nominee, in consideration of 2650 at

his admission, and eleven annual paymentſ of

3625, the first to be made at the beginning

of the second year, and the right to every

payment to depend on the continuance of

the life of the subscriber. No subscribers

must be admitted whose ages are not less than

50 ; and their mean ages are reckoned at 40.

In calculating this scheme, interest was

reckoned at 3: per cent. ‘; but a much higher

improvement has for some years been made

of money, and the scheme has escaped the

danger of being too much loaded in its in

fancy. I am satisfied, therefore, that, with

- Out

* The value, by Table XVII. in the next volume, reck

oning interest at 3: per cent. of an annuity for eleven

years, on a life aged 40, the first payment to be made at the

end of a year, is by Quest. VI. Chap. I. 7.895.-The

annuity, therefore, being #25, its value is £197, to

which £50, (the first payment) added makes + 247;

which is also, by Quest. X. the value, reckoning the

same interest, of £300 payable at the death of a person

aged 4o.—The same contributions, supposing money

improved at 5 per cent. would entitle a nominee to £6co.
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out altering the contributions, the sum pay

able to nominees may with perfect safety be

increased to £550. Indeed, I should be in

no pain were it even advanced to £600, pro

vided only the contributions were made in

guineas, instead of pounds, and all savings

made to accumulate in the short annuity for

27 years from Christmas last.—The pro

gress of such an association will be as fol

lows.—Suppose it to consist of 46 members,

kept up from year to year by admitting, as

old members die off, new ones at the mean

age of 40. At first, according to Mr. De

Moivre's hypothesis, only one member will

die annually; but, after a certain period,

two will die annually. During this interval

there will be savings which will raise a stock,

the interest of which, when added to the

annual contributions, will be just sufficient,

when two members come to die annually,

to pay two claims.-Supposing each claim

&#2550, the expence of the association, when

greatest, will be ºf 1100 per ann. The con

tributions at that period will be first, Æ50

each (or £100 in all) from two new mem

bers admitted every year; and 3625 each

(or 26450 in all) from 18 " other mem

bers who had not been admitted more than

eleven years. The remainder (or £550)

necessary to make up 361 100 per ann. will be

* Out of a body of new members derived from two

admitted every year at 40 for 11 years, it may be expected

that two will die before the end of the 11th year.

- the
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the interest of the capital, which, therefore,

if lodged in the three per cents, must be

sé18,333. When, therefore, any such asso

ciation consisting of .46 members has raised

this stock; or, if it consists of any other

number of members, when it has raised a

stock in the same proportion to it, that the

standing number of members bears to 46,

it will become a reasonable object of con

sideration whether the increase of its stock

should not be discontinued, and all subse

quent savings, should any arise, be employed

in either lessening the contributions or in

creasing the claims “. S E C T.

* The examination of this Society's affairs was referred
to me in the year 1797, when it appeared that the num

ber of those members who had completed their eleven

payments announted to 29, and the number of those who

having been admitted at late periods had not completed

their payments amounted to 47.-At that period, or 21

years after their establishment, 38 deaths had taken place,

which exceeded the number that should have happened

according to the Northampton Table in the proportion of

4 to 3. But the premiums having been computed at 3:

per cent. while their money had been improved at 5 per

cent., the increased number of claims was balanced by

the increased accumulation of the capital, and therefore

had their stock, which then consisted of £690 per annum

in the Long Annuities, and an Exchequer Bill for £1ooo,

been sold for the sum which was originally paid for it,

a considerable surplus, after discharging all demands,

would have been left in favour of the Society: But the

subsequent depression of the funds so far lessened the

value of the Society's capital as, not only to destroy that

surplus, but even to produce a deficiency to a larger

amount. Happily, however, the funds have since that

period so far recovered as in a great measure to restore

the affairs of the Society, and to render them secure.

There cannot be a doubt but that the original plan was

founded
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S E. C. T. III.

Qf the best Schemeſ for providing Annuitier

for Widowſ.

INSTITUTIONS for providing widows
with annuities would, without doubt, be ex

tremely useful, could such be contrived as

would be durable, and at the same time eaſy

and encouraging. The natures of things do

not admit of this in the degree that is com

monly imagined. The calculations and rules,

in the preceding chapter, will enable any one

to determine in all cases to what rever

sionary annuities any given payments entitle,

according to any given valuation of lives, or

rate of interest. From Quest. VII. and VIII.

in particular, it may be inferred that (interest

being at 4 per cent. and the probabilities of

life as in the Breſlaw, Norwich, and Northamp

ton Tables) for an annual payment beginning

immediately of four guineas during marriage;

and also for a guinea and a half in hand, on

account of each year that the age of the hus

band exceeds the age of the wife; every mar

ried man, under 40, might be entitled to an

annuity for his widow, during life, of £5 if

he lives a year; 26.10 if he lives three years;

and 2620 if he lives reven years.

founded on just principles. But while their capital is

rendered so fluctuating by being invested in the funds,

the real state of their affairs will always depend as much

on the rise or fall of public credit as on the probabilities.
of life among their members. M

º

If



Providing Annuitieſ for Widowſ. 123

If such a society chuses, that those who

shall happen to continue members the longest

time, shall be entitled to still greater an

nuities, six guineas, additional to all the other

payments at admission, would be the full pay

ment for an annuity of 3625, and 12 guineas

for an annuity of 2630 if a member should

live 15 years. - -

All bachelors and widowers might be en

couraged to join such a society, by admitting

them on the following terms.-Four guinear

to be paid on admission, and three guinear

every year afterwards, during celibacy ; and

on marriage, the same payments with those

made by persons admitted after marriage;

in consideration of which, 361 per annum, for

every single payment before marriage, might

be added to the annuities to which such

members would have been otherwise entitled.

For example. If they have been members

four years, or made five payments before

marriage, instead of being entitled to life-an

nuities for their widows of only £5, £10,

£20, 3625, and #330, on the conditions I

have specified, they might, be entitled to an

nuities of 3610,3615, 2/225, 3630, and 2635.

Or, if they have been members nine years,

and made 10 payments, they might, instead

of the same annuities, be entitled to annui

ties of ºf 15, 26.20, £30, 2635, and 2640.-

In this case, the contributions of such mem

bers as should happen to desert, or die in ce

libacy, would be so much profit to the so

ciety,
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ciety, tending to give it more strength and

security. t -

This is one of the best schemes that I can

think of, or would chuse to recommend.

But in the following scheme there is a sim

plicity and fairness which seem to give it a

particular preference.

Every husband, be his age what it will,

for a single payment at admission, of 2615,

with ºf 1... 10 ſ. added for every year that his

age exceeds his wife's, and an annual pay

ment of 265 during marriage, (the first to

be made at the end of a year) might en

title his wife, should he leave her a widow,

to an annuity of E10 for her life, if he

lives one year; 2611 if he lives two years;

2612 if he lives three years; and so on; the

annuity to increase continually at the rate of

261 for every year that the husband lives

beyond one year. Any addition to these

payments might entitle to a proportionable

addition to the annuity, and to its increase.

And should any husband under 40 wish

to secure a sum for his children, provided he

should leave no widow, he might for every

annual payment of nine shillings, during

life, entitle them to 2650, payable among

them at his death, whenever that shall hap

pen. Making all these payments guineas

instead of pounds, might probably be suffi

cient, if the number of subscribers is con

siderable, to defray the expences of manage

Inent.

| There



Providing Annuitieſ for Widows. 125

There is one particular advantage which

societies formed on plans of this kind would

enjoy Y.-Persons who know themselves sub

ject to disorders which are likely to render

them short-lived, will have no great temp

tations to endeavour to gain admission into

such societies ; and, if admitted, the danger

from them will be less than on any other

plan. Were it not for this danger, the fol

lowing plan might be recommended.

In the plans hitherto mentioned it is im

plied, that, if either a member or his wife

dies within any of the periods specified, the

additional annuities, that would otherwise

have become due, will be lost. But it would

be much more agreeable to a purchaser, that

they should be made certain to his wife, pro

vided she lives to the end of these periods,

though in the mean time his own life should

fail. The value of such annuities may be

computed by the rule in Question IX.

Suppose, for instance, the ſcheme to be

“ that a wife shall be entitled certainly to a

“ life-annuity of 2620 the first payment of

“ which shall be made at the end of 12 years,

“ provided she should be then alive, and her

“ husband dead; or at the end of any year

“beyond this term in which she may hap

“ pen to be left a widow.” Suppose it also

stipulated, “that she shall be entitled to

* See another advantage mentioned under Question
VIII

4 & £10
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“ 3610 more, or £30 in all, on the same

“ terms, provided she should live 16 years.”

—The value of such an expectation (interest

being at 3 per cent. and the probabilities of life

as in the Northampton Table of Observations)

will be, in the most convenient round sums,

supposing none admitted above 50 years of

age, seven guineas in annual payments to be

continued during marriage, and to begin im

mediately ; besides four guineas in present

money for every year, as far as 15 years, that

the husband’s age exceeds the wife's, if he is

between 40 and 50, and three guineas on the

same account if he is under 40 ; Or, if the

whole value of the expectation is given in

one present payment, 3670 added to a guinea

and half for every year that the husband’s

age falls short of 50, besides the payment just

mentioned on account of disparity of age.

The value of this expectation at 4 per

cent. is six guineas in annual payments; be

sides three guineas in present money, for

every year that the husband’s age exceeds the

wife's, if he is between 40 and 50 ; and two

guineas, if he is under 40: Or, if the whole

value of the expectation is given in one pre

sent payment, 3656 added to 2f1 ...53. for

every year that his age falls short of 50, be

sides the payment last mentioned on account

of inequality of age *.

He

* Supposing 16 years the only term, the annuity #20,

and interest at 4 per cent. the proper payments will be

nearly, in the case of equal ages and single payments,

- - =6'46
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He that will give himself the trouble to

calculate, agreeably to the directions in the

Questions to which I have referred, will find .

that, taking all particular cases together, the

rules now given come as near the truth as

there is reason to desire in an affair of this

nature, the defects in some cases being nearly

compensated by the exceſſer in others.

These determinations are agreeable to the

probabilities of living in Dr. Halley’s, as well

as the Northampton Table of Observations,

or Tables 5th and 17th in the next volume.

These Tables seem to give a proper medium

between the different values of town and

country lives. In the country the probabilities

of living are much higher; but in London,

and probably in all great towns and some

smaller ones, they are much lower.

It is proper to add, that, according to

the values of lives deduced both from the

London and Dr. Halley’s Table, and taking

interest as low as 3 per cent. all women

=#46—#40–£29, as the age of the man is 30, 40, or 50.

Or, in annual payments, #3.8o.—#3.66–63.13–

Supposing the woman's age 10 years less than the man's,

the same values will be, in single payments, £58.92—

#56.56–36'53.66—in annual payments #4.63—3:5—

3.41. It appears, therefore, that a society, supposing

money improved at the rate of 4 per cent. might entitle all

married men indiscriminately, who are under 50yearsofage,

to such an expectation as this for their wives, for either

&#60 in one payment, or five guineas in annual payments.

—But equity requires, that different payments should be

made according to the different comparative ages of men
and their wives. -

- - whose
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whose husbands are under 50 years of age,

might be entitled to an annuity of sé24

during life (the first payment to be made at

the end of the year in which they shall be

left widows) for the sum of 26100, sup

posing ºf 3 additional given on account of

every year that they are younger than their

husbands.-At 4 per cent. an annuity of

2é30 might be granted on the same terms.

In the year 1690, the company of Mercers

in London, adopted such a scheme as that

last mentioned. For ºf 100 in one present pay

ment, they entitled every subscriber to a life

annuity for his widow of £30; and this, at

that time, (when money bore 8 per cent in

terest) was considerably less than the value

of the money advanced, supposing men and

their wives of equal ages. As the interest

of money sunk, they sunk also the annuity,

first to gé25 and then to ºf 20 and 2615. But

at last, after carrying on the scheme for above

50 years, finding the burden of the annui

tants too heavy, and likely to go on increas

ing, they were obliged to drop the scheme

and to stop payment. In a little time, how

ever, by a parliamentary aid of 423000 per

annum, they were restored to a capacity of

making good all their engagements, and of

paying their arrears.—Their failure is, in

deed, much to be lamented; for, in conse

quence of it, the public has lost the benefit of

an institution, that for many years promised

the happiest effects, by encouraging natiº
3 Il
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and affording relief to indigence. The rapid

fall of the interest of money; their admit

ting purchasers at too advanced ages; and,

particularly, their paying no regard to the

difference of age between husbands and their

wives, must have contributed much to hurt

them. Some of the principal causes, there

fore, which have rendered them unsuccess

ful, may be now avoided. -

It must, however, be remembered, that

the issue of the best schemes of this kind

must be in some degree uncertain. For want

of proper observations”, it is not possible to

determine what allowances ought to be made,

on account of the higher probabilities of life

among females than males. No prudence

can prevent all losses in the improvement of

money ; nor can any care guard against the

inconveniences to such schemes, which must

arise from those persons being most ready to

fly to them who, by reason of concealed dis

orders, feel themselves most likely to want

the benefit they offer. - -

The societies, therefore, on which I have

remarked in the first section of this chapter,

would have reason to take warning from what

has happened to the Mercers’ Company, were

the schemes on which they are formed per

fectly unexceptionable. But I have demon

• This defect will, I hope, be in some measure re

moved by the Observations and Tables in the next

volume.

WOL. I. K strated
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strated that these schemes are very defective;

and that the longer they are carried on, the

more mischief they must produce. 'Tis vain

(as appears from Quest. III.) to form such

establishments with the expectation of seeing

their fate determined soon by experience. If

not more extravagant than any ignorance

can well make them, they will go on pros

perously for 20 or 30 years ; and, if at all

tolerable, they may support themselves for 40

or 50 years; and at last end in distress and

ruin. No experiments, therefore, of this

sort should be tried hastily. An unsuccessful

experiment must be productive of very per

nicious effects. All inadequate schemes lay

the foundation of preſent relief on future ca

lamity, and afford assistance to a few by dis

appointing and oppressing multituder.

As the persons who conduct these schemes

can mean nothing but the advantage of the

public, they ought to listen to these observa

tions. At present their plans are capable of

being reformed; but they cannot continue

so always; for the greater number of exor

bitant payments they now make to annui

tants, the more they consume the property

of future annuitants, and the less practicable

a retreat is rendered to a rational and equit

able and permanent plan”. They should,

therefore, immediately either reduce their

schemes,

* See p. 9o, 91. Sect. I.

“ Thus; was the London. Annuity Society to make

their



providing Annuitieſ for Widowſ. 181

schemes, or change them into one of those

which I have proposed. But, I am afraid,

this is not to be expected. The neglect with .

which they have received some remonstrances

that have been already made to them, gives

reason to fear, that what has been now said

will be in vain; and that those who are to

come after them, must be left to rue the con

sequences of their mistakes. '

a

S E. C. T. IV. *

Account of some foreign Inſtitutions for the

Benefit of Widows. z

IN the Preface to the first edition of this

Treatise, I took notice of an institution for

the sale of annuities payable on survivor

ship, established at Amsterdam, which seem

ed to be then much encouraged, and into

which, I had been informed, many had en

tered from different parts of Europe. This

was so wretched a deception that it was im

Fºl. it should long stand its ground; and

am told that it now exists no more. I

have, therefore, expunged the notice I took

their lowest annuity £10, the next £20, and the highest

£30, they would probably be safe. But, after proceed

ing on their present plan some years longer, such a re

duction would by no means be sufficient.

+ 2 - of
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of it in that Preface; and I will not here

give any further account of it.

In 1739, an institution was established in

Denmark under the patronage and guarantee

ship of the King of Denmark, which, with

out regarding ages, promised pensions to

widows at the rate of 40 rixdollars per ann.

for life, from the commencement of widow

hood, for every present payment of 110 rix

dollars. This being less than the true value

of such pensions, the fate of this scheme

has been the same with that of the Mercers’

Company mentioned in page 128. At the

end of the year 1778, its whole fund was

exhausted, and the King of Denmark found

himself burdened with the support of 700

widows, and an obligation to support as

many more as would be derived from 1500

marriages then remaining undissolved.

At Bremen, an institution was established,

in 1760, which promised annuities to wi

dows for a payment on admission of a sum

equal to one yearly payment of the annuity

purchased, and an annual contribution during

marriage of 15 per cent. (or a little more

than a 7th) of the annuity. These pay

ments are not much more than half the pro

per compensation for the annuities. The

conductors of the scheme have therefore been

obliged to reduce the annuities 10 per cent. ;

and they will soon be obliged to reduce them

much more.

The states of the duchy of Calenberg, of

- - which
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º

which Hanover is the capital, established in

1767 a like scheme, but on terms still more

deficient ; for, though it differed from the

two former schemes in paying a regard to

the ages of married persons, yet, notwith

... standing several augmentations, the contri

butions required by it did not two years ago

come up to half the value of the annuities.

Great numbers, influenced probably by the

lowness of the terms and the authority of the

states, have been induced to encourage this

institution. In 1779, it had annuities to

pay to 600 widows, and consisted of no less

than 3800 members or subscribers whose

widows would be entitled to annuities. In

consequence of a rapid increase, its insuffi

ciency was not then become palpable enough

to force either a dissolution, or a timely and

effectual reformation. It was, therefore,

likely to lay the foundation of great confusion

and distress. - -

There are probably many other foreign

bubbles of this kind, of which I have no

knowledge. The information which has

enabled me to give this account I owe to

Mr. OEDER of Oldenburg ; and it is with.

particular satisfaction, that I can from him

on this occasion add an account of one fo–

reign institution for the benefit of widows

which is founded on just principles, and

likely to be productive of great good.—The

plan of this institution has been formed and

the calculations for settling its terms have

been

e



134 Account of ſome foreign Institutions

been made by Mr. Oeder, who appears in

deed to possess an acquaintance with this

subject so extensive and correct as to be per

fectly qualified for such an office. This

institution is intended only for the benefit of

the inhabitants of the diocese of Lubec and

the duchy of Oldenburg ; and the sovereign

of this state has himself given it the sanc

tion of a statute, and guarantied to his sub

jects the advantages it promises. At prices

deduced by calculations at 4 per cent. from

Mr. Surmilch's Table of Observations, (See

the Tables in the next volume), and agreeing

nearly with the prices deduced by the rules

in Quest. I. and IV. from the Northampton

Table (or Table XVII. in the next volume),

it offers to a married man any annuity for

his widow not exceeding 500 rixdollars, (or

about 2688 per ann.) * payable for life; but

with a power reserved to the husband of di

recting that it shall be applied to the support

of his children in case his widow should

marry. -

This institution farther enables a parent to

provide for his children annuities, (not ex

ceeding 500 rixdollars) payable to them in

the event of their survivorship, till they are

25 years of age. - -

For example. To a husband, aged 35, this

institution promises a life annuity of £10 pay

able to his widow, for either an annual pay

, * Six German rixdollars make about a guinea.

- Iment
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ment of £2...15s. 563... 13. 363...7...4d.

&c. or a ring/e preſent payment of 2631...7.

3d, 4636...6+. 3641...6F. &c. according as

he is of the ſame age with his wife, or 5,

10, &c. years older.

And if he wishes to make a provision for

any of his children, provided he should leave

them orphans under age, he may purchase

annuities payable to them from the time

they shall happen to survive till they are

25 years of age, at the rate of an annuity of

£10 for every annual payment during the

joint lives, of Æ1...17s...4d. af 1...14ſ.

=é1...7.ſ...4d. or a ſingle payment of 2619...

14f.--É18... 12ſ. 9d .3612...7. according

as the child’s age is two, five or ten “years.

These values are greater or less as the age of

the parent is greater or less ; and all the

prices of such annuities, and also of an

nuities for widows, are specified in Tables,

for all ages and all differences of ages.

The sufficiency of the receipts to answer

the expences in this institution, as far as

it provides annuities for widows, has been

proved by Mr. Oeder in the clearest manner

from accounts which have been collected in

* It is obvious that the values in this case for every

annuity of £1 are, in a single payment, the excess of the

value of the life of the child for as many years as his age

is less than 25, above the value of the joint lives for the

same time found by the Scholium to Quest. VI.; and, in

annual payments beginning immediately, the Quotient

arising from dividing the single payment by the value

just mentioned of the joint lives, with unity added.

the
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the duchy of Oldenburgh of the duration of

1273 marriages, and compared with accounts

of the duration of the widowhoods derived

from these marriages. One circumstance

in these accounts deserves particular notice.

The ages of the men, one with another,

when the marriages just mentioned commen

ced, was 32; years; of the women 28 years.

The men lived after marrying 273 years ;

the women, 31 years and nine tenths. The

former, according to Mr. Surmilch's Table

(and also nearly according to the Northamp

ton Table of Observations), should have

lived only 27 years and one tenth ; and the

latter, 29 years and eight tenths. The

former, therefore, having exceeded the du

ration of life exhibited in the Tables only

rix tenths of a year, but the latter having ex

ceeded it above two years, it follows that

women, notwithstanding the hazards of the

critical periods and of child-bearing, live

longer than men.

I will add, that by examining 154 of these

marriages, I find their duration to have been,

one with another, 21 years and a quarter,

and the duration of the survivorship of the

widows derived from them, 19 years. Had

Mr. De, Moivre's hypothesis of an equal

decrement of life been just, the latter would

have been longer than the former. The

reason why the contrary happens has been

given in p. 113, &c. -

In these marriages (if I may judge from

* examining

*

*
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examining only 140 of them) four widows

were left to three widowers, which shews a

chance of survivorship in favour of the wife

in marriage, greater than could have taken

place, had there been no other reason for it

than inferiority of age.

. At Hamburgh, an annuity scheme has been

lately established of a more comprehensive

nature than any of the schemes which have

been hitherto mentioned; but the account of

it will be more properly given at the con

clusion of the last section of this Chapter.

-

s E. c T. V.

of Schemes-for providing Annuities for old

Age.

A GENERAL disposition has lately shewn

itself, to encourage schemes for granting an

nuities to persons in the latter stages of life;

and this has occasionod the 6th Question

in the former chapter; and, as a further

and more particular direction in cases of this

kind, I have thought it necessary here to give

the following Table. -

Values
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values of 11 per Values in one values in an-r

ann. for life, af-present payment, nual payments till

ter 50, to ºper-interest 4 per Interest so, to begin at Interest

sons whose ages|cent. 3 percent: the end of a year, 3 per cent.

arc interest 4 per ct.

10 1.235 2.0.15} .079 . 113

15 1.583 2.444 .106 .146

20 2.028 2.989 .146 . 193

25 || 2.594 || 3:644|| .203 .259

30 3.369 4.508 .297 .366

3.5 4.446 5.667| .466 .559

_40 5.953 7.232|, .822 .950

Values of the Values in an

same annuity af- nual payments

ter 55, to ages - till 55.

30 2.114 2.937| . 197 .211

35 2.722 || 3.632 .241 .297

40 3.732 4.708; .304 .464

45 5.088 6.115|| .703 .803

Values of the

same annuity, Valuesinannual

after 60, to ages payments till 60

35 1.667 2.290 . 135 . 168

40 2.234 2.923| .203 .245

45 3.043 3.81.1| .327 .384

50 4.255 15.061|| .600 .679

The numbers in the 2d and 3d columns

of this Table, multiplied by any annuity,

will give the value of that annuity in a ſingle

payment, to be enjöyed for life, by the ages

corresponding to those numbers in the first

column, after the age at the head of that

column.
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column.—And in the same manner; the

numbers in the 4th and 5th columns will

give the values in annual payments.-Thus:

The value of 2644 per annum, to be enjoyed

for life, after 50, by a person now 40, (in

terest at 4 per cent.) is 5.953 multiplied by

44, or ºf 261.9 in a ſingle payment ; and

.822, multiplied by 44, or =#36. 17, in an

nual payments till 50, the first payment to

be made at the end of a year.

In order to find the same values, partly in

annual paymentſ, and partly in any given en

trance or admirfion money; say, “As the va

“ lue of the given annuity in a ſingle payment,

“ (found in the way just mentioned) is to the

“ given entrance money; so is its value in an–

“ nual payments, to a fourth proportional;

“ which, subtracted from the value in annual

“ payments, the remainder will be the annual

“ payment due, over and above the given
“ entrance money.” t

EXAMPLE.

Suppose a person now 40, to be willing to

pay £200 entrance-money, besider such an

annual payment for 10 years as shall, toge

ther with his entrance-money, be sufficient

to entitle him to a life-annuity of 2644 after

50. What ought the annual payment to be?

A N SW E R.

=88.55.-For, 26261.9, is to 28200 as

=#36. 17,



140 of Schemes for providing

2636.17, to £27.62; which, subtracted from

2636. 17, the remainder is 268.55.

This Table has been calculated from the

probabilities of living in Table V. in the next

volume,and Mr. DeMoivre'ſ valuation oflives.

The probabilities of life among the inha

bitants of London, are (as I have often had

occasion to observe) much lower than

among the generality of mankind; and the

values in the preceding Table, had they been

given agreeably to the London Observations,

would have been less. But, certainly, an

office or society, that means to be a perma

nent advantage to the public, ought always

to take higher rather than lower values,

for the sake of rendering itself more secure,

and gaining some profits to balance loſses and

expences.

There have lately been established, in

London, several Societies for granting such

annuities as those now mentioned; and he

that will compare their true values, as they

may be learnt from the preceding Table,

with the termſ of admission into these socie

ties, as given in their printed Abstracts and

Tabler, must be surprised and shocked. They

are all impositions on the public, proceeding

from ignorance, and encouraged by credulity

and folly. -

It has been shewn ; that the proper pay

ment (allowing compound interest at 4 per

cent.) for an annuity of 3644 to be enjoyed by

a person
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a person now 40, for what may happen to re

main of his life after 50, is ºf200 in admir

sion-money; besides ºf 8.55, or gé8... 1 1ſ. in

annual payments till he attains 50, the first

of these payments to be made at the end of

a year.—The conditions of obtaining this

annuity, according to the present Tables of

the Laudable Society of Annuitants for the

Benefit of Age, consisting of about 1300 mem

bers are ºf 76... 17. in admirſion-money; and

£6... 14.f. in annual paymentſ.-According to

theTables of the society of London Annuitants

for the Benefit of Age, the conditions of ob

taining the same annuity are £30 in admission

zmoney, and 2610 in annual paymentſ.-The

Equitable Society of Annuitants requires for

the same annuity ºf 38... 10... in admission

money, and sé13 in annual payments. The

true value is, over and above the admission

money just mentioned, an annual payment of

3630...17s. (interest reckoned at 4 per cent.)

or an annual payment of 2636... 15.ſ. (interest

reckoned at 3 per cent.)—The London Union

Society for the comfortable support of aged

members promises an annuity of no less than

50 guineas for life, after 50, to a person now

40, for £40... los. admission-money, and

=£7 in annual payments.

The Amicable Society of Annuitants for the

* The first members of this Society have paid no ad

mission-money; and are now expecting £44 per annum

for contributions which do not entitle them, one with

another, to #10 per annum. - -

benefit
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benefit of age, promises an annuity of £626

per annum, for life, to a person now 40, after

attaining 50, for £28.16s. in admission

money, and Æ6 in annual payments.—The true

value of this annuity is 3628...16s. in admir

rion-money, and £17...8s. in annualpayments,

(interest supposed at 4 per cent.); or the same

sum in admirsion-money, and 262o... 18. in

annual payments, interest supposed at 3 per

Cé/1f. - -

The Provident Society for the benefit of age,

consisting of 1280 members, promises an an

nuity of £25 to a person now 40, after the

age of 50, for 34 guineas in admission

money, and eight guineas in annual pay

ments. The true value is, 34 guineas in ad

mission-money, and ºf 15..12ſ. in annual pay

ments, interest at 4 per cent. ; or, the same

sum in admisſion-money, and 3619 in annual

payments, interest being at 3 per cent 8.

But I will not tire the reader, by going, in

this manner, through the schemes of all these

societies. The contrivers ofthem, it is certain,

can know nothing of the principles on which

the rule in Quest. VI. and the demonstration

of it in Note (B) at the end of this volume,

are founded; and, therefore, if unwilling to

be guided by the authority of mathematicians,

it may not be possible to convince them of

* The account here given of the terms on which a

F. whose age is 40, is admitted into these societies,

have taken from their printed Tables as they stood at

the end of the year 1770–In the younger ages, the de

ficiencies are greater. -

- their
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their mistakes. I will, however, offer to:

them the following demonstration, which,

will be understood without difficulty, by

every one who knows how to compute the

increase of money at compound interest.

The value of a life at 50, (interest being

at 4 per cent.) is 11+ years purchase by Ta.

ble VI. - in the next volume. For an an

nuity, therefore, of 2644 per annum for life,

to be enjoyed by a person at this age, 36498

ought to be given. Two in three of a num

ber of persons at the age of 32 will (by

Tables V, VIII, and XVII, in the next vo

lume) live to 50 ; and therefore, in order to

be able to pay an annuity to them of 3644

for life, after 50, the money now advanced

by every three, ought to be such as will, in

consequence of being laid up to be improved,

increase in 18 years to double ºf 498, that is,

to 26.996.-From the preceding Table it may

be learnt, that the money which ought to be

advanced by every single person is ºf 165, or

by three persons 26495; and this, in 18

years, will (as may be learnt from Table III.'

in the next volume) double itself, or increase

to just the sum that will then be the value of

the annuities to be paid.—But the money re

quired in this case by the Laudable Society,

is 3614...111...94. from each member at ad

mission, besides an annual payment of £4.

The admission-money, therefore, of two

members, being sé29... 33.6d. may be in

creased to twice this sum, or to #58...7.

2 An
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An annnal payment of 264 for 18 years will,

if perfectly improved at 4 per cent. com

pound interest, increase to 3102; and two

such annual payments will increase to ºf 204,

as may be learnt from Table IV. in the next

volume. -

The whole pay, therefore, of two mem

bers will produce at the end of 18 years

26262.73.−A third part, I have said, will

die before 50 years of age, and these will

live one with another 9 years. An annuity

of 264 for this time, will produce a capital of

af:42...6s. See Table IV. in the next vo

lume; and this capital improved for nine

years more will increase to £60. The whole

profit, therefore, from the member who will

die is, his admission-money doubled and add

ed to 3660, or ºf 89...3s...6d. And this sum

added to £262...7. makes 26351...10ſ...6d.

the whole money with which the society can

be provided, at the end of 18 years, to bear

the expence of two life-annuities, worth to

gether ºf 996.

By a similar computation it may be found,

that the improvement of money at only 3 per

cent. will rink the former sum to £324 at the

same time that the values of the annuities will

be raised to 261100.

The deficiencies in the schemes of most

of the other societies, are no less consider

able.—What confusion then must they pro

duce some time or other ? How barbarous is

it thus to draw money from the public by

- promises
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promises of advantages that cannot be obtain

ed Have we not already suffered too much

by bubble, 2

I have said, that these societies are “im

“ positions on the public, proceeding from

“ ignorance, and supported by credulity and

“ folly.” . But this is too gentle a censure.

There is reason to believe that worse princi

ples have contributed to their rise and support.

The present members, consisting chiefly of

persons in the more advanced ages, who have

been admitted on the easiest terms, believe

that the schemes they are supporting will

last their time, and that they will be gainers.

And as to the injury that may be done to

their ſucceſſors, or to younger memberſ, it is at a

distance, and they care little about it. Agree

ably to this principle, the founders of these

societies begin so low as not to require

perhaps a fourth or a fifth of the values of

the annuities they promise. Afterwards

they advance gradually, just as if they

imagined, that the value of the annuities

was nothing determinate, but increased with

every increase of the society. But, as no

ignorance can believe this, the true design ap

pears to be, to form soon as large a society

as possible, by leading the unwary to endea

vour to be foremoſt in their applications, lest

the advantage of getting in, on the easiest

terms, should be lost. It is well known, that

these arts have succeeded wonderfully; and

that, in consequence of them, these societies

WOL. I. L InCW
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~

now consist of persons who, for the ſame an

nuities, make higher or lower payments ac

cording to the time when they have been ad

mitted ; and the generality of whom, there

fore, must know, that either more than the

values have been required of the members

last admitted; or, if not, that they are them

selves expecting considerable annuities, for

which they have given no valuable consi

deration, and which, if paid them, must be

stolen from the pockets of some of their fel

low-members *. - -

I do not, however, mean to condemn all

institutions of this kind. They may be very

- useful, if the full values are taken, and pro

per care is used in the improvement of money.

Interest, in these cases, ought not to be reckon

ed higher than 3 per cent. and, supposing

money improved at this rate, a person, for a

single payment of £50 before he is 40,

might be entitled to a life-annuity of 10 gui

* If any person wants more information than I have

given him concerning these societies, he should consult

a work of great merit, published since the second edition

of this treatise, and entitled, CAlculations deduced

from first Principles, in the most familiar. Manner, by

plain Arithmetic, for the Use of the Societies instituted for

the Benefit of old Age; intended as an Introduction to the

Study of the Doctrine of Annuities. By Mr. Dale, a

Member of one of the Societies. In this Treatise there

is not only a very ample account given of the insuffi

ciency and iniquity of the schemes ofº. Societies, but

the principles on which the values of all annuities on

single lives are determined, and the method of calculating

them, are explained with the greatest clearness.

1 neas

,
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neas after 55 ; or, if he chuses it, to a life

annuity of £17 after 60. But if he pays the

same sum before he is 34, he might be en

titled to a life-annuity of 3614 after 55, or

3622 after 60. £25 would purchase for him

half these annuities; and sé100 double.

A society or office that,would go on this

plan, might do great service. Persons in the

lower stations of life might be brought to a

habit of industry, in the beginning of life,

by striving to get 4:25, or sé50, beforehand

in order to purchase such annuities, and thus

to make provision for themselves in the more

advanced parts of life, when they will be in

capable of labouri. r

L 2 It

* The benevolent Mr. Howard, in his State of the Pri

sons in England and Wales, p. 6o. Octavo Edit. gives

the following account of an institution at Harlem in Hol

land. “In this city,” he says, “there is a noble hos

“pital, airy and spacious, called the Proeveniers, in

“ which the persons admitted are decently provided with

“ meat, drink, and lodging, during their lives, and a

“burying-place at their decease. Persons of all ages,

“ from 20 to the most advanced periods, are admitted,

“ though it is not common for any under 40 to apply i.

“admission. At entrance each person pays a greater or

“ smaller sum, according to his age. If his age is 30,

“he pays 4500; if 40, he pays 3900; if 50, he pays

“3300; if 60, 7o, &c. he pays 2700, 210o, &c. florins;

“ and in proportion to these sums, at all the intermediate

“ ages.—A common table is provided for all that are not

“ sick or infirm.—It often happens that there are not va

“cant places when persons desire admission. But many

“secure places before a vacancy, by paying 200 florins

“ in advance of their entrance-money, in consequence

“ of which their names are inscribed in a list, and the

“ money
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It is proper to observe here, that institu

tions of this kind would furnish one of the

Jafºrt ways of providing for widows.—A

married man might, by paying 26100 before

his wife attained 40, intitle her, after 55, or

60, to a life-annuity of Æ21, or ºf 34. Or,

by paying the same sum before she attained

34, he might entitle her, after the same ages,

to a life-annuity of 3628, or sé44*; and in

this case he would have a chance of sharing

himself in the benefit of the annuity.

I have called this the safest way of pro

viding for widows, because attended with

none of the dangers arising from dispropor

tion of age between men and their wives,

and from the admission of persons labouring

under concealed distempers.

I cannot conclude this Section, without

mentioning the following plan of a provision

for Old Age. ~

Let 13 guineas be given as entrance-money;

and let besides ºf 1, 262, ºf 3, 364, &c. be

given at the beginning of the 1st, 2d, 3d, 4th,

&c. years, as the payments for these years re

spectively; and let the last payment be 2/216

at the beginning of the 16th year. All these

payments put together will, according to the

: money deducted from the sum required when they

“ enter.—Those who chuse to Jeave the house, receive,
• during the remainder of their lives, a certain but small

‘ interest for the sum which they paid at admission.”

* The same payment before 30, would entitle to an
annuity of £22 after 59. -

. . . probabilities
*
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probabilities of life in the 5th or 8th Ta

bles in the next volume, (interest being at

4 per cent.) entitle a person, whose age was

40 when he begun them, to an annuity, af

ter 15 years, beginning with £15, and in

creasing at the rate of £1 every year, till

at the end of 15 years, or when he has

reached to 70, it becomes a standing annuity

of ºf 30 for the remainder of his life. -

If the addition of three guineas is made to

the entrance-money, for every year that any life

between 30 and 40 falls short of 40, the va

lue will be obtained nearly, of the same an

nuity to be enjoyed by that life, after the

same number of years, and increasing in

the same manner, till it becomes ſtationary

and double. This plan is particularly

inviting, as it makes the largeſt payments

become due, when the near approach of the

annuity renders the encouragement to them

greateſt; and as, likewise, the annuity is to

increase continually with age, till it comes

to be highest", when life is most in the de

cline,

* According to the probabilities of life in the London

Table, this annuity should be greater.—A Theorem for

finding what the annuity ought to be in these cases, is

given in Note (I), at the end of this volume.

" The lower part of mankind are objects of particular

compassion, when rendered incapable, by accident, sick

ness, or age, of earning their subsistence. This has

given rise to many very useful societies among them, for

granting relief to one another, out of little funds supplied

+

-
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cline, and when therefore it will be most

useful.—It is further a recommendation of

* - - - this

by weekly contributions. A society of this kind, formed
on the £iº. plan, would probably thrive.

Let the society, at its first establishment, consist of 10o

persons, all between 30 and 40; and whose mean age
may therefore be reckoned 36; and let it be supposed to

be always kept up to this number, by the admission of

new members, between the ages of 3o and 4o, as old

members die off. Let the contribution of each member

be four-pence per week, making, from the whole body,

an annual contribution of #85...17s.-Let it be further

supposed, that seven of them will fall every year into dis

orders, that shall incapacitate them for seven weeks,—

24°30...12s. of the annual contribution will be just suffi

cient to enable the society to grant to each of these 12s.

per week, during their illnesses. And the remaining £5.5

per annum, laid up and carefully improved at 3: per cent.

will increase to a capital that shall be sufficient, according

to the chances of life in Tables V, VIII, and XVII. in

the next volume, to enable the society to pay to every

member, after 67 years of age, or upon entering his 68th

year, an annuity,º with £5, and increasing at

the rate of £1 every year for seven years, till, at the age

of 75, it came to be a standing annuity of £12 for the

remainder of life.

Were such a society to make its contribution seven

pence per week, an allowance of 15s, might be made, on

the same suppositions, to every member during sickness;

besides the payment of an annuity beginning with £5

when a member entered his 64th year, and encreasing for .

15 years, till, at 79, it became fixed for the remainder

of life at £20. - -

If the probabilities of life are lower among the labour

ing poor, than among the generality of mankind, this

plan will be so much the more sure of succeeding.

In 1773, a pamphlet was published, entitled, 4 Pro

posal for establishing Life Annuities in Parishes, for the

Benefit

-
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this plan that less depends in it on the im

provement of money than in most other

plans.

Benefit of the industrious Poor—“It is,” says this writer,

** a commonº observation that the money annually

“ raised for the poor, amounts to, at least, a million a

“ year; and that yet in many places they are but indif

“ferently provided for. To make provision for one's

“old age is so natural a piece of prudence, that it seems

“ at first sight wonderful, that it should not be generally

“ practised by the labouring poor, as it is almost uni

“versally by persons in the higher paths of industry:

“Nor can their negligence in this respect be accounted

“ for, in any other way so naturally, as by ascribing it

“ to their wanting proper opportunities of employing the

“ money they might save, in some safe and easy method

“ that would procure them a suitable advantage from it

“ in the latter periods of their lives. They know, for

“ the most part, but little of the public funds; and when

“ it happens that they are acquainted with them, the

“ smallness of the sum they would be entitled to receive,

“ as the interest of the money they could afford to lay

“ out in them, is no encouragement to them to dispose

“ of it in that way. What inducement, for instance,

“ can it be to a man who has saved ten pounds out of his

“ year's wages, to invest it in the purchase of 3 per cent.

“Bank annuities, to consider that it will produce him six

“ or seven shillings a year? It is but the wages of three

“ days labour. And if they lend their money to trades

men of their acquaintance, as they sometimes do, it

“happens not unfrequently that their creditor becomes a

“bankrupt, and the money they had trusted him with is

“ lost for ever; which discourages others of them from

“saving their money at all, and makes them resolve to

“spend it in the enjoyment of present pleasure. But if

&

&

(a) The amount of the poor-rate for one year at the end ofthe

reign of king Charles II. wassé665,362. See Davenant's works,

Vol. I. p. 38. In 1777, it was £1,556,804, according to the

returns made in that year to parliament by the overseers of the

poor.

“ they
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plans.—But I must leave these hints to be

pursued by others. .

- The

&

they saw an easy method of employing the money they

could spare in such a manner as would procure them

a considerable income in return for it at some future

“ period of their lives, without any such hazard of losing

“it by another man's folly or misfortune, it is probable

they would frequently embrace it: And thus a dimi

nution of the poor rate on the estates of the rich, and

increase of present industry and sobriety in the poor, and

a more independent and comfortable support of them

in their old age, would be the happy consequences of

such an establishment. Now this might be effected in

the following method.”

First, “Let the church-wardens and overseers of every

“ parish be impowered, by act of parliament, to grant

life-annuities to such of the inhabitants of the parish as

“shall be inclined to purchase them, to commence at

“ the end of one, two, or three years, or such other

“ future period of time as the purchaser shall chuse, and

to be paid out of the poor rates of the parish, so that

“ the lands and other property in the parish that is

“ chargeable to the poor-rate, shall be answerable for

“ the payment of these annuities. This circumstance

“would give these annuities great credit with the poor

“ inhabitants, by setting before them a solid and ample

security for the payment of them.”

Secondly, “Let the annuities, thus granted to the

oor inhabitants, be such as arise from a supposition

that the interest of money is 3 per cent, or some higher

“ rate of interest, if the church-wardens and overseers of

the poor think fit to make use of such higher interest.”

Thirdly, “But at the rate of 3 per cent. the purchaser

“ should have a right to an annuity, and the church

“ wardens and overseers of the poor should be compell

“ able to grant it.”

Fourthly, “No annuity depending on one life should

“ exceed 2420 a year.” - - -

Fifthly, “No less sum than £5 should be allowed

4.

g

&

&g

& 4.

& g

&

& 4.

& 6

g g

&

& *

to be employed in the purchase of an annuity.— …
-- “ This
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The body of dissenting ministers in Lon

don had under consideration some time ago

“This is to avoid intricacy and multiplicity in the ac

“ counts,”

Sixthly, “An exact register of these grants should be

“ kept, by the church-wardens and overseers of the

“ poor, in proper books for the purpose, in which the

“ grants should be copied exactly, and the copy of each

“ grant subscribed by the person to whom it is granted,

“And this copy, in the register-book of the parish,

“should be good evidence of the purchaser's right to

“ the annuity, in case the original deed of grant to the

“ purchaser, which was delivered to him at the time of

“ the purchase, should be afterwards lost.”

Seventhly, “ The money thus paid to the church

“wardens and overseers of the poor for the purpose of

“ life-annuities, should be employed in the purchase of

“ 3 per cent. Bank-annuities in the joint names of all the

“ church-wardens and overseers, and by them transferred

“ at the expiration of their offices to their successors, and

“ so on to the next successors for ever, so as to be

“ always the legal property of the church-wardens and

“overseers of the poor for the time being, in trust for

“ the persons who should be entitled to the several life

“ annuities, granted in the manner abovementioned; and

“ the interest of this money should be received every

“ half year, and invested in the purchase of more prin

“cipal continually, so as to make a perpetual fund for

“ the payment of the annuities, &c. &c., Deficiencies,

“if any should ever happen, to be made good by the

“ poor-rates, &c. &c.” - *-

The very able and public spirited writer of the pam

phlet from which I have taken this quotation, now Cur

sitor Baron of the Exchequer, took great pains to carry

into execution the design he has ...'...}. it. With

this view, a bill, with suitable Tables annexed, was

brought into the House of Commons and supported by

the excellent Sir George Saville, the late Mr. Dowdeswell,

and many others of the most respectable members. It .

assed that House without much opposition, but was re

jected in the House of Lords.

z 3. plan
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a plan of this kind; and a set of Tables

were composed for them. The design was

dropped ; but as it is possible it may be taken

up again, and the Tables may be of use, I

have thought fit to preserve them by insert

ing them among the additional Tables and

Observations in the next volume.

Additional Account of the Societies for the

Benefit of old Age.

SINCE the publication, in three former

editions of the Observations in the pre

ceding Section, almost all the Societies men

tioned in it, convinced of the insufficiency

and pernicious tendency of their plans, have

dissolved themselves, and distributed among

their subscribers the money they had paid,

with such interest or profit as remained after

deducting the expences of management; and

there are now left within my knowledge only

two of these societies which require any par

ticular notice. I mean, the Amicable and

the Laudable Societies for the Benefit of Age.

The first of these Societies mentioned in

p. 142, finding upon examination that, in

stead of an annuity of 2626, they could not

in reality afford to pay a higher annuity

than 268, determined, with great fairness, to

leave it to the option of all their members,

either to continue their contributions with

a view to this reduced annuity, or to take
r - back
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back all they had paid and withdraw. Near

two hundred members having chosen the

former, the Society now consists of them

only, and therefore can scarcely be in any

danger. The other Society, mentioned

p. 141, has also sunk the annuity it pro

mises from =#44 to sé24; but it is cer

tain, that it cannot permanently pay to all

its members a greater annuity than 2.É15. I

should lose too much time were I to give

an account of the calculations which prove

this. He that would see it demonstrated

with all possible clearness, should consult a

Tract published in 1777, by Mr. Dale, en

titled, A SUPPLEMENT to Calculations de

duced from first Principleſ, &c. No person

who understands common arithmetic can

avoid being convinced by the evidence

offered in this Tract, nor can any honeſt

man avoid being shocked by the narrative it

contains of the obstinacy with which the

majority in this Society have persevered in

error, contrary to the efforts of the more re

spectable part of the Society; and in defiance

of reason, justice, and humanity. I cannot,

in short, speak more properly on this sub

ject than in the words of Mr. Morgan in his

Treatise on the Doctrine of Life Annuities and

Arturancer, p. 47. “There is on E Society

“ for the benefit of old age still left, on

“ which, none of the calls of justice and

“humanity have been able to make any pro

“ per impression. I mean the Laudible So

“ciety
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“ciety of Annuitants, whose office is held

“ at the bottom of Bartholomew-Lane. In

‘‘ opposition to the plainest evidence, this

“Society goes on to offer double the annuity

“ it can afford to pay; and the late trans

“ actions in it (as related by Mr. Dale in

“ his Supplement) exhibit an instance of

“ such an obstinate and wilful perseve

“ rance in imposition as hath seldom been

“ equalled. I am sorry to add,” says

Mr. Morgan, “that this censure is applica

“ ble to another Society called also LAUDA

“ B L E, but in reality PERNIC I ous, as many

“, suffering widows will some time or other

“ experience.”

It is here said, that this Society promises

double the annuity it can pay; that is, AE24,

when in reality it can pay only ºf 12 ; where

as I have said that it may pay £15. In

order to explain this difference, it is neces

sary to observe that Mr. Dale has shewn

that gé15 nearly is the annuity which the

Society can afford to pay according to the

chances of living in Dr. Halley’ſ or the

Breſlaw Table; but that the chances of liv

ing in the Society had for eight years before

1776", (when the number of the Society was

above 1300, and its ſtock near ºf 96,000)

been found by particular enquiry to be not

much less than double to those at the same

* " I know not what the rate of mortality in the Society

has been since this year.

ages
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ages in the Table; from whence it follows,

that the annuity payable by the Society being

more valuable, it ought not to be so high as

2615, nor probably more than ºf 12.—The

fact now mentioned is important, but not sin

gular; for it has been found to take place

in other similar situations °; and the reason

is, that Dr. Halley's and most other Tables

of Observations give the chances of living as

they exist in towns among men of all sorts

taken in the gross; whereas such Societies

as those for the benefit of old age, and in

general all purchasers of life-annuities for

themselveſ, must consist of a ſelection of the

best lives,

P O S T S C R I P T.

Since the preceding Observations were

written, I have been informed' that this

Society has reduced its annuity from 4624

to Gé20. This reduction, together with the

high interest at which money may be now

improved (particularly in the short annuity),

will prolong considerably the duration of the

Society; but unless it is favoured by uncom

mon events, cannot make it permanent P.
-

|

S E C T.

* See additional observations on Civil Liberty, page

i 35.

* This prediction has been abundantly verified; for,

after having gradually reduced their annuities to £8, it

- " º appeared
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S E C T. VI.

Of the Amicable Society for a perpetual Afru

rance Office: And the Society for Equitable

Arfurances on Lives and Survivorships.

THE 10th Problem has been given, with a

particular view to the corporation of the

Amicable Society, for a perpetual Assurance

Office on single lives, kept in Serjeant’s-Inn.

This Society was established in 1706, and is

appeared from an investigation of their affairs which had

been made by myself in 1786, that the Society could not

then afford to pay their annuitants more than six guineas

a year. The number of their members at that time had

sunk from 1300 to 204, while their claimants had in

creased to 564, and their capital, which had once con

sisted of £96,ooo stock in the three per cents, had been

diminished more than one half-It has, however, been

found from subsequent experience that, low as those an

nuities were then reduced, the circumstances of the So

ciety required that they should be reduced still lower.—

In the year 1796, in consequence of a fresh application

from this Society, I was engaged a second time in the

examination of their affairs.-At that period the annui

tants were 471 and the members who had not become

claimants amounted only to 24—The residue of their

capital had been changed from three per cents into #1660

per annum in the Short, and £360 per annum in the Long

Annuities, which, from the extreme depression of public

credit were then hardly worth £17,000.-This depres

sion, more than any other cause, had produced such a

deficiency in the accounts of the Society as to render it

absolutely necessary to reduce the annuities from 6 gui

neas to £5–A reduction, aided as it has lately been by

the improved state of the public funds, which may per

haps secure the Society during the remainder of their

existence from the mortification of submitting to further

retrenchments. M.

the
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the only one I am acquainted with, which has

stood any considerable trial from time and

experience. It is limited by its charter to

the disposal of shares or numbers (not to ex

ceed 2000) held by ſingle lives, and entitling

to claims when the lives drop. For each of

these shares every purchaser pays at entrance

£7... 10s. besides =#1...11s. as the first

quarterly payment of 366...4 r. per ann. to be

continued during life. An annual dividend

of 361...4.ſ. for each share is allowed to

every purchaser out of the profits of the cor

poration, which reduces the annual payment

for each share to 365. The nett annual in

come arising from all the annual payments

(making 2610,000 when the Society is full,

and all the shares are disposed of), is equally

divided among the nominees of such mem

bers as die within the year; which dividend,

therefore, is more or less at the end of every

year as a smaller or greater number of the

members happen to die in that year. In

1757, the Society engaged that this dividend

though it might be more, should not be less

on each share than £125, and in 17704, that

it should not be left than 36150.—No one

person is allowed to purchase more than

* In 1757, the Society had accumulated by its savings'

26'25,300 three per cent. stock, which in 1770, had been

increased to £33,300; and a part of this stock was in

these years appropriated to the payment of claims, when

ever the number of them in any year should happen to

be so great as to render the annual contributions insuffi

cient to make them up to the guarantied sums. -

three
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three shares; nor are any admitted to be pur

chasers whose ages exceed 45, or fall short

of 12; and all between these ages are ad

mitted on the same terms. -

This Society has, I doubt not, been very

useful to the public; and its plan is such,

that it cannot fail to continue to be so. It

might, however, certainly have been much

more useful, had it gone from the first on a

different plan. It is obvious, that regulating

the dividends among the nomineer by the

number of members who die every year, is

not equitable ; because it makes the benefit

which a member is to receive to depend,

not on the value of his contribution, but on a

contingency; that is, the number of members

that shall happen to die the same year with.

him. This regulation must also have been

disadvantageous to the Society; as will ap

pear from the following account of the natural

progress of the affairs of such a Society, when

established on a right plan. -

Suppose a thouſand persons whose com

mon age is 36, to form themselves into a

Society for the purpose of assuring a parti

cular sum at their deaths, to such persons as

they shall name, in consideration of a parti

cular annual contribution to be continued

during their lives. Suppose the annual con

tribution to be 365, and the first payment"

• Such payments, it has been shewn, Question VIII.

p. 29, are better than any half-yearly or quarterly pay

ments, and at the same time they save some trouble.

- - - to
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to be made immediately. Suppose, like

wise the original number of the Society to

be constantly kept up by the admission of new

members, at 36 years of age, in the room

of such as die.—In Question X. p. 32, it

appears, that an annual payment, beginning

immediately, of £5 during a life now at the

age of 36, should entitle, at the failure of

such a life, to ºf 172, reckoning interest at

4 per cent. and taking Mr. De Moivre's va

luation of lives.—A thouſand persons, all

36 years of age, will die off at the rate of

20 every year. . The disbursements, there

fore, of such a Society will be, the first year,

20 times ºf 172, or ºf 3,440, and its income

will be £5000. It will, therefore, at the end

of the year, have a surplus of ºf 1,560 to put

to interest.—In consequence of the yearly ac

cessions to supply vacancies, the number dy

ing annually will be always increasing after

the first year. In 50 years' it will get to a

a maximum ; and then the affairs of the So

ciety will become stationary, and the num

ber dying annually will be 40, and its an

nual expence will be 366,880 exceeding the

annual contribution, ºf 1,880. But, in the

mean time, by improving its surplus monies,

it will have raised a capital equal to this ex

* This period will (by Question III.) be longer if the

Society is any time in filling, and admits members at

younger ages than 36. It will, for instance, be 84 years,

if the Society is ten years in filling, and admits at all ages

between 12 and 45. -

WOL. I. M CeSS,
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cess, and, consequently, its affairs will be

fixed on a firm basis for all subsequent

times.

Suppose now that such a Society, at its

establishment, should resolve to divide its

whole yearly income among the nominees of

deceased members. The effect of this would

be, that no capital could be raised ; that the

dividends payable to nomineer would diminish

continually, till, at the time that the greatest

number of members came to die annually,

(or at the end of 50 years), they would be re

duced to baff; and that all claimants, after

this period, would receive too little, because

the first claimants had received too much".

* The reverse of this will take place, if such a Society

begins with admitting all at all ages, and afterwards changes

its plan, and limits the age of admission. In this case,

the number of yearly deaths will be greatest at first, and

the dividends smallest. In consequence of altering its

plan, the yearly deaths will lessen gradually, and the divi

dends rise; but in time both would return again to their

original state. º

The following facts incline me to suspect, that this

remark may be applicable to the Amicable Corporation.

First. In their original charter, as it is given in their

printed abstracts, there is no limitation of age mentioned;

but 31 years afterwards, I find a bye-law made against

admitting any person who should be above the age of 45,

or under 12.-Secondly. In their printed advertisements

in 1770, it is said, that in 59 years they had paid, among

3,643 claimants, 3°378,184, from whence it follows, that

though the average of their dividends, for 17 years be

fore 1773, has been £154 the average, for 59 years, has

been only £104. -

4. At
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At the time of the institution of the Ami

cable Corporation, the interest of money was

at 6 per cent. and, as they admit none whose

ages are not under 45, the mean age of ad

mission cannot be much greater than 36. It

appears, therefore, that had they avoided

the error now mentioned, and gone from the

first on the plan I have described, they might

have all along paid to each nominee Gé172,

besides raising a capital much greater in

proportion to the number of members, than

that I have specified, from the premiums at

admission, forfeitures, and other advantages

which they have enjoyed ". Indeed, I can

not doubt but that on this plan, and with

these advantages, they might have found

themselves always able to pay at least ºf200

to each nominee”. - - -

I have already mentioned one instance in

which the plan of this Society is not equit

"A surplus from a thousand members of only five

shillings per annum, duly improved at 4 per cent. would,

in 41 years, produce a capital of £25,000.

* It should be remembered, that all this was said in

the former editions, on the supposition that proper care

has been taken to keep out unhealthy persons; that the

ages of admission have never exceeded 45; and that the

probabilities of life among the members of this Society,

are the same with those in the 5th, 8th, and 17th Tables,

in the next volume. But I have lately found the truth

to be, agreeably to the suspicion expressed in the last

note but one, that for many years after the first in

stitution of the Society, members were admitted at all

agcs. -

M 2 f able,
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able. Another instance of this is, their re

quiring the same payments from all per

sons under 45, without regarding the differ

ences of their ages; whereas, the annual

payments of a person admitted at 45, ought

to be double the annual payment of a person

admitted at 12.

Further. The plan of this Society is so

narrow, as to confine its usefulness too much.

It can be of no service to any person whose

age exceeds 45. It is, likewise, far from be

ing properly adapted to the circumstances of

ersons, who want to make assurances on

their lives, for only short terms of years.—

Thus; the true value of the assurance of

zé150 for 10 years, on the life of a person

whose age is 30, is by Quest. XIV. (interest

being at 3 per cent.) =é2... 13r. in annual

payments (for 10 years), to begin at the

end of the first year; and subject to failure

when the life fails. But such an assurance

could not be made, in this Society, without

an annual payment of £5.-Neither is the

plan of this Society at all adapted to the cir

cumstances of persons, who want to make

assurances on particular survivorships.-For

example: A person possessed of an estate,

or salary, which must be lost with his life,

has a person dependent upon him, for whom

he desires to secure a sum of money, payable

at his death. But he desires this only as

a provision against the danger of his%
- Pºſt,
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first, and leaving a wife, or a parent, with

out support. In these circumstances, he

enters himself into this Society; and by an

annual payment of Æ5 entitles his nominee to

af150. In a few years, perhaps, his nominee

happens to die; and, having then lost the

benefit he had in view, he determines to

forfeit his former payments, and to with

draw from the Society. In this way pro

bably, this Society must have gained some

advantages. But the right method would

have been to have taken from such a person

the true value of the sum assured, “on the

“ supposition of non-payment, provided he

“ should survive.” In this way he would

have chosen to contract with the Society ;

and had he done this, he would have paid

for the arturance, (supposing interest at 3 per

cent. his age 30, the age of his nominee 30,

and the probabilities of life as in the 5th,

8th, and 17th Tables) ºf 3...8ſ. 9 in annual

payments to begin immediately, and to be

continued during the joint continuance of his

own life, and the life of his nominee.

y The value of £150 payable at the death of a person,

aged 30, provided he survives another person of the same

age, is, by Question XI. Chap. I. Ž45.65; and this

value divided by 13.43 (the value increased by unity, of

two joint lives both 30), gives £34, or it'3...8s.--The

value of the same reversion, according to the probabilities

of life in London, is, £49.19, in one payment; and

44.16, in annual payments, during the joint lives, the

first payment to be made immediately. -

Further
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Further Account of the Amicable Corporation.

THE affairs of this Corporation have late

ly taken a very favourable turn. The di

vidends, from the annual contributions of

gé5 for each number, which for eight years,

ended in 1769, had not been ºf 150 on each

claim, have, for eight years ended at 1779,

been nearly £6200 °. The subsisting

shares have increased from 1120, (their

number in 1769) to 1990 (their full com

plement nearly) in 1780; and in the same

time the stock of the Society has been in

creased from 2633,300 to 2651,300 in the

3 per cent. annuities; in consequence of

which it finds itself now possest, after dis

charging all expences, of a clear surplus of

about ºf 1,350 per ann.—In these circum

stances a proposal has been made to the So

ciety to discontinue the increase of its stock,

in order to make use of the surplus in in

creasing the dividends on claims. This be

ing an inviting proposal, it is not surprising

that the Society in general has shewn itself

* This dividend for 1780, was £192...6s...1d.;; but

made up to £193 in consequence of a discretionary

power given the directors to take what sums they think

reasonable from the savings to increase the dividends.

- disposed
-
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disposed to accede to it. The imprudence

however of such a step will be evident from

the following observations.— It should be

considered, that the reason of the late in

crease of the annual dividends, has been the

late increase of the Society by the influx of

young members. So great has been this

increase, that the Society has been nearly

doubled in twelve years, and tripled in the last

30 years. It could not, therefore, but

happen that the number of deaths should be

come much less in proportion to the num

ber of members, than they were before the

increase. The Society being now full, and

admitting of no farther increase, the col

lective age of the members, and, together

with it, the annual deaths, will be for some

time increasing, till that part of the Society

which consists of the late additions • come

to die off twice as fast as they did at first.

During

* An addition of near 400 to the subsisting numbers

or shares of the Society was made from 1749 to 1768;

and of above 90o more, from 1769 to 1779–Even that

part of the increase of the Society which consists of

members to whom the first of these additions has been

owing, is at present far from dying off so fast as it will.

In truth, 50 or 60 years at least must elapse before this

can happen. See Question III. Chap. I. I am told it

has been asserted by some belonging to the Society, that

a person about 40 or 45 is not less likely to die than a

person 20 or 30 years older, from whence, I suppose it

is inferred, that the deaths now in the Society may be as

numerous as they will ever be. It would be doing an

injury to the Society to suppose that it can be influenced

by
-

z

~
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During this interval the dividends will be

rowing less and less, till at last they will

fall below the dividend which the Society

has guarantied (or -C150), and produce a

necessity of entering into the capital in order

to make it up. And the reduction of the

capital once begun will proceed faster and

faster till it is all spent ; and when spent,

the Society will be thrown back into the

state it was in before its increase, when

frequently it could not afford a dividend of

aſ 100 on each number.—Such will be the

certain effect of adopting the measure I have

mentioned. It is, therefore, imprudent in

the highest degree ; and I will add, that the

injuſtice of it is equal to its imprudence; for

it is benefiting the older part of the present

members at the expence of the younger

members, and all preſent members at the

expence of future ones. For a few years

the dividends will probably, with the help

of the addition of the annual profits, exceed

3200, which will be paid chiefly among

the claimants derived from the older mem

-

-
º

-

- .

by such assertions. According to all observations on

human mortality, a body of men at 65 or 7o will die off

twice as fast as a body of men at 4o; and a body of men

at 75 or 8o will die off four or five times as fast as a

body of men at 50. The human frame, after the age of

12 or 15, is continually wearing out and becoming less .

capable of combating the causes of mortality; but more

or less slowly according to the degrees of firmness with

which it was built, and the favourableness or unfavour

ableness of the situations into which it happens to fall.

bers.
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bers. But after a course of years they will

'sink to little more than half; and at that

period the Society will consist of the younger

part of the present members, and such new

members as shall be hereafter admitted to

fill up vacancies, who will therefore be great

/ofer, because their predecessors, by neg

lecting to improve the estate, made them

selves too great gainerſ. -

In order to set this in a clearer light, I

would desire it may be considered that, ac

cording to the mean probabilities of the

duration of life, a body of people at the age

of 36, will, one with another, live 25 years.

It must, therefore, be expected that a twenty

fifth part will die annually of a Society which

has subsisted any considerable time, and the

members of which are admitted at this mean

age. Supposing, therefore, 36 the mean

age of admission in the Amicable Corpora

tion, the time must come when (if kept *

up to its full complement) a 25th part of ,

the members will die annually, or when 80

numbers (the 25th of 2000) will drop, and

produce 80 claims annually.—The whole in

come of the Society (consisting of £10,000

per ann. from the charter contributions, and

261,350 per annum, profits), when divided

equally among 80 claimants, will give ºf 142

for each claim. The dividend guarantied in

* Should the Society decline, more than a 25th part

will die annually, and the period when this will happen

will arrive sooner.

1770
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1770 being 36150 there will be a deficiency

of 2/28 in each claim, or of £640 in the total

of claims; which sum procured by selling

stock in one year will leave a necessity of

selling more the next year, and still more

the following, and so on through every suc

cessive year, till the whole stock falls rapidly

to nothing. It is proper to observe here,

that this deficiency of 2.É640 per ann. is a

maximum to which the deficiencies of many

preceding years had increased gradually; and

that, therefore, the whole stock may be

consumed even before the period arrives,

when the greatest deficiencies will happen.

All this reasoning supposes that no more

than a 25th part of the members of this Cor

poration will hereafter come to die annually;

or that they are admitted at the mean age.

of 36, and live after admission, one with an

other, 25 years.—But these are probably too

favourable suppositions. Perhaps, the mean

age at which members are admitted (and

particularly the purchasers of two or three

numbers) may be above 40; and perhaps

also, on account of the difficulty there must

be in excluding from ſuch inſtitutionſ all bad

lives, the duration of the lives of the mem

bers may be somewhat less than is common

among persons at the same ages. Should

this be true, their duration of life after ad

mission will not exceed 22 years. A 22d

part will hereafter die annually. The claims

from 2000 numbers will be 91; and the di

- vidend
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vidend on each claim, with the addition of

the savings, will be only ºf 124...12ſ. which

will produce a deficiency of 262,311 per ann.

If I may judge from what has hitherto

happened in the Society, even these last sup

positions favour it too much ; for, I find,

that before the increase " which begun in

1750, a nineteenth part of the existing num

bers dropped annually, which made the di

vidends then fall frequently below #100.

This, however, must have been owing to

the admission, for some years after the esta

blishment of the Society, of members at

too advanced ages, and the neglect of pro

per care to exclude bad lives. Much un

certainty in this instance would be removed,

* This increase seems to have been owing to the limi

tation of age in 1737. In a few years after this, the

greatest part of the members who had been admitted at

advanced ages having died off, and the Society consisting

chiefly of younger members admitted in their room; the

dividends rose, which occasioned a quick increase of

young members, raised the dividends still higher, till, in

1757, the Society thought itself capable of guarantying

a dividend of 24'125; and, in 1770, a dividend of £150.

. These augmentations contributed yet more to increase the

Society, and consequently the dividends. It became,

therefore, soon full, and now finds itself in the pros

perous state described at the beginning of these Obser

vations; a state, which the Society may render really and

permanently prosperous, if they are properly attentive to

its causes, and will avail themselves of the opportunity it

ives them to rectify the faults in their original plan by

increasing their guarantied dividend in the manner I shall.

presently propose, instead of discontinuing the increase

of their capital. -

* *

a * and
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and the best guide obtained in conducting

the affairs of the Society, by taking an exact

account of the mean age at which, for the last

ten or twelve years, all members (distinguish

ing particularly such as have two or three

numbers dependent on their lives) have been

admitted ; and also of the number of years

which all admitted, till within the last 30

years, have lived after admission.

Upon the whole. Till new light is given

by such an enquiry as this, I must think

that, however prosperous the affairs of the

Society seem at present, it cannot prudently

act on any other expectation than that a pe

riod will come when a 22d or 23d a part

of its members will die annually, and when,

therefore, it will want at least an additional

income of ºf 2000 per ann. to enable it to

* If Mr. Brand, the clerk of this Society, is right,

the members of it are uncommonly short-lived; for, ac

cording to an account which he has given of the duration

of the lives of 3,826 persons who have been admitted into

it, and on whose deaths claims have been paid; they do

not, one with another, live after admission 16 years. See

Smart’s Tables republished by Mr. Brand, p. 189. See

Jikewise his Treatise on Assurances and Annuities, p. 68.

This, were it true, would be very threatening to the

Society. But Mr. Brand, in other parts of the little that

is his own in these Treatises, has erred so palpably, and

shewn himself so wonderfully ignorant, that, however

possessed in this instance of the means of information, he

deserves no credit.—The truth is, in the present case,

that he has included in his account such members as have

been admitted and have died lately; and this must neces

sarily lead to a wrong conclusion concerning the duration

of the lives of the members taken at large.

!' make
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make good its engagements. A greater ad

ditional income might be acquired by con

tinuing to lay up all its savings after dividing

the charter contributions—But were it to lay

up the whole of its income above what may be

necessary to divide ºf 170 on every claim,

it might advance its guarantied dividend

from 36150 to this fum. And this, in my

opinion, is the most rational and equitable

measure it can adopt.

I know, indeed, that there is a clause in

the charter which limits the increase of its

estate to 362000 per ann. But this clause

shews that the charter was framed with too

little foresight; and it must be repealed, or

the consequences will be that danger to the

Society and injuſtice to its future members

which I have represented.

The preceding Observations are offered

very respectfully to the consideration of this

Society. Should any of the members or di

rectors think them worth their attention, I

hope they will reflect, that having no interest

to serve, I can mean nothing by them but the

preservation of the credit and usefulness of

the Society".

SECT.

* It does not appear that any attention has been paid to

the admonitions and advice which were given in this

Section.—When the Society stipulated in 1770 that the

claims should never be less on each share than £150, the

number of subscribers, as might naturally be expected,
f increased
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S E C T. VII.

Of the Society for Equitable Asſurance on

Liver and Survivorshipſ.

THE Society which is to be subject of this

Section, has justly styled itself, “A Society

“for Equitable Arſurances on Lives and Sur

“vivorshipſ.” The business of it is car

ried on at its office, in Chatham-Place, near

Blackfriars Bridge. It was founded in 1762,

- - 1I]

increased very rapidly: By the accession of so many new
members a sudden addition was made to their annual

income, and, in consequence, the dividends on the claims

were increased so as to raise them during the first 1o or

15 years from 36'150 to €200, and in some years even

to £300. But this effect necessarily ceased with the

cause which produced it, and the dividends since the

year 1787 have sometimes fallen so low as barely to ex

ceed the stipulated sum of £150.-Nay, in the last year

they fell short of this sum, and the Society had recourse

to their capital, not merely to supply the deficiency, but

even to add £5 to each share over and above the sum

which they had engaged to pay. In some years they

have added £15; nor do they seem in these additions to

be guided by any oneº of reason or computation.

It is at best a very mistaken liberality, and if it were

always to be repeated under similar circumstances, though

it might perhaps be intended to promote the credit, it

would inevitably terminate in the ruin of the Society.

By increasing the number of their shares about 1o

years ago from 2000 to 4ooo, they produced in like

manner as in the year 1776, a temporary increase of the

dividends: but the effect in this instance was more tran

sient, owing, I believe, principally to the new members

having for the most part consisted of personsbºwº
- - 3I)
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in consequence of lectures recommending

such an institution, which had been read by

Mr. Simpson, a name that can never be for

and 50 years of age.—In the admission of these members

they raised the contributions upon every number above

2060 from £5 to £6.4s. per annum; thus, making the

amount of the annual payments to depend, not on the age

of the subscriber but on his priority in the Society.—It

is much to be lamented that they should not have chosen

to adopt the improvements proposed in this work, rather

than persevere in a course so injurious to their real in

terest, and often disgraced by regulations so absurd and

inequitable. They have indeed lately manifested a dis

position to reform their plan, and in consequence of the

recommendation of the Directors they have limited the

age of admission to 4o instead of 45—they have also

placed all the members on the same footing in regard to

their annual payments—restrained for a time the amount

of the dividends to £150—and, in order to encourage

young persons to subscribe, they have given those who

enter under the age of 35, the privilege of having six,

instead of the usual number of three shares, on their re

spective lives:–They have also agreed that £34,300 of

their stock, (amounting in the whole to 3°64,3eo in the

- three per cents, together with some property in houses)

should be preserved as unalienable without the consent

of two successive general courts, so that only £30,000

of their stock shall be appropriated in aid of the annual

contributions to make up future deficiencies in the divi

dends.-Had these regulations been proposed at an earlier

period, it is possible that they might have been effectual;

but I have every reason to believe from an investigation

of the affairs of this Society, that in its present state they

are much too feeble and inefficient.—The reform of a

plan originally very defective, and rendered still more so

by subsequent laws and alterations, is indeed a work of

considerable difficulty, and if the members satisfy them

selves with the measures they have now adopted, it is

certain that they are far from having accomplished such

a reform as will secure the Society from the conse

quences of their former errors. - :

w gotten
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gotten while there is any mathematical or

hilosophical knowledge left in the world.

R. Dodron also, the author of the Mathe

matical Repoſitory, was active in recommend

ing the plan of this Society, and composed

Tables for its use.—It assures any sums or

reversionary annuities on any lives, for any

number of years as well as for the whole con

tinuance of the lives, at rates settled by parti

cular calculation; and in any manner that

may be best adapted to the views of the per

sons assured. That is, either by making the

assured sums payable certainly at the failure

of any given lives, or on condition of survi

vorship: and also either by taking the price

of the assurance in one preſent payment, or

in annual paymentſ during any single or

joint lives, or any terms less than the whole

continuance of the lives.—in short; the plan.

of this Society is so extensive and so im

portant, that I cannot satisfy my own mind,

without offering to the gentlemen concerned

in the direction of it, the following obser

vations, hoping they will not think them

impertinent.

First. They should consider what distress

would arise from the failure of such a scheme

in any future time; and what dangers there

are, which ought to be carefully guarded

against in order to secure success. I have

already more than once observed, that those

persons will be most for flying to these esta

blishments, who have feeble constitutions,

or
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or are subject to distempers which they

know render their lives particularly preca

rious ; and it is to be feared, that no caution

will be sufficient to prevent all danger from

hence.

Again. In matters of chance, it is im

possible to say, that an unfavourable run of

events will not come, which may hurt the

best contrived scheme. The calculations

only determine probabilities; and, agreeably

to these, it may be depended on, that events

will happen on the whole. But at particular

periods, and in particular instances, great

deviations will often happen; and these de

viations, at the commencement of a scheme,

must prove either very favourable, or very

unfavourable. -

But further. The calculations suppose,

that all the monies received are put out im

mediately to accumulate at compound in

terest. They make no allowance for losses,

or for any of the expences attending manage

ment. On these accounts, the payments to

a Society of this kind, ought to be more

than the calculations will warrant, and the

interest of money ought to be reckoned low.

Mr. Dodson, I find, has paid due attention

to all this, by reckoning interest, in his cal

culations for this Society, at 3 per cent. and

taking the lowest of all the known proba

bilities of life, or those deduced from the

WO L. I. N London
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London bills of mortality". There is, be

sides, a liberty provided of making a call

on all the members, in case of any particular

emergency. It is, therefore, highly pro

bable, that this Society must be secure. The

last expedient, however, would be a very

disagreeable one, should there be ever any

occasion for having recourse to it; and, in

order to guard still more effectually against

danger, it would not, I think, be amiss to

charge a profit of 6 per cent. on all the pay

ments. Should the consequence of this

prove, that in some future period the Society

shall find itself possessed of too large a capi

tal, the harm will be trifling, and future

members will reap the advantage. But this

leads me to repeat an observation of particu

lar consequence. - -

As this Society is guided, in every instance,

* It ought, however, to be remembered here, that in

selling life-annuities to commence either immediately, or

after given terms; and also in some other, cases, the

values come out less in consequence of lower probabilities

of life. Would it in such instances be taking an unfair

advantage, to estimate the values by Tables which give

the highest rather than the lowest values P. Thus; was the

Society to sell gé'20 per annum for life, to a person now

30, after 50, the value, according to Dr. Halley's Table,

would, reckoning interest at 3 per cent. be #90 in a single

payment; but according to the London Table, the value

would be only £70. -

But in reality the value, even by Dr. Halley's Table,

is less than the Society, in such a case, ought to take, for

the reason mentioned in page 157. b

y
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by strict calculation, it is not to be expected
that it can meet with any difficulties for

many years; because not till the end of

many years after it has acquired its maximum

of members, will the maximum of yearly claim

ants and annuitants come upon it. Should

it, therefore, through inattention to this re

mark, and the encouragement arising from

the possession of a large surplus, be led to

check or stop the increase of its stock too

soon, the consequences might prove perni

cious. - - ,

Again. I would observe, that it is of

great importance to the safety of such a So

ciety, that its affairs should be under the

inspection of able mathematicians. Melan

choly experience shews, that none but ma

thematicians are qualified for forming and

conducting schemes of this kind.—In short ;

dangerous mistakes may sometimes be com

mitted, if the affairs of such a Society are

not managed frugally, carefully, and pru

dently. One instance of this I cannot avoid

mentioning. . -

A person, who desires to assure a particu

lar sum to beF. at the failure of his life,

on condition of the survivorship of another

life, may chuse to pay the value in annual

contributions during the continuance of his

own single life rather than during the con

tinuance of the joint lives, because the an

nual contributions, in this case, ought to be

much less. But a Society that would prac
- N 2 tise



180 . Of the Society for -

tise such a method of aſſurance would hurt

itself; for as soon as the life, on whose sur

vivorship the assurance depends, is extinct,

the person assured, if then living, would have

no longer any benefit in view; and, there

fore, would make his payments with reluc

tance, and in time, perhaps, entirely with

draw them; the consequence of which would

be, that the Society would suffer a loss by

being deprived of the just value of the ex

pectation it had granted. The plan of a

Society ought always to be such, as that the

losses arising from discontinuance of pay

ment, should fall on the purchaser, and

never on the Society. - -

I must not forget to add, that it is neces

sary that such a Society should be furnished

with as complete a set of Tables as possible.

This will render the business of the Society

much more easy, and also much more capa

ble of being conducted by persons unskilled

in mathematics. It will also contribute much

to its ſafety. For in all cases to which Ta

bles can be extended, there would be no

occasion for employing any calculators; and,

consequently, a danger would be prevented

to which, though it is not now, it may here

after be exposed; I mean, the danger of

happening to trust unskilful or careless cal

culators.—It is indeed furnished with Tables,

by which a great part of its business is trans

acted ; but there are some important Tables

which it wants, and with which it should
- - - * * be

*
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be supplied ; and these when composed, to

gether with all its other Tables, should be

subject to the revisal and examination of the

best judges, and afterwards published; with

a minute account of the principles assumed

and the method taken in composing them.

Such a publication would be a valuable ad

dition to this part of science; and it would

also be the means of increasing and esta

blishing the credit of the Society.

In Questions 4th, 6th, 10th, 11th, 14th,

15th, and 16th, I have, with a particular

view to this Society, given rules by which

may be formed every Table it can want, for

shewing the values of assurances on the

whole duration, or any terms, of any one or

two lives ; and nothing but care and atten

tion can be necessary to enable any good

arithmetician to calculate from them, -

Further Account of the Equitable Society,

with an Account of an Inſtitution for the

Sale of Life-Annuities at Hamburgh.

I HAVE just referred to the questions in

the first Chapter of this Treatise, for the

rules by which the values of assurances on

any one life, or any two lives, may be com

puted. Since the last publication of this

Treatise, investigations of this kind have

been carried much farther, and this subject,

as far as it respects assurances on any num

ber of lives not exceeding three, has been

nearly exhausted by Mr. Morgan, the actu

* ary
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ary of this Society, in the Treatise referred

to at the end of the First Chapter.—In this

work, Mr. Morgan has given a distinct ac

count of the state of this Society as he had

made it out to January 1777; and to that

account, and to the Observations addressed

to the Society in the Introduction to Mr.

Morgan’s Treatise, I must refer for the fullest

information that can be given of the plan

and progressive increase .# the Society, and

of the methods employed to keep in constant

view the state of its accounts. I shall here

only add, that its increase has been going on

ever since with rapidity; that, in the last

five years (or since 1776), its annual income

has been nearly doubled, and its capital (con

sisting now in part of land securities) more

than tripled; that the rate of mortality among

the persons assured has continued much

below that in the Tables by which it has

hitherto made its calculations; 3 and that,

- - - upon

* Until the time nearly in which this account was

written the Society had computed all their premiums

from the London ºb. of Observations, and it appeared

from the experience of twelye years, (or from 1768 to

1780) that the decrements of life among their members

had been

To those To those

in in

- - . London. Breslaw,

from the age of 16 to 20 in the ratio of 1 to 1; 1 to 1

2b to 3o . . . . . . . . . . . . 3 to 7 . . . . . .2 to 3

30 to 49 . . . . . . . . . . . .4 to 9 . . . . . . .2 to 3

- 40 to 59 . . . . . . . . . . . .3 to 5 . . . . . .8 to 9.
* * * - • * - - -

50 to 6o . . . . . . . . . . .2 to 3 . . . . . .6 to 7

*** - ſº .50 to 70 . . . . . . . . . . . .9 to 16 . . . . . .9 to 8.

g
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upon the whole, it appears at present to

possess such a surplus of income and stock

as places it (if no mismanagement takes

place) above danger, except from events the

most extraordinary.

In these circumstances, the Society, not

willing to raise an exorbitant capital, or to

take unreasonable profits, came to a resolu

tion at the beginning of the last year, or 1781,

to make such abatements in its demands as

its present circumstances render safe, and to

settle such new arrangements in its business

as may contribute, to make it as great a

benefit as possible to the public.

In the preceding Section, but more parti

cularly in the Introduction to Mr. Morgan's

Treatise, I have expressed my wishes that

the Society would order new Tables to be

calculated from Observations more adapted

In consequence they determined to compute the pre

miums in future from a table which should give the pro

babilities of life higher than that which they had hitherto

used; and for this purpose they adopted one which had

been just formed by Dr. Price %. very accurate obser

vations made in the town of Northampion. Compared

with the decrements of life in that table from the year

1768 to the year 1800,the decrements of life in the Society

appear to have been from the age of

1o to 20 in the ratio of 1 to 2

20 to 3o . . . . . . . . . . . . 1 to 2

3o to 40 . . . . . . . . . . . .3 to 5

4o to 50 . . . . . . . . . . . .3 to 5

50 to 6o . . . . . . . . . . . .5 to 7

6o to 8o . . . . . . . . . . . .4 to 5 or at all ages

together in the ratio of two to three. M.

to
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to the general state of mortality among man

kind than those given by the London bills of

mortality. I can now inform the public,

that such an order has been given and latel

carried into execution.—These new Ta

bles are,

First. A Table exhibiting the values of

single lives for their whole duration. -

Secondly. A Table of the values of single

lives for any terms of years not exceeding

ten. º

Thirdly. A Table of the values in sin

gle and annual payments, of assurances on

single lives for terms, and for their whole.

duration. - *

Fourthly. A Table of the values of two

joint lives for all ages.

Fifthly. A Table of the values, in sin

gle and annual payments, of assurances of

gross sums, and life annuities payable on the

survivorship of one life beyond another.

The most material parts of these Tables will

be found among the other Tables in the next

volume. They have been calculated by Mr.

Morgan with incredible care and industry;

and are correct and complete to a degree

never before attempted in any Tables of this

kind. They are to form the basis of the fu

ture business of the Society, and must con

duce much to its growing credit and useful

IneSS.

The second, third, and fifth Tables, have

been calculated by the rules in Chap. *:
- - thlS
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this Treatise, Question 6th, 10th, 11th, and

14th. Andthe other Tables, or the 1st and 4th

just mentioned, in the method described by

Mr. Morgan in the 2d Section of the second

Chapter of his Treatise on the Doctrine of

Annuities and Assurances; a method which,

at the same time that it lessens the labour

of these calculations, prevents the possibility

of falling into any mistakes".

They are all founded on a Table of the

probabilities of the duration of human life at

Northampton, which will be inserted among

the other Tables in the second volume of this

work. This Table made a part of all the

former editions of this work; but it is, in

the present edition much improved, and

gives, I believe, more correctly than any

other, the mean probabilities of the duration

of human life; and, therefore, as I shall ob

serve again hereafter, seems to be more pro

per than any other for general use.

I had, in the Introduction to Mr. Morgan’s

Treatise, recommended to the Society the

observations on human mortality at Cheſter;

and I had procured a copy of them from Dr.

HAYGARTH, the ingenious founder of them.

But the directors of the Society have judged

yery rightly, that they carry the probabilities

* Specimens of the shortest and easiest method of making

these calculations by Logarithms, and grounded on Mr.

Morgan's method here mentioned, will be given in a

Postscript to the 4th Chapter, f

- O
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of life too high for their business.-These

Observations,iº. are not on this ac

count less important. I have been enabled

by them to make the Northampton Table of

º more complete; and Tables of

the decrements and expectations of lives,

deduced from them, for both sexes, will be

given in the next volume.

The interest of money in calculating the

new Tables of the Society has been reckon

ed, as it was in the old Tables, at 3 per cent.

This gives the Society (more especially at

resent when money may be improved at

near double this interest) a very great ad

vantage. It likewise possesses the two fol

lowing advantages.

First. The interest of a large and fast in

creasing capital, the greatest part of which

is a su RPLU's over and above all that is ne

cessary to enable it to make good its engage

IſlentS.

Secondly. The profits arising from higher

probabilities of living among the members of

the Society than are exhibited, even in thenew

Table of Observations, by which its demands

are for the future to be governed. This Ta

ble differs but little from the Breſlaw or Dr.

Halley's Table of Observations, which, as

may be seen in the Note, p. 182, gives pro

babilities of living near a third lower than

those which have hitherto taken place in the

Society. -

- 2 I believe
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I believe the Society might now safely

trust itself to the security arising from these

advantages, and take the payments for assur

ances in strict conformity to its new Tables,

without any charge upon them; and the

consequence of this would be, that these

ayments, which four years ago were reduced

a tenth, will be further reduced about two

tenthſ, or in the whole about 30 percentí. ,

But as it has been the custom of the So

ciety (in conformity to the recommendation

in p. 178) to make an addition of 6 per cent.

to all the payments required by the old Tai

bles, it may, I think, be excused, if, for the

sake of greater safety and to provide better

for the expences of management, it should

make an addition of 3 or 4 per cent. to the

payments required by the new Tables.

There still remain a few Tables, which

perhaps some time or other the Society may

think proper to furnish itself with.--—ſ

will mention the two following. -

First. A Table of the same ind with that

mentioned in p. 135, shewing the values of

sums payable at a given age, and of annuities

payable till a given age, to a child, should he

lose his parent. -

Secondly. A Table containing the values

*

* It should be remembered, that the reduction here

mentioned, does not extend to the single payments for

assurances of life-annuities payable on survivorship, the

London Table of Observations giving these almost as low

as the Northampton Table.

of

^

* -
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of assurances of annuities for the remainder of

life after given terms. -

. This would inform the public what ad

vantages could be reasonably offered to per

sons who wish to be purchasers of such an

nuities; and the avidity with which the de

ceptions in this way have been encouraged

renders such an information particularly

É. The public, indeed, has been led

y these deceptions to entertain such wrong

ideas of the terms on which these annuities

may be sold, that probably no terms which

the Society can afford will appear sufficiently

encouraging. There are, however, annui

ties of this kind which, at the same time that

they have the most useful tendency, might

possibly invite purchasers, Suppose, in

particular, an annuity of £1 to commence at

56, and to increase at the rate of 261 every

year afterwards, (so as to become gé15 at

70, æ25 at 80, and 2635 at 90) was offered

for a given sum payable at the age of 30, with

proper abatements for every year that the

purchase was made before this age.—Would

InOt such a proposal be likely to engage at

tention 2 And might it not be extremely

useful, by holding forth an incitement to in

dustry in the beginning of life, and providing

a way of laying out small savings to the best

advantage? According to a high valua

tion the sum in this case would be about

twenty guineas; and the proper abatement
w about
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about twenty-five shillings for every year

that a purchaser’s age, if not less than 20,

falls short of 30. - - w

I must not conclude these Observations,

on annuity schemes without taking particu

lar notice of an excellent example in this

way, which is given by a general annuity in

stitution lately established at Hamburgh; and

to which I have referred at the end of the

fourth Section, p. 137. . . . -

Having received, through Mr. Oeder at

Oldenburgh, an account of this institution,

and finding that the conductors of it wish to

extend its advantages beyond the limits of

Hamburgh; I embrace with pleasure this

opportunity of recommending it, and re

citing the following particulars in its plan.

Persons of all ages who may desire to in

crease their incomes by purchasing annuities

for their own single lives, or for the longest

of any two lives, may in this institution

purchase such annuities. A person at 50

may receive during his life 7; per cent. for

any sum; at 60, he may receive 10,... per

cent. ; at 70, 15 per cent. Persons who

depend for a subsistence on the permanency

of their capacities for service or labour;

may with such savings as they may be able

to make in their years of vigour, purchase

for themselves a competence for old age. . A

person at 40 may with 26.100 purchase #18

- per ann. for his life after 55; or, for a pay

- Inent
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ment of 17:...6d. every half year till he is

60, he may purchase for his life after that

age 366., 12. per ann.—Young persons

whose fortunes do not produce a sufficient

income may, by sinking a part of them, pro

cure the means of a future settlement in

life. A boy, for instance, aged 10, may

with £100 purchase an annuity of £83 de

pendent on his life till he is 25 years of

age, when it may be supposed he will be.

F. with other means of supporting

imself. -

Persons who have friends or relations de

pendent upon them may purchase for them,

either by a single present payment, or by half

yearly payments, any annuities to commence

at the time of their survivorship, should

that happen, and to be continued during the

remainder of their lives. In the case of wi.

dows an abatement is made, if the purchaser

chuses that the annuity should be paid only

during widowhood. - -

- Parents wishing to provide portion'ſ for

their children, or sums for putting them

out to apprenticeships when grown up to

a certain age, may purchase (by either half

yearly contributions or singlepayments), such

pottions or sums to be paid them at that

age, shoukd they live to it. .

. The plan of this institution includes in

it several other particulars; but I will only

add, that the money received by the con

- … - ductors
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ductors of it is lodged, in the chamber of

Hamburgh, that the prices or contribu

tions are distinctly specified for every age in

a set of Tables which have been published

at Hamburgh; and that these Tables have

been calculated at an interest of 3 per cent.

from some of the best registers of mortality,

and (as far as I have examined them) with

skill and correctness". ... "

- C H A P.

*The Equitable Society, since these observations were

written in the year 1783, has increased so immensely both

in the number and magnitude of its assurances, as to be

come an institution of the first importance. In the year

1786, after a minute computation of the value of each

separate assurance, the addition of 1; per cent, which had

been made to the claims in 1782 for every annual pay

ment prior to that year, was increased to 23 per cent. In

the years 1791, 1793, and 1795, still farther additions

were made, amounting together to 4 percent; so that the

claims on all assurances of an earlier date than 1774 were

more than doubled, and even those of so late a date as

1783 were increased nearly one half. But although the

Society never hazarded an addition without a thorough

conviction of its safety founded on a comparison of the

claims with the premiums and on the decrements of life

among its members in each year, it wisely determined to

proceed no further with these additions till the same in

vestigation of its affairs had taken place, which had been

first instituted in 1776, and repeated in 1786–Accord

ingly, in the year 1800 this work (which from the in

creased number of assurances had become a most arduous

and toilsome undertaking) was accomplished, and the re

sult proved so highly favourable that another addition of

£2 per cent. was made to the claims, so that at this time

the assurances of 1790 are increased £36 per cent. ;

those of 178o £ 105 per cent, those of 1770 ± 190 per

cent, and those of 1762 £258 per cent. making in the

whole a sum which in present value would fall very little
- - short
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CHAPTER III.

Of the Method of calculating the Values of

Reverſionſ depending on Survivorshipſ.

ALL Questions relating to the values of

lives and reversions, are at present of par

ticular importance in this kingdom. Much

business is continually transacted in this

way; and any considerable errors in the

- methods

short of half a million –It is unnecessary to expatiate on

this subject, in order to shew the great benefit which this

Society has proved to the public.—Proceeding always as

it has hitherto done on the sure ground of computation,

it never can incur any material danger.—The many thou

sands of which it is now composed render the decrements

of life almost uniform among its members, and from the

experience of more than thirty years those decrements are

found to be even one third (a) lower than they are in the

Table from which the premiums are computed. Provided

therefore the same care is used in excluding bad lives,

every addition to the business of the Society must be an

addition to its profits.-The increased number of mem

bers, by preventing it from being affected by any parti

cular season of mortality, will also render those profits

more uniform and secure; so that the stability of the So

ciety will be strengthened in proportion as its usefulness

is extended.

The only danger to which it is exposed arises from the

greatness of its capital. If due regard be not paid to the

immense demands which must hereafter come upon it.—

If on the contrary this capital be considered only as an

- 3CCul

(a) See note p. 183.
rx
-
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methods of solving such questions, must in

time produce very bad consequences.—The

design of the following observations is to

point out a particular error, into yhich there

is danger of falling, in finding the values of

such reversions as depend on survivorships.

In doing this, I shall, in order to be as plain

as possible, take the following case. “A,

“aged 40, expects to come to the possession

“of an estate, should he survive B, aged

“ likewise 40. In these circumstances he

“offers, in order to raise a present sum, to

“give security for £40 per annum, out of

“the estate at his death, provided he should

“get into possession; that is, provided he

accumulation of profit, and the members on this suppo

sition should be tempted to make too frequent additions

to the claims, the consequence, though distant, must ul

timately be fatal. Hitherto great prudence and discre

tion have been manifested in the management of this So

ciety. No measure has been adopted which had the least

tendency to diminish the capital without a previous in

vestigation; and in order to secure the same prudence and

discretion in the future conduct of its members, the So

ciety has lately provided by certain laws, “ that no allow

“ ance to claimants shall ever be made without a previ

“ous investigation of its affairs and the concurrence of

‘ four-fifths of its members at three successive General

“Courts, and also that such allowance shall in no in

‘ stance exceed two-thirds of the clear surplus stock of

“ the Society.” By these restrictions, as far as human

precaution can operate, the danger of intemperate mea

sures is avoided; and there is every reason to hope that

an institution, founded on such liberal principles and de

fended by such wholesome provisions, will not only be

secure, but continue to improve in credit and prosperity.

º

WO L. I. O “should
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w

“-should survive B. What is the sum that

“ought now to be advanced to him, in

“consideration of such security, reckoning

“compound interest at 4 per cent?”

Mr. De Moivre's directions in his Trea

tise on Annuities, Problems 17th and 20th,

lead us to seek the required sum in this case,

- by the following process.

Find first, the present sum A should re

ceive, for the reversion of 3640 per annum

for ever after his death ; supposing it not de

pendent on his surviving B. The present va

lue of such a reversion is “the value of the

“life subtracted from the perpetuity, and

“the remainder multiplied by the annual

“rent.”—The value of the life is, by Mr.

De Moivre's Hypothesis, 13.196. This

subtracted from 25, the perpetuity, leaves

11.804; which, multiplied by 40, gives

2£472.16; the value of the supposed estate,

after the life of A. But, as Mr. De Moivre

observes, the lender having a chance to lose

his money, a compensation ought to be made

to him for the risk he runs, which is founded

on the possibility, that a man of 40 years of

age may not survive another person of the

same age. This chance is an equal chance;

and, therefore, half the preceding sum, or

26236.08, is the money which should be ad

vanced now on the expectation mentioned.

* By Scholium, p. 34, and Problem 26th, p. 293 of Mr.Simpson's Select Exercises. w -

This
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This solution carries a plausible appear

ance; and most persons will, probably, be

ready to pronounce it right; nor will this

be at all wonderful, as so great a master of

these subjects as Mr. De Moivre, appears to

have been misled by it.—Nothing more is

necessary to prove it to be fallacious, than

proceeding in the same way to solve the fol

lowing similar Question. -

“A, aged 40, offers to give security for

“3640 per annum, to be entered upon at his

“death, provided it should happen before the

“death of B, aged likewise 40. What sum

“should now be advanced to him for such a

“reversion, interest being reckoned at 4

“ per cent 2"

In solving this problem, agreeably to the

method just described, we are to find the va

lue of 3640 per annum, to be entered upon

eertainly at the death of A; and then to mul

tiply this value by the chance that A shall

not survive B, or by #; and in this way the

answer comes out the same with that already

given.

Now it may be easily seen, that this must

be wrong. The value of a reversion, to be

received when a person of a given age dies,

cannot be the same, whether the condition

of obtaining it is, that he shall die before, or

that he shall die after another person. That

is, whether it is provided, that a purchaser,

if he succeeds, shall get into possession

Jooner or later. The reversion in the latter

O 2 CàSG
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case must, without doubt, be of less value
than in the former. - - - - - - • , ,.

. . .

The first question here proposed, resolves

itself into the following general Question.

“What is the present value of a given re

“ versionary estate, to be entered upon after

“ the failure of two lives, provided one in

“ particular of them should be the longert

“ ſiſ: 2"

Now, the present value of an estate to be

enjoyed for ever, after the failure of the longert

of two lives, is “the value of the longest

“ of the two lives, subtracted from the per

“petuity; and the remainder multiplied by

“ the annual rent of the estate.”—The value

of the longeſt oftwo lives is, as is well known,

the value of the two joint lives, subtracted

from the sum of the "values of the two

ſingle lives. In the present case, therefore,

it is 9.82, (the value of two joint lives

at the age of 40 by Table VII. in the next

volume) subtracted from twice 13. 196; (the

value of a ſingle life at the same age) that is,

16.57 years’ purchase. And this subtracted

from 25, (the perpetuity) gives 8.43; which,

multiplied by 40, gives. E337.2, the value

of the given estate were it certainly to be

enjoyed, after the extinction of the longest

of two lives both 40; that is, whether one

" See Mr. De Moivre on Annuities, Problem IV. or

Mr. Simpson's Doctrine of Annuities and Rºversions, Pro

blem II. -
.

- -
Or
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or other of them failed last. But that A’s

life, in particular should fail last, is an even

£hance. The true, value of the reversion,

therefore, is half the last value, or ºf 168.6.

... In like manner. The second Question is

the same;with the Question, “What is the

“ present walue of £40 per ann. for ever to

“ be entered upon after the extinction of two

“joint lives both 40 ; that is, whenever either

“ of them shall fail; provided the first that

“fails, should happen to be A's life in par

:: ticular *—And the answer is found by

‘subtracting the present value of the two joint

lives from the perpetuity, and multiplying the

remainder by 4, that is, by the chance that A

in particular shall die first: And this will

give the required value, £303.6". ,

In short. It appears in both these cases,

that, according to the first method of solu

tion, we are to subtract from the perpetuity

the value of one of the single lives, when, in

the former case, the value of the longest of the

two lives, and, in the latter case, the value

of theirjºint continuance, ought, in reality, to

be subtracted. I need not say what prodi

gious errors may often arise from hence ; and

how unfit such a method of solution is for

practice. . . . m ." . . . . . . . . . .

. Mr. Simpſon, in p.322, of his Select Ex

ercises, speaks on this subject in the follow

" I have, though scarcely necessary, given a demon

stration of the Solutions in Note M. at the end of this

volume.

ing
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ing manner.—“I have been very particular

“on these kinds of Problems; and the more

“ so, as there has been no method before

“ published, that I know of, by which they

“can be rightly determined. 'Tis true, the

“manner of proceeding, by first finding the

“ probability of Survivorship (which me

“thod is used in my former work, and

“which a celebrated author has largely in

“sisted on in three successive editions), may

“be applied to good advantage, when the

“given ages are nearly equal; but then it is

“certain, that this is not a genuine way of

“going to work, and that the conclusions

“hence derived are at best but near approxi

“mations.”

This excellent mathematician has here

expressed himself much too favourably of the

method of solution on which I have remark

ed.—In both the cases I have specified, the

ages are equal; and yet, in one of them the

error is a good deal above a third of the true

value, and in the other a fifth : And, it is

obvious, that in cases where three equal lives

are taken, the errors will be much greater.

—Mr. Simpson's Observations in this passage

are true only, when applied to a different me

thod used by himself, in the 28th and fol.

lowing Problems of his Treatise on the Doc

trine of Annuities and Reverſions. This me

thod is exact when the lives are equal; but

it gives results which are too far from the

1 - truth,
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truth, when there is any considerable inequa

lity between the lives. -

It is with reluctance I have made some of

these remarks. Mr. De Moivre has made

very important improvements in this branch

of science; and the highest respect is due to

his name and authority. This, however,

only renders these remarks more necessary.

In the first Chapter (Question 11th, 12th,

15th, and 16th *. I have given a minute ac

count of the method of finding, in all cases,

the values of the reversions which have been

the subject of this Essay.—But Mr. Morgan,

in his+. on Life Assurances, has car

ried this enquiry much farther. *

* In solving Questions 11th and 12th, here referred

to, I have made use of Mr. Simpson's rules in his Select

Exercises, p. 297 and p. 298. r. Morgan, in his Trea

tise on Life Assurances, adopted the method of solution

from which Mr. Simpson deduced these rules; but he has

lately discovered that it is an approximation which in

some cases gives results that are much too distant from

the truth. See more on this subject at the end of this

volume, where rules (investigated by Mr. Morgan) may

be found which give in all cases the correct values of

sums payable on any survivorships between any two or

three lives.

Account
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* - --

Account of the Values of the Renewal of

Leaſeſ, and of the Methodofcomputing them.

T A B L E,
*

Shewing the Fines due on the Renewal of a

Lease of 21. Years after 5, 7, 9, or 11

Years have elapsed. * * * *

Years -

linex- Values of the Renewal.

pired. At 4 percent. At 6 per cent Ats per cent At 10 percent: . .

Years Years ryears Years

16 2:{; 1:{: 1:{: {: .

chase chase |-chase chase i.

14||34 |2|+ 1 + . . . . [1+’s

12 |4. 3+ 2} 1+

10 1542. 4. 3++ 2} .

The value in every case of this kind is

the difference between the value (in Table

II. Vol. II.) of the whole term, and the

value (in the same Table) of the unexpired

part of the term. . . . . - -

If leases are held by lives, the value of

their renewal is the difference between the

value of all the lives (including the life or

lives to be added) and the value of the ex

isting life or lives.—For example.

The value of the renewal of a lease held

by two lives after one has dropped is (sup

posing the existing life aged 50, and the life

- - 3 to
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to be added aged 20): the difference between

16.033 (the value by Table XIX, of the sin

gle life of 20) and 9.630 the value by Table

XX. of the joint lives 20 and 50 P. That is,

7.403, or 7% of a year’s purchase nearly,

reckoning interest at 4 per cent.—Again,

the value of the renewal of a lease held by

three lives, after one is dropped, is (sup

posing the two existing lives aged 50 and

55, and the life to be added aged 20) the

difference between the value of the longest of

the three lives and the value of the longest of

two lives aged 50 and 55. The former of

these values by Tables XIX. and XX. is

18. 1784, the latter by the same Tables is

13.872 ; their difference is 4.306, or 4...

years purchase; which, therefore, is the fine

due for such a renewal, reckoning interest at

4 per cent. - * . . . . .

N. B. If the values of such renewals are

wanted at any rates' of interest higher or

lower than those for which the values of

single and joint lives are given in the Ta

bles in the 2d volume, they must be de

duced from the values in those Tables by the

Rules given in the next Chapter.

It would be an endler's labour to com

pute tables shewing the value of such re

newals in all cases; and these directions

render it an unneceſſary labour. ". X

* See page 2. . . . * - - . . . . . . .

" By Prob. X. in Simpson's Select Exercises, or by

the Rule at the end of Table XXVI. Vol. II.

* See the note in page 43 of this volume. . . -

- Sometimes

*** *

w

-
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Sometimes a right may be purchased to

put in, on the first vacancy among the lives

by which an estate is held, such a new life

as the purchaser shall chuse.—In order

to find the present value of such a right, it

is necessary to assume some given value for

the life to be nominated, and this assumed

valueº by the difference between.

the value of the existing life, if there is but

one (or the value of the joint continuance

of the existing lives, if there are two or

more) and the perpetuity; and the product,

divided by the perpetuity, will give the an

swer. .

ExAMPLE.

Let there be but one existing life, and

let it be a male life, its age 50, and conse

quently its value (by Table XIX.) 10.269,

reckoning interest at 5 per cent. Let the

life to succeed it be reckoned a life of the

greatest possible value, that is, a life aged 8,

and consequently worth (by the same Table)

15.226 year's purchase at 5 per cent.—The

difference between 20 (the perpetuity) and

10.269 multiplied by 15.226 is 148.164;

which product, divided by 20, gives 7.408,

the answer.

If there are two existing]ives, both 50, the

value of their joint continuance will be (by

Table XX.) 7.522; the difference between

which value and the perpetuity is 12.478,

which multiplied by 15.226, and the pro

duct divided by the perpetuity, gives 9.5 the

anSWer
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answer in this case, or the number of years

purchase which ought to be paid for a right

of renewing a lease now held by two lives

both aged 50, by putting in the best life in

the room of the first of the two lives that

shall happen to drop. -

The rule for finding the value is the same,

if the right to be sold is the right of pre

sentation to a church-living at the death of

the present incumbent.

The estate meant in these rules is the nett

surplus rent after deducting all taxes and re

Pairs.

*** *

* * . **

: * * -

.* -

c H ar.
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*

.

* . . . . . . . . . :: * ~.

. . . . . . . . . . . . . . …! :::::

. . . . . . . . . . . . . º, ºr ºf . *.

. . . . CHAPTER IV.

-

* * * . . . . . . . ;

. . . tº . . . . ; 1812

On Mr. De MorvRE’s Rulesfºllºw

, the Palues of Joint Liver; with a Post

script, containing a Specimen of the mart

* expeditious Method of calculating the Iſlues
- vº of Single and joint fiver, according to any

Table of Observations, ~ *

THE calculation of the values of fing/,

and joint lives, from given Tables of Ob

servation, being tedious and troublesome ;

Mr. De Moivre has had recourse to two hy

potherer, which give easy rules for this pur

pose; and which, he thought, corresponded

with sufficient exactness to Observation.—

The first of these hypothere is, that the pro

babilities of life decrease, as we advance from

childhood to old age, in an arithmetical pro

greſſion; or in such a manner, that the differ

ence is always the same, between the num

ber of persons living at the beginning of any

one year, and the number living at the be

ginning of the next following year.—The

other hypotherit is, that the probabilities of

life decrease in a geometrical progression; or

in such manner, that the proportion is al

ways
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ways the same, between the number of per

sons living at the beginning of any one year,

and, the number living at the beginning of

the next following year.—All the Tables.

of Observation shew, that the real law, ac

cording to which human life wastes, comes

much nearer to the former hypotheſis, than

the latter. —In Tables V. VIII. and XVII. in

the next volume, it is sonear the former hypo

fheſis, that the difference between them in the

middle stages of life is scarcely worth re

garding. According to this hypothesis, there

fore (accommodated to the Breslaw Table, in

the manner mentioned in the note, page 2.)

Mr. De Moivre calculated the values of single

lives; and the rules founded upon it for this

purpose are so easy, that an operation which

would otherwise take up much time, may

be performed almost immediately.

By proceeding on the same principles, the

values of joint lives might have been calcu

lated; but the rules for this purpose derived

from these principles, are far from being

equally easy in practice. Here, therefore, ..

Mr. De Moivre quitted his firſt hypothesis;

and finding, that the ſecond hypothesis af

forded, in the case of joint Hives, rules that

were as easy as the rules given by the other

hypothesis were in the case of ſingle lives,

he chose to adopt this hypotherif; believing .

at the same time, that the values of joint lives,

obtained by rules derived from it, would

not deviate much from the truth. But in

- this
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this he was greatly mistaken. The values

of two joint lives obtained by these rules are

so wrong, that in finding the present value,

in a single payment, of one life after another,

they generally give results, which are near a

uarter of the true value too great; and

about two-fifths too great, when the value is

sought in annual payments during the joint

lives. These are errors so considerable, that

I think it of particular importance that the

public should be informed of them, in order

to prevent the inconveniencies and perplexi

ties they may occasion.

Mr. Simpſon (in the Appendix to his Trea

tise on the Doctrine of Annuitieſ and Rever

sions) has observed, that Mr. De Moivre's

rules for finding the values of joint lives are

wrong. But I don’t know, that it has been

ever attended to, that they are so wrong as I

have found them. Mr. Simpſon’s remarks

oint out chiefly the errors in these rules,

when the values of three or more joint lives

are calculated by them; but, till I was

forced to a particular examination of this

subject by some difficulties into which I

found myself brought by following Mr. De .

Moivre too implicitly, I did not at all sus

pect, that any such errors as I have men

tioned, could arise from these rules, when

the values of only two joint lives are calcu

lated by them. Mr. De Moivre, in con

sequence of other remarks contained in Mr.

Simpſon’s Appendix, altered, in the 4th edi

tlOn
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tion of his Treatise, some of his rules. It

is surprizing he did not see reason at the

same time to alter these.

That there may be no doubt about the

truth of these observations, I will just men

tion a few examples of the difference be

tween the values of a given reversionary an

nuity, according to the rules to which I

have objected, and the values, according to

the exact method of deducing them from

Mr. De Moivre's firſt hypotherir.

Let the proposed annuity be sé80 to be

enjoyed for what shall happen to remain of

the life of a person now 40 years of age,

after the life of another person of the same

age. The value of the joint lives (interest

being at 4 per cent.) is, by the 2d hypothesis,

or Problem 2d of Mr. De Moivre'r Treatise

on Life-Annuities, 8.964; which substracted

from 13. 196, (the value, by the first hy

pothesis, of a single life at 40) gives 4.23;

which remainder, multiplied by 30, gives

36126.9, or the value of the reversion in

a single present payment. And 126.9, di

vided by the foregoing value of the joint

lives, is ºf 14.16; or, the value of the

reversion in annual payments, during the

joint lives.—But the true values are £101.1

in a ſingle payment, by Quest. I, Chap. I.

and 261.0.3, in annual payments, by Quest.

IV.-The former values, therefore, are a

quarter of the true value too great in the

- single
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single payment; and near two-fifths too great

in the annual payments. -

The true value of the same annuity for a

life at 66, after another life of the same age,

is, (reckoning interest as before, at 4 percent.)

afé8 in a single payment ; and 2613.5 in

annual payments.-But these values, accord

ing to the Problem just quoted, are gé91 and

2621, one of which is near a third, and the

other above haſ the true value too great.

In unequal lives these errors may be no less

considerable.—Thus; if the value of the

proposed annuity be required for a life at 70,

after a life at 30 years of age; it will, by

the same Problem, be ºf 26.5, in a ſingle pay

ment; and 26.5.1, in annual payments during

the joint lives. But the true values are gé17

and #33.05.

Where 3 or more lives are concerned the

errors will be still greater.

The true values of the joint Hives, men

tioned in these Examples, have been calcu

lated by a rule in page 16, of Mr. Simpſon’s

Treatise on the Doctrine of Annuitieſ and Re

versions, and explained in Note (L) at the

end of this volume.—To save, however, a

great deal of trouble hereafter, I have thought

roper to calculate Table VII. in the next

volume, which gives the exact values accord

ing to Mr. De Moivre's firſt hypothesis, of

two joint lives, for every five years of human

life, from 10 to 70.

- This
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This hypotherit, I have observed, does not

differ much from the Tables of Observation

for Breslaw, Northampton, and Norwich. Be

tween the ages of 30 and 40, it gives the va

lues of ſingle lives almost the same with the

Breſlaw Table. Under 30, it gives themsome

what less; and above 40, somewhat greater.

But it ought to be remembered, that where

ever it does this, it gives, at the same ages,

the values of the joint lives also too little or

too great; and that, consequently, the re

sults from it, in calculating the values of Re

versionſ, and of the longest of given lives,

come so much nearer to exactness.

The rules to which I have objected are the

only ones given by Mr. De Moivre, in all the

editions of his Treatise on Life-Annuities.

But it seems, this great mathematician be

came at last sensible, that they were too in

correct; and therefore, at the end of the last

edition of his Treatise on the Doctrine of

Chancer, page 320, (a work which gets into

comparatively few hands) he had given other

rules which come nearer the truth. But

even these rules produce errors so great in

many cases, (particularly when combined

with the errors of the hypothesis) that it will

be best never to use them.

WOL. I. P POSTSCRIPT
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PO STS CRIPT

FOR THE FOURTH EDITION.

SINCE the former editions of this work I

have found reason to be dissatisfied with

Mr. De Moivre'ſ firſt as well as his ſecond

hypothesis. There is no situation in which,

in the first and last periods of life, it cor

responds to fact ; and in some situations,

particularly great towns and country parishes,

it does not correspond sufficiently to fact in

any periods of life. An inspection of the

Tables of Observation in the next volume

will prove this. However useful, there

fore, this hypothesis may be in many cases,

it would be best not to be under any ne—

cessity of having recourse to it; and for

this reason, and also to render this work as

complete as I am capable of making it, I

have, while this edition has been in the

ress, and with the help of some friends,

calculated the tables in the next volume of

the values of single and joint “lives from

the Northampton register of mortality. This

register has been chosen for this purpose, be

cause it gives the mean values of lives be

tween the highest and lowest, and is on this

• The value of the reversionary annuity, mentioned

in p. 208, is by these Tables 14.83 in annual payments,

instead of 13:5, as there given from the hypothesis.

aCCount,
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account, and also in consequence of the

corrections I have made in it, better fitted

for general use than any other.—I have,

however, retained the Tables of these values

according to Mr. De Moivre'ſ Hypothesis,

published in the former editions of this work,

because all the examples in the preceding

part of this work have been taken from them,

and there are some cases in which they may

still prove of use. -

The computation of the values of joint

lives correctly from a given table of Ob

servations, is a business so tedious and tire

some, that it has scarcely been ever exe

cuted, except by Mr. Simpſon from the Lon

don Observations; and as these give the va

lues of lives among a body of people taken

in the gross in one of the worst of all si

tuations, they are by no means fit for com

II].OIn Ulse. I have therefore, employed a

good deal of attention to find out the most

easy and expeditious method of making these

calculations; and I shall here give the fol

lowing Specimen of a method (deduced from

that described by Mr. Morgan in his Treatise

on Life-Annuities and Assurances, chap. 2d,

sect. 2d., p. 56) which, at the same time

that it renders mistakes impossible, will ex

pedite this work as much as the nature of it

will allow, and render the computation of

the values of any number of joint lives not

more difficult or tedious than the computa

- P 2 tion

*
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tion of the values of an equal number of

single lives. -

Let the Table of Observations be that for

Northampton, or Table 17th, in the next vo

lume; and let the rate of interest be 4 per

Cé/1f.

Write down on a paper to be always kept

in sight the Logarithms of all the numbers

§ the column of the living without the In

1CCS.

EXAMPLE FIRST.

Living at age o– 11650—Log". .066325

1 year 8650– .937016

&c. &c. &c.

age 81— 406– .608.526

82— 346— .5390.76

83— 289— .460897

84- 234- .369215

&c. &c. &c.

age91– 34– :531478

92— 24– .38O2.11

93– 16— . .204119

- 94– 9– .95.4242
w 95– 4— .602059

96— 1— .000000

Find the Logarithm of 261, increased by

its interest for a year, and also the Loga

rithm of the value of 361, payable at the

end of a number of years equal to the dif

- ference

-
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t

ference between the greatest and least ages

inethe Table of Observations lessened by

th difference of age between the joint lives

whose values are to be calculated.

- * * * * - i. * . .

ExAMPLE SEconD.

Interest being at 4 per cent. 261, increased

by its interest for a year is 1.04; and the

Logarithm of 1.04 is .0170333.

In the Northampton Table of Observations

the greatest age is 96, and the least age o.

The difference, therefore, is 96; and sup

'posing the given difference of age between

the two joint lives to be 10 years, the value

of 261 payable at the end of a number of

years equal to the difference between the

greatest and least ages in the table lessened

by the difference of age between the joint

lives, will be the value of £1 payable at

the end of 86 years. Table 1st, in the next

volume, shews this value to be .0342872

(reckoning interest at 4 per cent.) the Lo

garithm of which number (striking out the

Index) is .535133. . . . . -

N. B. The best way of finding this Lo

garithm is by multiplying the Logarithm of

2£1 with its interest for a year by the dif

ference between the greatest and least ages in

the Table lessened by the difference of age

between the joint lives, and subtracting the

product from unity. The remainder will

be the Logarithm sought. Thus, in the

- present
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present example .0170333 multiplied by 86,

gives (without the Index) .464864, which

subtracted from unity leaves .535.136.--

Had the given difference of age between

the two joint lives been 15 years, and the

youngest age in the Table of Observations 3,

and the oldest 94, the Logarithm .ol 70333,

instead of being multiplied by 86, must

have been multiplied by 76, and the pro

duct (without the Index) subtracted from

unity would have been .7.05469.

Having made these preparations, the cal

culations must begin with the oldest joint

lives, and ºfupwards according to the

following specimen.

SPECIMEN
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*

O B SERVATIONS.

In the addition of the Logarithms in this

Specimen, the decimal parts only are to be

retained:

In subtracting them, it is of no conse

quence whether a Logarithm is greater or

less than that from which it is to be sub

tracted.
- -

In every column, the numbers in the

lines B, C, D, E, F, G, H, give the value.

The other numbers give the proof. . .

The firſt Logarithms in the lines B and C

are always the Logarithms of the numbers

of the living at the oldest ages in the Table

of Observations, which have the given dif

ference of age ; and the following Loga

rithms are the Logarithms of the numbers

living at the next ages, each one year younger

than the preceding. -

The values of the two joint lives are the

numbers of the Logarithms in H; and the

proof of these values consists in the equality

of the sum of the numbers in L and M in one

column, to the number in M in the following

column. And it should be particularly ob

served that this proof answers sufficiently if,

in consequence of placing the numbers in L

and M over one another in any order, a sum

can be made out whose first 6figures are equal

within 5 or 6 units, to the succeeding num

ber in M. If the proof does not answer

within
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within this limit, the calculations have been

too incorrect', and it will be necessary to

examine the numbers not verified by the last

proof; namely, the numbers of the two

Logarithms in I and H in the preceding co

lumn; the Logarithms in B and C and D in

the ſubſequent column; and the Logarithms

in A, E, F, G, H, I, and K, in the column

where the proof is found to be deficient.

". E x A M P L E.

The addition, in the foregoing specimen,

of the first numbers in L and M to one an

other, when the first figure in M is placed

under the ſecond in L, makes 315020, which

is within one unit the same with 315019,

the second number in the line M ; and this

proves the calculations so far to be suffi

ciently correct.—In like manner; the ad

dition of the third numbers in L and M

gives the fourth in M within three units.

But had the addition of the numbers in L

and M given the subsequent number in M.

only within ſix units; that is, had it given

the number 287947 or 287935, an incorrect

ness of too much consequence must have in

sinuated itself, and it would have been pro

per to examine the numbers and Logarithms

just mentioned, in order to detect it.

‘This supposes that the values of the joint lives are

to be found to three places of decimals. The agreement

of five figures within 4 or 5 units, will be sufficient, if the

values are required only to two places of decimals. I

- - - - - Il
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In calculating the last value; that is, the

value when the youngest of the lives is the

youngest in the Table (or a life just born,

according to most Tables) this proof will

change into a new proof, verifying all the

preceding values. For the Logarithm of 361

with its interest for a year (that is, .017033

when the interest is 4 per cent.) subtracted

from the Logarithm in F, will leave a Lo

garithm, the number of which will be the

sum of the numbers in L and M in the pre

ceding column. -

This Specimen will be accommodated to

the calculation of the values of single lives ",

by striking out the Logarithms in C, and

making those in D the same with those in

B; and also making the first Logarithm in

A, from which all that follow are deduced,

the Logarithm of 261 payable at the end of

a number of years, equal to the oldest age in

the Table when it begins at birth, or to the

difference between the oldest and youngest

when it begins at any age after birth.

This Specimen will be accommodated to

the calculation of the values of any three

joint lives, if to the Logarithms in B and C

are added (in order to obtain D) the Loga

* In this case, and also in calculating the values of

equal joint lives, the first Logarithm in F (when the

number living at the oldest age in the Table is 1) will be

nothing; but notwithstanding this, the first Logarithm in

G must be subtracted from it just as if it was unity, in

order to obtain the first Logarithm in H. -

2 rithms
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rithms of the numbers living at any other

ages, the difference between which and the

ages in B and C is given; and if, likewise,

the series of Logarithms in A is deduced

from the Logarithm of the value of 261,

payable at the end of a number of years

equal (if the ages begin at 0) to the oldest

in the Table; or (if they do not begin at 0)

to the difference of age between the oldest

and youngest in the Table; lessened (in both

cases) by the differences of age between the

oldest and youngest of the three joint lives

whose values are sought,—Thus. Sup

posing the given differences between the

ages of the joint lives whose values are to

be calculated to be 5 and 10 years, and the

interest 4 per cent. and the Table of Obser

vations to terminate (as the Northampton Ta

ble does) at 96 years of age, and to begin at

o. The series of Logarithms to be added

to those in B and C in order to obtain D,

will be the Logarithms of the living at 91

in the first column, at 90 in the second, at

89 in the third, &c. And the Logarithms

in A will be the same with those in the

Specimen. But had the differences of age

been 10 and 15 years, the Logarithms to

be added to those in B and C would have

been the Logarithms of the living at 81, 80,

79, &c. and the first Logarithm in A would

have been the product of 81 into .017033

subtracted from unity or .620302, and the

following Logarithms in A would have been

.017033
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.017033 added continually to this Loga

rithm.

It is hence evident that in this method

computations of the values of any given two

or three or four joint lives are nearly as easy

as computations of the values of ſingle lives;

and may, after some practice, be performed

almost as expeditiously as the numbers canbe written. e

An error in a book of Logarithms may, if

not suspected, produce infinite perplexity;

and therefore, when, after repeating any cal

culation, the source of an error cannot be

discovered, it will be right to examine the .

Tables from whence the Logarithms have

been taken. In general, the order in which

the numbers follow one another will imme

diately discover an error of the press; but if

not, a different book of Logarithms should

be consulted ; and if possible, Mr. GAR

D INER's, which is so correct as to be almost

invaluable. . .

It may be proper to observe once more,

that it is very easy to take from SHER w IN’s

or GARD INER’s Tables the numbers of Lo

garithms, and the Logarithms of numbers

to ſix figures; and that if this is done, the

resulting values will be always accurate to at

least the, third place of decimals. ... But, if

such a degree of accuracy is, thought need

less, it will be sufficient to take them to five

figures. - , a

li - - The
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The Theorems on which the method of

calculations here explained (exclusive of the

Fº are grounded, will be given in note

at the end of this volume. But a more

distinct investigation of these Théorems,

and also an explanation of the principles on

which the proof is founded, has been given

by Mr. Morgan in his Treatise on Annuities

and Assurances. Chap. 2d. Sect. 2d.

The rules for finding, from the values of

two or three joint lives, the values of the

longest of any two or three lives; and also a

very easy rule for obtaining nearly the value

of any three joint lives from the values of

two joint lives, will be given in the next

volume at the end of the Table, shewing

the value; of two joint lives according to the

Northampton Observations.

Account of a method of deducing, from the

correct values (according to any observations)

of any ſingle or joint lives at one rate of

interest, the same values at other rater of

intereſt. - *

*

PRELIMINARY PROBLEMS.

PRob LEM I. The expectation given of

a single life by any table of observations,

to find its value, supposing the decrements

of life equal, at any given rate of interest.

- So LUTION.
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So LUTION. Find in Table II. the value

of an annuity certain for a number of years

equal to twice the expectation. Multiply

this value by the PERPETUITY increased

by unity, and divide the product by twice

the expectation. The quotient subtracted

from the perpetuity will be the value re

quired. -

EXAMPLE.

The expectation of a life aged ten, by

the Northampton observations (See Table

XVIII.) is 39.78. Twice this expectation

is 79.56. The value of an annuity certain

for 79.56 years is, by Table II. (reckoning

interest at 4 per cent.) 23.894. The product

of 23.894 into 26 (the perpetuity increased

by unity) is 621.244, which, divided by

19.56, gives 7.808. And this quotient

subtracted from 25 (the perpetuity) gives

17.192 years purchase, the value of a life

aged ten, deduced from the expectation of

life at that age, according to the Northampton

observations.

This is the rule by which Mr. De Moivre

has calculated the table commonly used of

the values of lives according to his hypo

thesis; and from this Table (the sixth Table

in the next volume) the value required in

this problem may be deduced more com

pendiously in the following manner, pro

vided the expectation does not exceed 38.—

** Take the difference between twice the

“expectation
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“expectation and 86; and the value in the

“ Table corresponding to that difference, if

“ not less than 10, will be the value sought.”

Thus ; twice the expectation of a life aged 30

(that is, its complement) is, by Table XVIII.

56.54. The difference between it and 86,

is 29.46. And since the value correspond

ing to age 29 in Mr. De Moivre's valuation

of lives (or in Table VI. in the next volume)

is (reckoning interest at 4 per cent.) 14.816;

and the value corresponding to age 3o is

14,614; it is obvious, that the value cor

responding to age 29.46 must be the greatert

of these two values lessened by . . . of the

difference between it and the least. This

difference is 202 ; and +... of it (or .202

multiplied by .46) is .093, which subtracted

from 14,816, gives 14.723 the value sought

of a life whose expectation is 28.27 (or

whose complement is 56.54) on the sup

position of an equal decrement of life.

PRO B L EM II. -

Having the expectations given of any two

lives by any table of observations, to deduce

from thence the value of the joint lives at

any rate of interest supposing an equal de

crement of life. -

So LuTion. Find the difference between

twice the expectation of the youngest life,

and twice the expectation of the oldest life

increased by unity and twice the perpetuity.

Multiply
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Multiply this difference by the value of an

annuity certain for a time equal to twice the

expectation of the oldest life; and by twice

the same expectation divide the product, re

serving the quotient. -

From twice the perpetuity subtract the

reserved quotient, and multiply the remain

der by the perpetuity increased by unity ".

This last product divided by twice the ex

pectation of the youngest life, and then

subtracted from the perpetuity, will be the

required value. - -

EX AMP L E.

Let the joint lives proposed be a life aged

10, and another aged 15, and let the table

of observations be the Northampton Table,

and the rate of interest 4 per cent. Twice

the expectations of the two lives are 79.56

and 73.02. (See Table XVIII.) -

Twice the expectation of the oldest life,’

increased by unity and twice the perpetuity,

is 124.02, which lessened by 79.56 (twice

the expectation of the youngeſt life) leaves

44.46 for the reſerved remainder. This

remainder multiplied by 23,574 (the value

* When twice the expectation of the youngest life

is greater than twice the expectation of the oldest life

increased by unity and twice the perpetuity, the reserved

quotient, instead of being subtracted from twice the per

petuity, must be added to it, and the sum, not the differ

ence, multiplied by the perpetuity increased by unity. f

4 O
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of an annuity certain ; for 73.02 years) and

the product divided by 73.02 (twice the ex

pectation of the oldest life) gives 14.352 the

quotient to be reserved; which subtracted

from double the perpetuity, and the remain

der (or 35.648) multiplied by the perpetuity

increased by unity (or by 26) gives 926.85,

which divided by 79.56 (twice the expec

tation of the youngest life) and the quotient

subtracted from the perpetuity, we have

is.350 for the required value.

This calculation may be made more easily

by logarithms in the following manner.

* This value, when the number of years is a whole

number with a fraction added (as will be commonly the

case) may be best computed in the following manner.

. Suppose the number of years to be 83.28.

The value of an annuity certain for 83 years is (by

Table II. Vol. II.) 24.035. The same value for 84 years

is 24.072. The difference between these twe values

is .og/; which difference multiplied by .28 (the fractional

part of the number of years) and the product (.o.103)

added to the least of the two values, will give 24.645 the

value for 83.28 years.

WOL, 1. Q_ Twice
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Twice the expecta- -

tion of the. ...} 73.02

ADD twice the per

º 51.00 . .

by unity - - ). .

Sum - - 124.02 . . . . . . ...).

SUBTRAct twice, . . . ;

theº 79.56 ± ºf

the youngest - tº

- Remainder - 44.46 - . . . ;

Log. of 44.46 is 1.647,9695

Log. of 23.574 is 1.372,4333 -

*

Sum - - 3.020,4028

Subtract 1.863,4418 Log.of/3.02

N

Remainder - 1.1*g number of

which is 14.352 .

or the remainder

to be reserved.

. c. . . .

Twice the perpe-R 46 . . . . .
tuity is #50. . . . . . . .

Subtract - 14.352 tº, …'

Remains - - 85.648 Logar. of which is 1.552,0352

Add Log, of the perpetuity increased by unity 1.414,9733

-

h . - - 2.967,0085Subtract Log. of twice the expectation of the

youngest - - - - - - - - - - - - - - - -} 1900,6948

Remainder - - - 1.066,3137

The number of this last remainder is

11,650, which subtracted from 25 (the per

petuity) leaves 13.350, the value sought.—

See the algebraical canon in Note (L) at the

end of this volume. - -

GENERAL
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GENERAL RULE.

Call the correct value (supposed to be

computed for any rate of interest) the FIRST

value. -

Call the value deduced (by the preceding

problems) from the expectations at the same

rate of interest, the second value. -

Call the value deduced from the expecta

tions for any other rate of interest the THIRD

value.

Then, the difference between the first and

second values added to or subtracted from the

third value, just as the first is greater or less

than the second, will be the value at the rate

of interest for which the THIRD value has

been deduced from the expectations.

The following examples will make this per

- jectly plain. -

- EXAMPLE I. -

In the 48th and 49th Tables, Vol. II. the

correct values are given of two joint lives

among mankind at large, without distin

guishing between males and females, accord

ing to the SwedEN observations, reckoning

interest at 4 per cent. - *

Let it be required to find from these

values the values at 3 per cent. ; and let the

ages of the joint lives be supposed 10 and,
10. -

* , Q_2 The
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The correct value by Table XLVIII.

(reckoning interest at 4 per cent.) is 16.141.

The expectation of a life aged 10 is (by

Table XLIV.) 45.07. The value deduced

from this expectation at 4 per cent. by

Prob. II. is 14.539. The value deduce

by the same problem from the same ex

pectation at 3 per cent. is 16.808. The

difference between the firſt and ſecond values,

is 1.602, which, added to the third value

(the first being greater than the second)

makes 18.410 the value required. ' "

EXAMPLE II.

Let the values, be required of two joint.

lives aged 50, and 60, at an interest of 3,

per cent. from the correct value given at an

interest of 4 per cent. according to the North

ampton observations. -

First or correct value at 4 per cent. by

Table XXII. is 6.989. The expectation

of 50 is 17.99; of 60, is 13.21, by Ta

ble XVIII. The second value, or the

value deduced from these expectations at

4. per cent. is, by Prob. II. 7.182. The

third value, or the value deduced from the

same expectations at 3 per cent, is 7.704,--

The difference between the first and second.

is .193, which (since the ſecond is greater.

than the firſt) must be subtracted from the

zhird, and the remainder (or 7.511) will be:

the value required.—The exact value at- 3.

p& cent. is, by Table XXII. 7.460. -

* . - If
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. If the value is required at 5 per cent. the

third value will be 6.732; and the difference

subtracted from 6.732, will leave 6.589 the

value at 5 per cent.

The exact value at this rate of interest, is

(by Table XXII.) 6.568.

ExAMPLE III.

... Let the value be required of a single male

life aged 10, at 3 per cent. interest, from the

correct value at 4 per cent. according to the

Sweden observations. -

Firſt, or correct value at 4 per cent. (by

Table XLVII.) is 18.674. The expectation

of a male life aged 10, is (by Table XLIV.)

A3.04.

The ſecond value (or the value deduced

from this expectation by Prob. I.) is 17.838.

The third value (or the value deduced

from the same expectation at 3 per cent.) is

21.277. -

The difference between the first and second

is .836; which (since the first is greater.

than the second) must be added to the third;

and the fum, (that is, 22.113) will be the

value required.

The third value at 5 per cent. is 15.286;

and the difference added to 15.286 makes

16.122 the value of a male life aged 10

at 5 per cent. according to the SwedEN ob

servations.—The exact value at 5 per cent.

is (by Table XLVII.) 16.014.

Again.
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Again. The difference between 16.014

the correct value at 5 per cent.) and 15.286

§: value at the same interest deduced from

the expectation) is .728; which, added (be

cause the first value is greater than the se

cond) to 13.335, (the value deduced at 6

per cent, from the expectation) gives 14.063,

the value of the same life, reckoning interest

at 6 per cent. * -

These deductions, in the case of single

lives particularly, are so easy, and give the ,

true values so nearly, that it will be scarcely

ever necessary to calculate the exact values

(according to any given observations) for

more than one rate of interest.

If, for instance, the correct values are com

puted at 4 per cent. according to any obser

vations, the values at 3, 3}, 44, 5, 6, 7, or

8 per cent. may be deduced from them by

the preceding rules, as occasion may require,

without much labour or any danger of con

siderable errors.-The following comparisons

will shew in some measure how far these

deductions may be depended on. -

Values
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Value of Single Male Lives by the SwedEN

Table of Observations,

Vahues at 5 per cent, de- -- - -

duced from the correct va- Correct values by Table

Ages. lues by Table XLVII. at XLVII. at 5 per cent.

== 4 per cent. º

5 15.879 15.786

10 16. 122 16.014

15 15.707 5.624

3O 13.909 13.889

60 7.969 7.963

70 5.417 5.389

-y

Values of two joint Lives by the North

AMPtoN Table of Observations.

Values at 5per º at 3 per
Correct va

cent. deducedº: ent. deduced

from the cor- by Tables|from the cor- . #.

Ages. º: XVIII. XIX, .yº ble *:::

s §. xx. '. &c. - §: *...* XXI. &c.

T5 T5 ITT.989 || 11.934TT5.6TSTTE.633

15-15 11.986 11.960 15.184 || 15.22

25-25 | 10.775 10.764 || 13,389 || 13.383

40-40 || 9.006 || 9.016 || 10.756 10.764

60-60 5.842 || 5.888 6.692 6.606

15-40 || 10.214 || 10.205 | 12.368 i2.459),

30-60 7.285 7.292 8.396 || 8.378

50-60 6.555 6,568 || 7.471 || 7.461

- f

Values

º
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values of Single Lives by the NorthAMP

ToN Table of Observations,

Values at 5pe, Values at 3 p.

cent. deduced!Correct values|cent. deduced' orrect values

A from the cor-at 5 per cent.[from the cor-ſat 3 per cent.

* |rect values at by Table XIX.]rect values a by Table XIX

4 per rent by - 5 per cent by

Table XIX. Table XIx_ -

5 14.825 14.827 20.435 | 20.473

10 || 13.162 15,139 20.652 |20.663
68 6.546 6.536 7.353 7.367

Values at 4per Values at 5,

cent deduced!Correct value, cent, deduced

A from the cor-ţat 4 per cent. ||rom the cor-Correct values

* |rect values at by table XIX|rect values at at 5 per cent.
5 per cent by 3 per cent. by

Table XIX. Table xix.

5 || 17.239 17.248 14.850 14.827.

| 10 || 17.500 || 17.523 15.173 || 15. 139

68 6.920 | 6.93o 6.560 6.536

ºf

It may be observed in these examples,
that the deduced values are sometimes almost

the same with the correct values ; that gene

rally they do not differ more than a 20th or

30th of a year's purchase; that in joint,

lives they differ less than in ſingle lives;

and that they come equally near to one an

other whatever the rates of interest are.

The following observation will shew the

reason of the circumstance last mentioned.

The value deduced from the expectation

coincides with the correct value when the

rate of interest is little or nothing; and,

consequently, the difference between the two

. . . . . . . . values
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values becomes then little or nothing; and

to this it is continually tending as the in

terest is diminished. On the contrary; the

increase of value occasioned by the decrease

of interest tends to make the difference

greater. There is, therefore, in this case,

the counter-action of two causes which al

ways keep the difference nearly the same in
all rates of interest. s

The preceding rules seem to leave nothing

wanting on this subject, except tables of

the values of two joint lives at any one rate

of interest, when the lives are either both

male or both female lives. , But the fol

lowing rule for finding these values from

the values in the SwedEN Tables, will

render the labour of composing such tables

almost needless.

RULE for computing from the values of

two joint lives in Tables XLVIII. and

XLIX. the values of two joint lives

both male or both female.

* Find in that column of Table XLV.

* which shews the expectations of lives in

“general, two ages whose expectations

“ come nearest to the expectations of the

* two male or the two female lives pro

“ posed. - *

“From these expectations deduce, by

* the rule in p. 223, the value of two joint

2 ** lives
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-

“lives at those ages; and take the difference

** between this value and the correct value at

“ those ages in Tables XLVIII. and XLIX.

“Deduce also, by the rule in page 223,

“the value of the joint lives proposed,

“from the expectations in Table XLV. of

“ male and female lives. The difference

“just found added to this last value, if the

* value before deduced from the expecta.

“tions of lives in general is leſs than the

“correct value, or subtracted from it if

“greater, will be nearly the correct value of

“the twojoint lives proposed,”

-

EXAMPLE.

Let the two proposed lives be both fe

male lives, one aged 20 and the other aged

50.

The expectation of a female life aged 20

is, by Table XLIV. 39.15. The expecta

tion nearest to it, in Table XLV. shewing

the expectations of lives in general, is 39.47,

corresponding to a life aged 18.—In like

manner; the expectation in the same Table

nearest to the expectation of a female life

aged 50, is 19.09, corresponding to age

49. The value (deduced from these ex

pectations) of two joint lives aged 18 and

49, is, by the rule in p. 223, 10.245. The

correct value, taken from Table XLIX. is

10.851, and the difference is .606, which

difference added (since the former value is

less
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\

less than the latter) to 10.281 (the value of

two joint female lives aged 50 and 20, de

duced from the expectations by the rule in

p. 223), makes 10,887, the correct value"

nearly of the joint female lives. -

In order to find how near the values thus

found come to the exact values, let the va

lue of a single female life aged 20, (reckoning

interest at 4 per cent.) be computed in the

same manner from the correct values given

in Table XLVII. of the values of lives in

eneral. - - - -

T The expectation in Table XLV. nearest

to the expectation in Table XLIV. of a fe

male life aged 20, is 39.47, which, in Ta

ble XLV. (shewing the expectation of lives

in general) is the expectation of a life aged

18. The value of a life aged 18, de

duced from thir expectation by the rule in

p. 223, is 17.138. The correct value in .

that column of Table XLVII. which shews

the values of lives in general, is 17.897.

The former value is the least, and the dif

ference is .759. The value deduced

by the same rule from 39,15 (the expecta

tion of a female life aged 20) is 17.083, and

the difference just found added to this value,

makes it 17.842, which is very nearly the

same with 17,872, the correct value in Ta

ble XLVII.—The value deduced in the

same manner of a male life aged 20, is 17.363.

The correct value (in Table XLVII.) is

17.335. - -

- º Value
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Value by thir Rule of

A female life aged 50, is 12.000—Correct value is 12.048

aged 60, is 9.018—Correct value is 9.039

Of a male life aged 30, is 15,722—Correct value is 15.751

aged 70, is 5.702 Correct value is 5,670

In calculating by this rule, when any

other rate of interest than 4 per cent. is

used ; the values of the joint lives, at that

rate of interest, (deduced from the expecta

tions and from the values in Tables XLVIII.

and XLIX. at4 per cent. by Prob. II. p. 223)

must be taken for the correct values.—It

must likewise be remembered, that this Rule

cannot be used when the youngest of the

two joint lives is less than ten years of age.

In other cases, the values found by this

Rule, will be right generally within a 30th

or 40th of a year’s purchase, and never, I be

lieve, wrong more than a 15th or 20th of a

year's purchase, -

- - CHAPTER
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CHAPTER v.
i

-

Short and easy Theorems for finding, in all

Cases, the differences between the Values

of Annuities payable Yearly, and of the

same Annuities payable Half-yearly, Quar

terly, or Momently. Communicated in a

Letter to Sir John Pringle, Bart. P.R.S.

and read to the Royal Society, November 9,

1775, and published in the Philosophica
Transactions, Vol. 66, Part I. ſ

THE values of annuities, as given in

all the common Tables, suppose them paid

yearly. But it is well known, that gene

rally they are paid half-yearly, and some

times quarterly ; and that this is a circum

stance which always adds to their value.

The difference between the values of annui

ties, according as they are paid in these dif

ferent ways, I have seen no where stated

with accuracy; and therefore, I have thought

that the following attempt to do this may be

of some use.

Annuities are of two sorts. They are

either payable certainly or conditionally.
Of
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Of the former sort are all annuities which

are payable at fixed times, without depending

on any contingency. Of the latter sort are

all annuities on lives. I will first consider

the first sort of annuities.

Let r denote the interest of £1 for a year;

and n the term or number of years during

which any annuity is to be paid. Let P de

note the value of the perpetuity, or the quo

tient arising from dividing £1 by its interest

for a year. Let y denote the value of an an

nuity for n years, supposing it to be paid

yearly ; h its value, payable half-yearly; 4

its value, payable quarterly; and m its value,

payable momently. - -

THEOREM I.

1

y=P—-===

r x T.T.Y.

!

TH E O REM II,

. 1

-

---,. . * • * * * *

- - r < 1 + =

THEOREM
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THEOREM III.

THEOR EM IV.

+

M=P—#. where N denotes the

number which hath r n for its hyperbolic

logarithm, and r n x 0.43429448 for its lo

garithm in Brigg’s system.

* ,

EXA M P L E.

Let the rate of interest be 4 per cent. and

the term 5 years, and consequently r = 0.04.

7 =5. P=25.

Then, y = 4.4518 .

h = 4.4913

7 = 4.5120

7/2 = 4.54.15

* * *
; : )

ExAMPLE II.

Let the rate of interest be the same, and

the term for which the annuity is payable 25

years. - -

Then
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Then y = 15 6220

A = 15.71 18

q = 15.7694

m = 15.801

º

EX AM P L E III.

Interest being the same, let the term be

50 years.

Then, y = 21.4822

- h = 21.5491

q = 21.582

m = 21.616

ExAMPLE IV.

Interest being the same, let the term be

100 years.

. . ; ;

• ‘Then, y = 24.505

h = 24.523

q = 24.532 *

m = 24.542

In the foregoing Theorems it may be ob

served, that the ratio to one another of the

values of annuities payable yearly, half

yearly, quarterly, and momently, is greatest

when n is least; that it decreases conti

nually as n increases, till at last it vanishes

when n becomes infinite or the annuity is a

per
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perpetuity. Agreeably to this it appears, in

the examples I have given, that the values

in the first example differ more from one

another in proportion than the values in the

second example ; and that these also differ

more than the values in the third ; and that

in the last example all the values are nearly

the same.

These values computed by Mr. De Moivre's

rules in his Treatise on Life-ännuities, p. 86

and 124, &c. come out greater when n ex

ceeds and less when n falls short of 15 or

20 years. But those rules suppose the half

yearly and quarterly interests of money to be

less than half or a quarter of the yearly in

terest. For instance; the value of an an

nuity of 361 payable half-yearly and quar

terly for 50 years is, according to Mr. De

Moivre'ſ rules, 21.699 and 21.772, or a

99th part and 74th part more than the value

of the same annuity payable yearly, sup

posing money improved at 4 per cent. when

the annuity is paid yearly ; and at #1.98 per

cent. when it is paid half-yearly ; and at

2éo.985 per cent. when it is paid quarterly ;

That is, supposing money improved at a

rate of half-yearly or quarterly interest,

which, instead of being a half or a quarter

of the yearly interest, is only that half

yearly or quarterly payment which, in con

sequence of being laid up and improved at

compound interest, will in a year amount to

the sum that makes the yearly interest. It

WOL. I. R is



242 Theorems for finding the Differences

is obvious that this cannot be the proper

method of computing these values. But

not to insist on this; I will next state the

different values of the second sort of an

nuities ; or of life-annuitieſ, according as

they are supposed to be payable yearly, half

yearly, quarterly, or momently.

Let r as before be the interest of £1 for a

year; n the complement of a given life";

y, h, g, and m, the values respectively of an

annuity certain for n years payable yearly,

half-yearly, quarterly, or momently; p the

perpetuity; Y the present value of an an

nuity on a life whose complement is n,

payable yearly; H the value of the same an

nuity payable half-yearly; and Q and M the

values of the same annuity payable quarterly

and momently. -

* The complement of a life is, in Mr. De Moivre's

hypothesis, the number of years it wants of 86. In all

other cases, it is double the expectation of a life; that

is, it is double the quotient (diminished by + unity)

arising from dividing the sum of all the living in a Table

of Observations from the age (inclusive) of the given

life to the extremity of life, by the number of the living

at that age. -

Then -
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- 1 -- 7"

Then, v=p-ºxy,
7/2

r *

tº. *H EP– =

777°

e EXAMPLE I.

Let the life be supposed of the age of 36.

The complement of such a life is 50, ac

cording to Mr. De Moivre's hypothesis; and

also very nearly, according to the Breslaw

and the Northampton Tables of Observations.

Therefore, n will be 50. Let the rate of

interest be 4 per cent, or r=0.04. P=25.

3 =21.482. A=21.549. q=21.582. ma

21.616. See p. 240.

- =25––tº–221. —1 a

Therefore, Y =25 :::::::21,482=13,829

- 1,02 - - -

#=25–2.721,549= 14,010

&=25–2.21,882–14,101

M=25--- =14,191

R 2 EXAM P L E .
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EXAMPLE II.

...Let the life be supposed of the age of 61.

The complement of this life is 25 by Mr.

De Moivre's hypothesis and the Northamp

ton Table of Observations. Therefore, in

terest supposed at 4 per cent,

1,04

Y=25——

25 x o,04

x 15,622=8,753

1,02

h–23–F#7% 15,712= 8,973

- 1,01

q=23–ºx 15,769–9,072

- 15.8or -

M=25 T252ooz. . =9, 199

The different values, given by these theo

rems of life-annuities payable yearly,

half-yearly, and quarterly, suppose nothing

to be due to an annuitant for that year, half

year, or quarter, in which he shall happen

to die. If, on the contrary, he is to be

* It is of no-consequence that these theorems are

founded on the hypothesis of an equal decrement of life;

for taking equal yearly values, (or values nearly equal) the

differences between them and half yearly and quarterly va

lues are almost exactly the same, whether they are de

duced from real observations, or from this hypothesis.

——Even in the hypothesis itself it requires a consider

able difference in the yearly value, to produce any ma

terial difference in the excess of the half-yearly and quar

terly values. - -

º - entitled



between the Values of Annuities, &c. 245

entitled to such part of the annuity as shall

be proportioned to the time which shall

happen to intervene between his death and

the time when the payment immediately

preceding his death became due ; or in other

Words, if the annuity is an annuity secured

by land # must be added to the first theo.
2. 2n

rem in order to obtain the value of such an

annuity payable yearly. And in like manner,

# must be added to the second theorem to

obtain the value of the same annuity payable

half-yearly: and; to the third theorem, to
72

obtain its value payable quarterly.

The value, therefore, in the first exam

ple, of an annuity payable yearly on a life

aged 36 being 13,829; its value, if secured

by land, or to be enjoyed to the last moment

of life, will be 13,820++=14,043.

If secured by land and payable half-yearly,
e .. 21,549 -

its value will be 14,010 ++...+= 14,117.

If secured by land and payable quarterly,

4oo T

The like values in the second example are

9,065, 9,130, and 9,151.

Life-annuities payable monthly of weekly

- may

its value will be 14,1014 tº 14,155.
- - t
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may be considered as of the same value with

annuities payable momently; and it is evi

dent, that they must be enjoyed nearly to

the last moment of life.

From these rules and examples it may be

gathered, that the difference between the

values of annuities on lives payable yearly,

half-yearly, quarterly, and momently, in

creases continually with the ages ; but, if

not secured by land, this difference can never

be so great as a quarter of a year’s purchase

in the case of annuities payable yearly and

half-yearly ; three-eighths of a year's pur

chase in the case of annuities payable yearly

and quarterly ; and half a year's purchase in

the case of annuities payablesº and mo

mently.
-

Mr. Simpſon, in his Treatise on the Doc

trine of Life-annuities, p. 78, and in his

Select Exercises, p. 283, hath given a quar

ter of a year's purchase as the addition al

ways to be made to the value of a life

annuity payable yearly, in order to obtain

its value payable half-yearly ; and three

eighths of a year's purchase, if its value pay

able quarterly is required. But it appears,

that these are too large additions ; and,

whatever be the rate of interest or the num

ber of lives, a fifth of a year's purchase will

be generally more than a sufficient addition,

if the value of the annuity is desired pay

able half-yearly ; and three-tenths of a

year's purchase, if the value of the annuity
3 IS
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is desired payable quarterly. Mr. De Moivre's

rules, in p. 85 of his Book on Life-annui

ties, for finding the values of life-annuities

payable half-yearly and quarterly from their

values payable yearly, are still less correct ;

for they suppose the difference between these

values the same, whether the annuities are

life-annuities or annuities certain.

, Mr. Dodson, in the first question in the

third volume of his Mathematical Reposi

tory, hath given a rule for finding the value

of an annuity secured by land and payable

yearly, which coincides with that here given;

and Mr. De Moivre, in p. 338 of his Trea

tise on the Doctrine of Chances, hath given

a theorem for this purpose, which also

brings out nearly the same answers. But

Mr. Simpson, in Prob. I. p. 323 of his Se

lect Exercises, makes the excess of the va

lue of such an annuity above the value of

an annuity payable yearly but not secured

by land, double to the same excess derived

from Mr. Dodson’s and Mr. De Moivre’s

rules. The truth is, that Mr. Dodson’ſ rule

gives the exact value; and that Mr. Simpſon’ſ

problem gives the value, not of an annuity.

secured by land and payable yearly, but of

an annuity secured by land and payable mo

mently ; and also, that his method of solu

tion implies a rate of interest somewhat less

when the annuity is payable momently than

when it is payable yearly. t

- But
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But to prevent all perplexity on this sub

ject, I will subjoin the following investiga

tions, which will be easily understood by

those who are acquainted with the common

methods of calculating the values of life

annuities,

Let r, as before, be the interest of £1 for

a year. Then the present value of261 pay

able at the end of one year, two years,

- 1 1 1

three years, &c. will be T. H. H.

&c. respectively. And the present value of

an annuity certain for n years payable yearly

is the sum of this series continued to n

terms, * or +––––=P– ====y.
T r x 1 + r(* r x1 +7).

In like manner, the present value of half

261 (that is, of 10ſ.--Éo. 5) payable at

the end of half a year, a year, a year and a

half, &c. reckoning half-yearly interest at half

* In the Postscript it will be proved, that the sum of

. 1 1 1

n terms of the series'-- + - + + + — &c. is
- al a” a? a4

l I -

——-= Substitute 1 + r for a, and it will

£–1 a” x a- 1 º

- - ~ 1

appear that the sum of n terms of the series—— +
1 +r

... I l

, &c. is — — —-

I I

Hiſ Hiſ r r x 1 +r]”

the
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- - O, - º

theannual interest, is-º-, **E=*=1,&c.
- r T r

1 + — # #
+ ; I ++| + 7

And the present value of an annuity certain

payable half-yearly for n years, each pay

ment to be half the yearly payment, is the

sum of this series continued to 2n terms; or,

*— –*— =+––– = P –
r r Taº- r 14 º w

- - x 1 +- 7" X -

2 2 +7 2

1 =h
r 2n

r x1 ++ -

By the same steps it will appear, that the

present value of an annuity certain for n

years to be received in quarterly payments,

each a quarter of the annual payment is,

o,25 o,25 - 1.
——º-— = P -- --- E

r 7" X I *r × 1 ++ - +_

4 4 4.

And also, that the present value of an annuity

certain for n years, to be received in mo

mently payments, each the same proportional

part of the yearly payment that the moment is

1

- r IOOO, &c. n

7" X 1 +— -

1ooo, &c.

But, by the binominal theorem,
- Iooo, &c. m. r2n.2 r3m3

e r

1 + = . 1 + rm+++++

1ooo, &c.! -

+
-

of theyear, mustbe P

º
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4. - - . -

#~, &c. which series approximates in
2 x 3 × 4 - -

definitely to the number of which rn is the

hyperbolic logarithm, by Prob. 1. Sect. XI.

Vol. II. of Mr. Simpson's Fluxions; or by

Prop. 1, p. 40, of his Treatise on Trigono

1 -

metry. Therefore P– IOOO, &c. 4
1 2 ww.

r x 1–H– -

a - - - 1ooo, &c.

*

i -

= p — ºr = m, as expressed before. See

p. 239. -

If the value of an annuity of £1 for n

years is required payable half-yearly, and

the half-yearly interest of £1 instead of be

ing half the yearly interest (or +), is sup

posed to be T+7] – 1 ; the answer will be

o,5 o,5 o,5 o,5 . -

- *-
--

-->
*†† + 1 + r ITF): + 1+rſ’ &c. COnt1

s O, O,

nued to 2m terms= *—— 51.

ºx -

T — 1 1 + in x1 x714—1

1 1

= 1–HF4–H, which value is

2 X 1 + rj —2
r

to 1-HT x: (the value of the same an

nuity payable yearly supposing the yearly

interest
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º

r

interest of 261 to be r) as Th to-;
1 —1

agreeable to Mr. De Moivre's deduction in his

Treatise on Life-annuities, p. 125, 4th edit.

* In the same manner the value payable quarterly is

I 1.

—X - -

- 7 F and the value payable mo

*-i-Fi, iz Hº- twº me.

--—x— 1

mently=1-II. Two.s. iii.

Consequently the value of an annuity certain, payable

quarterly or momently, is to the same value, payable

yearly, as > or " to +(N being the hy
I

perbolic logarithm of 1 +r). Supposing, therefore, the

interest to be 4 per cent. the value of an annuity payable

yearly must be invariably increased in the ratio of 1.61o 1,

or 1.0152 or 1..ougè6 to 1, according as it is payable

either half-yearly, quarterly, or momently. The differ

ence, however, between the values of annuities payable

early and at shorter intervals is known to be continually

iº. in proportion to the length of the term, till at

last, when the term is extended to a perpetuity, those

values become the same, whether the payments are made

yearly or momently. But such an equality can never

take place according to Mr. De Moivre's rules; nay, if the

term be extended only to 70 years, and interest be 6 per

cent. an annuity payable quarterly will be worth more

than even the perpetuity when the payments are made

yearly. This is manifestly erroneous, and therefore suf

ficient to prove the fallacy of Mr. De Moivre's method of

Solution, - M.

This
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This implying, in the case of annuities pay

able half-yearly, a smaller interest than half

r

the yearly interest (for TFrº–1 is less than
7" v . . - - -

#) gives the difference between their value

and the value of annuities payable yearly,

greater than the truth. -

But to return to the investigaion of the

theorems in the former part of this paper.

Let us again call P the perpetuity, and y

the value of an annuity certain for r years

and payable yearly; it is well known that

the value of zél payable yearly on a life

whose complement is n is (supposing an

-1 71–277

equal decreme ife)— -
Q. e nt of life)====Frºſ,

_*-3

n x1 +rl3.”

- p –- X W = Y.

p –- Ky = y

&c. continued to n terms “

In

* See Mr. De Moivre's Treatise on Life-annuities,

p. 99, 4th edition. Or his Doctrine of Chances, p. 31 1,

3d edition. Or Mr. Dodson's Mathematical Repository,

Vol. II. p. 137. Or Mr. Simpson on Annuities and Re

versions, p. 14. In consulting these writers, care should

be taken to remember, that they use r to denote the prin

cipal and interest of £1 for a year; whereas it hath been

most convenient for me in these observations to make r.

stand only for the interest. In these writers, therefore,

r signifies the same with 1-Hr in this paper; and r—1 the

same with r. *-

It
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Inlike manner, supposing money improved

at an half-yearly interest equal to half the

yearly

It is said above, that the value of an annuity payable

• - - 7? - 1

yearly on a life whose complement is n, is ---
• a × 1 + r

m—2 7–3 •

-—º- + –===-, &c. continued to n terms.

nx T-FFT)? n×T-F3

- • - ?? 7,

This expression is equal to — -

m × 1 + r + n×T-F’

zz
- I 1 2 3
——-, &c. (n)- - - &c.

a x 1 + rj} (-)-; x++,+H: “HI”

(n). But * + *— + —t- &c. ( =

nx i + r n×TF?!" n×T-Friº

* 1 1 I 1 1

- + –=-+ ==-, &c.) = --–- EIT, 4 Hº +H: c.) r rx 1 + r." y

see p. 248.) Also, by a theorem which will be demon

strated in the postscript, and putting a for any given quan

- 1 2 3 - º

tity, 7 + 7. + 23' &c. continued to n terms,===

zz 1 1 a - -

- ~ X — — X . Therefore, if 1 + r is
an X a-1 an a—1* 3. +

1. 1

ituted for a, and y for - – --→ -, the sum (mulsubst 2 y r r x I+?" º (

- . 1 2

tiplied by .) of n term. of the seriesTT, + +H.4.

*— & ill come out Itſ, l x== : or
Hill º C. Wi fºr y r T+7° »

1 + r 1 - ... 1 __

#~ xy + y –- Therefore, the series , x ºr , 4

i. -
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- r

yearly interest, or to: the value of the same

n— #

annuity payable half-yearly, is: x -=

- n× 14 7

72—i. n—#

º, &c. continued to 2n

*...n×1+7 +;

72 77 ze

1 + ...-- 2–H - 3.-- - r 2
termS = x r | ?? x 1#|

n×1++ nx 14-7

I .

&c. continued to 2n terms— ;, x † --

n×1++

3.1 2.

→E--- 76, &c. continued to 2n

nx 14- n×147| -- -

terms. But the sum of the first of these two

72 72

series, or of : x +TF2,&c. (=?

2. nx i +; n× 1.4% 2 ( 7"

2 • -

+-= ++n, &c. continued to n terms and sub

1 + r * 1 +r]

- 1. 1 1 -

tracted from the series —- + =5-, &c.

H; + 1+r] + 1+r].'

continued to n terms; that is, the value of the life will

be v-tt- > –4 =+ -it-xy=2–1 tº
ey +x y + y gr ºr =xy=P--.

x y = Y. w
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- l 1

5: ºf..." &c.) is A, see p. 249, &c.
2 - -

And the sum of the second series is the same

with half the sum of the series + x:

I 2 3 w

- —). ..T 3. - -

II*. + 1++|' &c. (2n). But by the
- | #

theorem mentioned in the last note, the sum

- . 1 2 3 -

of n terms of the series a + 2 + º- &c. is

er ſº I 1 a

-T-z ‘ji=T-: x =m. Therefore,

if 1 + # is substituted for a, 2n for n, and

1

!" 2n3

rx 1+;

- - I 1 2

series (that is, of : x : x ++=+
- * 1+3 *

A for +– the sum of the second

r

3 -, &c. (2n) will come out 1+3 + 6 -
3.

--- Tºr

1+:

1+ - 1 -

x ==, or— 3 A + h-i-. There
ſºr

º1+;

+

* fore,
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fore, the second series subtracted from the

1 + rr

1+: 2

x A = P - x h = H,
1 -

first, leaves –-r 7ur"

agreeably to the second theorem in p. 248.

By reasoning in the same way it may be

1++
+7

easily found, that Q = P – × 4 ; and7l)"

r

1 +TIOOO, &c. 770

M - P -—H x m = P –7, agree

ably to the third and fourth theorems in

p. 243. – -

These theorems, I have said, suppose that

an annuitant is entitled to no payment for

that year, half-year, or quarter, in which

he dies. If, on the contrary, he is to be

entitled when he dies, to such a part of the

yearly, half-yearly, or quarterly payment as

shall bear the same proportion to the said

payments respectively, as the intermediate

time between the last payment and his

death bears to the whole year, half-year,

or quarter ; in this case, supposing the an

nuity payable yearly, it is evident, since

there is the same chance for his dying

in one half of any year as in the other,

that he will have an expectation of half a

year's payment more than he would be

otherwise entitled to. But the value of

half &#1 to be paid at the death of a person

4 whose
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whose complement of life is n, is ; x

I 1

&c.—#=+ , ,==+ , x ––
* x 1+ r. 2. nx I-Fr. º n x1 +r]3 •

continued to n terms (*) = . . º

2n r

In like manner, a person who enjoys an

annuity secured by land, payable half-yearly,

will have an expectation of a quarter of a

year's payment more than he could be other

wise entitled to ; the value of which is

I -1 1 I

x -

, 47. - + Hà + H., &c. continued

- 1+5 º] 1+3. *

*

- * h • -

to 2m terms = +. By the same reasoning it
4n -

\

will appear, that ; is the addition to be

made to the value of an annuity payable

quarterly, in order to obtain its value when

secured by land. -

• – 1

IN the note, p. 248, the expression 2–1.

1

is given as the sum of n terms
— - ×

ax a — 1 w

- . 1 .. 1 1 1 1

of the series + + . + 3 + ..” &c., to 7.”

- - g 7t. x 1 ſ

and the expression=— 4- -

p a -1)* a” a – 1 gº

* * See page 248, &c.

vol. I. S *
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a. e e - -

x=in, is given, in P. 253, as the sum of

; , 1 ; 2 3 , 4
n terms of the series; ++++++, &c.

The following investigation of these theo

rems being very easy, will not, perhaps, be

unacceptable to those who have studied this

subject. -

1 I -

7 + ..., &c. --. B E

I I

Put a =++++:

1 2 3 4. +

++ = + + + &c. ...
a3 gº?

1 I 1 - I

Then Ax a =1++ + + ++, &c. to ©an—1

1 — 1 I I

+ ++++, &c. to
and A x a- 1 + a/4 an-1

1

+ 7-A,

and A x a-A (= A ka–1) = 1 —i.
- - a’t

1 1 × 1 . . .

Therefore, A =−—: " ++, which is
a-l aft a— 1 -

the first theorem.

- - - , 1 1 I I

Again, A x 4= 1 ++++++, &c. to 7. T.

2 3 4 77

all - - - - -

nd a a 1++++++, &c. to I-7.

The - =+++++refore, B X a A x a =+ + i + +,&c.
-

- m—1

to an-I'

*

To
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To both sides of the last equation add #,

and it will appear, that

* — 1 . 2 . 3 4 -
B × 4– A ** ++=# ++++++, &c.

a 71-1 fe

to := + + = B.

-*— .

Therefore, B - a- p = n ×a—I=A x4—is

A x a ſt

and B = #-F#-F.

For A, in this last equation, substitute its

i 1 1 . . . ... . e.

equal, or 7-7-; x +7, and the resulting

- ti ill b d : 7t x f I A.

equa IOI, WI e a-T) — ant a- 1 an 38

g - - -

*- - d t l.
=== B, which is the second theorem

When n is infinite, all but the first

terms in both these theorems vanish ; and

therefore, H is the sum of the series

+ + # + #. &c. continued infinitely ; and

a. - • - 1 2 3 a ~ -

=is the sum of the series; + F+7. &c.

continued infinitely.

By a like deduction, putting
I 2 × 2 , 3 x 3 4 × 4

nº.

c = H + + g3 x -ī-, &c. to :

S 2 - and
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f

f 1 2 × 2 × 2 3X3X3 , 4X4X4 -

and D = + + -ī- + -ā- + :, &c.
(l d º

** . - — A-H2n+! —
to ::, it may be found that c = —-T-

n+T’ A+&n-Hºc + 1 — nº-il'#. and D = a—l aſ-Faz",

And consequently, substituting the values of

A and B, that -

a”--a º' I 3an v. 1 a” + a

C ==i- aſt a—l unt a-il’ - gºt x

1 -

2-T)* * •

And, substituting the values of A, B, c, that

a^+4a”--a 713 x – - 3am? - 1

D = --Tº- - 7 × 7– 7- - - -

3a*n-H 3an I a* + 4a”-H a 1 -

*** x ºr -H x =F. Or,

since all but the first terms in these expres

sions vanish when n is infinite, that the sum

of the series + + + ++, &c. continued in

- ... a” + a -

- : a f tfinitely is Hi • nd that the sum of the

series 1 +++++ #, &c. continued infi
0. (12. g (l

a (73 + 4a. + a -

nitely is a-Tº

These are all the theorems necessary for

calculating the values of annuities on single

Tives, and on any two or three joint lives,

- - upon

3
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upon the hypothesis of an equal decrement

of life. . . -

Supposing r the interest of £1 for a year,

the sum of n terms of the series -– 4 ++
- 1 + r 1 + r

1 - -

&c. is the present value of an an
Hi’. • , , , , , , !---

2

1+rſ’

- - - * * * - - 1

nuity certain for n years; and TH +

3 4. - - -

††† H.F. (continued to n terms) is the

present value of an annuity certain beginning

with 361, and increasing to 362 the second

year, to 363 the third year, &c. . . -

If this last annuity is not an annuity cer

tain for a given term, but a life-annuity,

the value of it (supposing n the complement

of the life, A the value of an annuity certain

for n years, G the value of two equal joint

lives whose common complement is n, P

the perpetuity, and p the value of 361 to be

received at the end of n years) will be A –G

x n + mp P-A P × 1+r.

EXAMPLES,

Iet the term be forty-one yearſ, and the rate

of intereſt 4 per cent.

The value of an annuity of 361 certain

for this term is 3620. -

The
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The value of an annuity certain for the

same term, and beginning with 361 at the

end of the first year, but increasing to 362

at the end of the second year, to gé3 at the

end of the third year, and so on till it be

comes 2641 at the end of the forty-first year,

is (by the Second Theorem, putting 1 + r,

or 1.04 for a) =6314...10s.

The value of an annuity increasing at this

rate without end is effé50. - -

If the annuity is a life-annuity which is

to increase at the rate of 261 every year

during the whole possible continuance of a

life whose complement is forty-one years (or

whose age, according to Table VI, in the

next volume, is forty-five), the present value

of it will be, by the last theorem, 36135. But

a much simpler rule for finding the values

of annuities of this sort will be given in

the following notes. See Note I; and also

Mr. Morgan on Assurances, p. 119.

POSTSCRIPT.
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PO STS CRIPT.

e

THE first four Tables in the next volume

furnish with the means of determining easily

the values and amounts of sums and annui

ties for the most common half-yearly as well

as yearly rates of interest ; Mr. SMART, in

his very useful and comprehensive Tables,

having given the baff-yearly values and

amounts improperly. - -

It is very obvious, that the amount at any

given yearly interest of any given annuity

payable half-yearly, is the same with the

amount of half that annuity at half the in

terest, and payable a double number of times.

The amount, for instance, at 4 per cent. of an

annuity of £10 payable yearly for 30 years,

is, by Table IV. 26.560.849.

If it is payable half-yearly, its amount will

be the same with the amount at 2 per cent.

of an annuity of 265 payable for 60 years,

which, by the same. Table, is ºf 570.257.

In like manner; the amount at 5 per

cent. of an annuity of £50 for 40 years,

payable half-yearly, is the same with the

amount at 2: per cent. of an annuity of

£25 for 80 years, which appears to be

266209,567. The amount at 5 per *;
- º º OI.

º
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of the same annuity payable yearly, appears

to be affGo29.988. -

Farther. The amount of £10 princi

pal put out to yearly interest at 4 per cent.

and forborne for 30 years, is (by Table III.)

zé32.433. But if it is put out to 4 percent.

Balf-yearly interest, its amount will be the

same with the amount of the same prin

cipal, bearing half the interest in double the

time; that is, it will, in the present instance,

be the same with the amount of £10, bear

ing 2 per cent. interest in 60 years, which,

by the Table last mentioned, appears to be

2632.810.

These amounts can be thus determined

from these Tables only, when the term for

which they are wanted does not exceed 50

years, or 100 half years.

In order to find them for any longer

term, the following method must be taken :

“If the amount required is the amount

“ not of an annuity, but of a sum—find first

“ the half-yearly amount for 50 years; after

“ which find the half-yearly amount of that

“ amount for the remainder of the term, and

“ this last will be the amount desired.”

(ºr,

iſ . . . .

EXAMPLE. . . . .

Let the amount be required, at *per cent.

of 2610 in 80 years, supposing the interest

payable half-yearly.
Ans.
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Ans. The amount in 50 years, deter

mined in the manner just described, is

72.446; and the amount of 72.446 in 30

years, determined in the same way, is

sé237.676, which is the amount required.

This amount, supposing the interest pay

able yearly, is 26230.049.

But if the amount required is the amount

of an annuity improved at any given rate

of compound interest payable half-yearly,

it will be necessary, after finding the sum

which is the amount for 50 years, to find

the yearly interest that sum will carry at the

given rate; and the āmount for the remainder

of the term, of this interest increased by the

annuity, added to the amount for 50 years,

will be the amount required.

EXAM P L E.

Let the amount be required, at 4 per cent.

of 2é10 per ann. in 80 years, supposing the

annuity payable half-yearly.

Ans. The amount in 50 years (being the

same with the amount of 265 per ann. in

100 years, at 2 per cent.) is, by Table IV.

eff 1561, 116.- The yearly interest of

26.1561.1 16, at 4 per cent. is 3662.446, which

increased by 2010 makes 2672.446; and the

amount of 2672.446 per ann. payable half

yearly in 30 years (or of £36.223 in 60 half

years) is 2.É4620.96, which added to

- - - 26.1561.116,
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36.1561.116, makes ºf 6182.076 the amount

required. *

This amount, supposing the annuity pay

able yearly, is 265982,665.

N. B. These amounts for any given term

and rate of interest are the same with the

debts bearing that interest, which will be

gradually sunk in that term by any given an

nuity appropriated to the redemption of the

debt.—It appears, therefore, from the last

example, that a sinking fund of a million

per ann. never diverted would pay off, in 82

years, a public debt of 598 millions, bearing

4 per cent. interest, supposing it applied to

that purpose yearly; but that if applied baſſ

yearly, it would pay off, in the same time,

a debt of 618 millions.

These examples shew the method of find

ing, by the abovementioned Tables, the values

at any rate of interest of annuities payable for

any given terms, supposing them payable

Half-yearly; and likewise the values of any

sums payable at the end of any terms, sup

posing a half-yearly instead of a yearly dis

count allowed. But in such cases, these

Tables will be of no use, if the terms ex

ceed 50 years, or 100 half-years; and it

will be necessary to have recourse to the

theorems at the beginning of the preceding

chapter, by which, with the help of lo

garithms, it is easy, in all cases, to compute

the difference between the values of annui

ties
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ties (including life-annuities) as they are

payable yearly, half-yearly, or quarterly.

With respect to life-annuities, it may be

proper to observe here particularly, that

their values deduced from the complements,

that is, from twice the expectations according

to any given table of mortality (by the rules

in p. 221, and p. 223), and payable half

yearly or quarterly, is the same with the

values of half or a quarter the annuities

at half or a quarter the yearly interest, de

duced (by the same rules) from double or .

quadruple the complements: and that the

difference between the yearly values and

these half-yearly or quarterly values added

to the true yearly values according to the

same table of mortality, will give, with almost

perfect correctness, the haſ-yearly or quar

terly values according to that table.

EXAM P L E.

Let the different values be required of an

annuity on a single life aged 50, according as

it is payable half-yearly or quarterly, reckon

ing interest at 4 per cent. and the probabi

lities of the duration of life, as they are in

Table XLV. Vol. II. -

Ans. The complement (that is, twice the

expectation) by Table XLV. of a life aged 50

is 36.92. The value of an annuityº
- able

*
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able yearly on a life at this age deduced at

4 per cent. from this complement, is by the

rule in p. 221, 11.533. The value de

duced from double this complement (that is,

ofalife whose complement is supposed 73,84)

at 2 per cent. is 23.466 °, the half of which

- 1S

* In computing in this case, by the rule here re

ferred to, it is necessary to find the value at 2 per cent.

of an annuity certain payable for 73.84 years. This

value (by the First Theorem in the preceding Chapter)
1 -

is 50 T.oxiºsº. By logarithms it is easy to

find that 1,0273-84 is 4.3154; and, consequently, that

this expression is 38.416, which multiplied, according to

the rule in p. 221, by 51 (the perpetuity.#.
unity), and the product divided º 73.84 will give

36,533, which quotient subtracted from 50, (the per

Petility), leaves 23.466. -

In like manner; the value, by the same theorem, at

1 per cent, of an annuity certain for a number of years

equal to four times the complement (that is, to 147.68.
1.

years) is 100 - .o. 2: ..o.º.º. which is equal to

76.994; and the product of 76.994 into 101, divided

by 147.68, gives 52.654, which, subtracted from Ioo,

leaves 47.345, the quarter of which is 11.836.

It is necessary to add here, that in computing the

yearly value of any life-annuity from the expectation by

the rule in p. 221, the value of an annuity certain for a

number of years equal to twice the expectation (or the

complement) may be always taken from Table II. Vol. II.

when the complement is any whole number of years; and

also, that when it is not any whole number of years, it

may be taken for the correspondent arithmetical mean

between the two nearest yearly values in the Table.

Thus; in the example given above, the value at 4 per

cent. of an annuity certain for 36 years, by Table II.
is . .
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is 11.733. The difference is .200. And

this difference, added to 11.658 (the true

value by Table XLVII. of an annuity payable

yearly on the supposed life), makes 11.858;

which is the true value of the annuity payable

Aalf-yearly. -

The value of the same annuity deduced

(by the rule in p. 221) from quadruple the

complement at 1 per cent. ; that is, the value

at 1 per cent. of a life whose complement

is supposed to be 147.68 years, is 47.345,

the quarter of which is 11.836. The dif

ference between this value and 11.533 is

.303, which added as before to 11.658, makes

11.961, the true value of the annuity pay

able quarterly.

In the same way the values are to be com

puted (by the second rule in p. 223) of an

nuities payable half-yearly or quarterly on any

two joint lives.

If the annuity is a life-annuity secured

OIA

is 18.908. The value for 37 years is 19. 142. The

difference is .234 ; and this difference multiplied by

.92 (the fractional part of the complement) and added to

the least of these two values, gives 19. 123 for the value of .

an annuity certain for 36.92 years.

The exact value by the first Theorem is 25–

1

, which is equal to 19.123, and the same

.oqx Tolº

with the former value.

f It should be remembered, that all the values of life

annuities in the Tables in the next volume suppose that,
- when
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*

on land, the value is to be computed by the

directions in the preceding chapter.

If such an annuity is payable half-yearly, as -

is most common, its value, in the present

instance, will be 11.858 (the half-yearly

value just determined) increased by the quo

tient of 19.206 (the value of an annuity cer

tain and payable half-yearly for a number of

haſ years, equal to four times the expectation

or twice the complement ; that is, 73.84) di

vided by four times the complement. This

quotient is .130; and the value, therefore,

is 11.989. - º

The following comparison. will shew, in

some measure, what additions should be

made, at all ages, to the yearly values of life

annuities, on account of these different modes

of payment. *

when the annuitant dies, nothing can be claimed for the

time that has past since the last payment became due.

If a payment proportioned to that time may be claimed;

that is, if the annuity is payable to the last moment of

life, it is called an annuity secured on land. -

A.

* TA B L E

‘.
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T A B L E

Shewing the Additions to the Values of Life

Annuities on account of their being pay

able half-yearly, or quarterly, or half-yearly
and secured on Land. a

Interest 4 per cent.

Yearly Half- Excess|| Excess|[Value secu- Excess

value by early va above | Quarterly above ||red by land. above

Age Table [? i. "|yearly | value. yearly ||and payable yearly

XLVII. * |value value. half-yearly. value.

—-
|

1018.891, 19.018.127|19.089). 198|| 19.085.194

- 2017.603 17.746]. 143||17.819.2.16|| 17.824.221

3016:006 16.16s.j62|16249.243' 16.239.253

4014.934.4216,182,4397.273 14.324.200
501 1.658||11.858|200||11.961.300|| 11.989.331

60 8.789, 9.014].225|| 9.1 19.330|| 9,170.381

70 5.783, 6,019.236 6.136.353| 6.204,421

75, 4,534 4.770.236|| 4.892.358|| 4.967.433

Interest 5 per cent.

Age •-clad |

10|16.16916.278.109||16.331.162|| 16.332]. 163

2013:2003:333 .123||15,445. 183| 15.447/. 187

30.14.08014.223.143||14.293.213| 14.299|219

4012.558.12.720.162||12.801.243|| 12.812,254

5010.634|10.820.186|10.914.280 10.933.299

Go's, is sºoglºioſ sigs.gif| s.544.366
7O 5.494 5.7 10.225|| 5.835 ºil. 5.89 || 397

75 A.333 A.375,230|| 1697.317|| 1762.41%

These excesses are the same from what

ever tables of mortality the yearly values are

deduced. They are also nearly the same

(supposing equal yearly values) whether the

yearly values are the values of single, or of

joint lives, or of any number of lives.

f CH A PTER
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CHAPTER VI.

'Qf PUBLIC CREDIT, and the NATIonAL

- DE BT.

THE National Deº is a subject in which

the public is deeply interested. Some ob

servations have occurred to me upon it,

which I think important ; and for this rea

son, though foreign to my chief purpose in

this work, I shall beg leave to offer them to

public attention.

The practice of raising the necessary sup

plies for every national service, by borrowing

money on interest, to be continued till the

principal is discharged, must be in the high

est degree detrimental to a kingdom, unless

a plan is settled for putting its debts into

a regular and certain course of payment.

When this is not done, a kingdom, by such

a practice, obliges itself to return for every

sum it borrows infinitely greater sums ; and,

for the sake of a present advantage, subjects

itself to a burden which must be always

growing heavier and heavier, till it becomes

insupportable. -

This seems to be now the very state of

this
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this nation. At the REvo LUTION, an aera

in other respects truly glorious, the practice

I have mentioned begun. Ever since, the

public debt has been increasing fast, and

every new war has added much more to it

than was taken from it during the preceding

period of peace. In the year 1700, it was

16 millions. In 1715, it was 55 millions.

A peace, which continued till 1740, sunk

it to 46 millions; but the succeeding war

increased it to 78 millions; and the next

peace sunk it no lower than 75 millions.

In the laſt war it rose to 146 millions and

a half. During a peace which has lasted

now 10 years, it has been reduced to 138

millions: and at a sum not much less

than this, it will, perhaps, be found at the

commencement of another war, which may

possibly raise it to 200 millions 8.—One

cannot reflect on this without terror.—No

resources can be sufficient to support a king

dom long in such a course. 'Tis obvious,

that the consequence of accumulating debts

so rapidly, and of mortgaging posterity, and

* It should be remembered that this was written in

1773–In 1774 and 1775, two millions of the capital of .

the 3 per cent. annuities were paid off, which reduced the

capital of the public debt to 136 millions; and at this sum,

nearly, (supposing the long annuity then worth 27 years

purchase) it stood at the beginning of the American war.(*)

(*) The additions which have been made to the public debt

by the American, and the late war, together with its whole

amount in the present year (1802), may be learnt from the

account at the end of this Chapter. -

M.

WQL. I. T funding
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funding for eternity, in order to pay the

interest of them, must, in the end, prove

destructive. Rather than go on in this way,

it is absolutely necessary, that no money

should be borrowed, except on annuities,

which are to terminate within a given pe

riod. Were this practised, there would be

a LIMIT beyond which the national debts

could not increase; and time would do that

neceſſarily for the public, which, if trusted

to the economy of the conductors of its

affairs might possibly never be done.

This, therefore, is one of the proposals to

which on this occasion, I wish I could en

gage attention. I am sensible, indeed, that

the present burdens of the state would, in

this case, be increased, in consequence of

the greater present interest which would be

necessary to be given for money : but I do

not consider this as an objection of any

weight. For let the annuity be an annuity

for 100 years. Such an annuity is, to the

present views of men, nearly the same with

'an annuity for ever ; and it is also nearly the

same in calculation, its value at 4 per cent.

being 24; years purchase, and therefore only

half a year’s purchase less than the value of

a perpetuity. Supposing, therefore, the pub

lic able to borrow money at 4 per cent. on

annuities for ever, it ought not to give above

1ſ. 7d. per cent. more for money borrowed

on annuities for 100 years : But should it be

obliged to give a quarter, or even a half per

* - Cé/11.

t
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cent. more h, the additional burdens derived

from hence, would not be such as could be

very sensibly felt; and the advantages, arising

from the necessary annihilation of the public

debts by time, would abundantly overbalance

them. -

These advantages would be, indeed, un

speakably great. By such a method of raising

money, the expence of one war would, in

time, come to be always discharged before

a new war commenced ; and it would be

impossible that a state should ever have upon

it, at any one time, the expence of many

wars; or any larger debts than could be con

tracted within the limited period of the an

nuities; and, consequently, it would enjoy

the invaluable privilege of being rendered,

in some degree, independent of the manage

ment of its finances by ignorant or unfaithful

Servants.

I must add, that it is by no means neces

sary, that the limited period of the annuities

should be so long as I have mentioned, or

* The annuities might be kept 18 years without

being much diminished in value; for, supposing interest

at 4 per cent, an annuity for 82 years, is, within a 49th

part, or £2 in #98 worth as much as an annuity for

1oo years. - z

Perhaps, in this way of raising money, it might be best

to offer a higher interest at first, which should fall to a

lower, at the end of given intervals. Thus, though 4; for

1oo years is equal in value to 5 per cent. for 17 years, and

after that 4 per cent. for 83 years, yet the latter might ap

pear more inviting. -

T 2 100
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100 years; and that, at any time before the

expiration of this period, the public might

employ any surplus monies, in extinguishing

part of the annuities, by purchasing them for

itself at the market price; and thus it might

aid the operations of time, and keep its debts

within any bounds that its interest rendered

necessary. Our government has, I know, in

some instances adopted the plan now pro

posed; but it is to be wished that, instead of

retracting it, as was once done, it had been

carried much further.

I am, however, far from intending to re

commend this plan as the best a state can

pursue. There is another method of gaining

the same end, which is, on many accounts

preferable to it. H mean, “by providing an

“ annual saving, to be applied invariably,

“ together with the interest of all the sums

“ redeemed by it, to the purpose of dis

“ charging the public debts: Or, in other

“ words, by the establishment of apermanent

“ sinKING FUND.” -

It is well known, that this plan has been

also adopted by our government; but, though

capable of producing the greateſt effects in

the eaſieſt and ſureſt manner, it has never

been carried into execution. It will abund

* In the year 1720, the nation was put to the expence

of above three millions, in order to reduce several long

and short annuities then subsisting to redeemable per

petuities. •

antly
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antly appear, from what follows, that this

observation is just.

Suppose the annual saving to be 36100,000.

This sum, applied now to discharge an equal

debt, bearing interest at 4 per cent. will trans

fer to the public, from its creditors, an an

nuity of 2é4000. The annual saving, there

fore, would be increased to ºf 104,000 ;

and this saving would transfer to the public

another annuity of 264,160, and make the

saving at the beginning of the 2d year, to be

26.108,160.—Thus, the original fund would

go on increasing, at the same rate with money

improved at 4 per cent. compound interest.

—At the beginning of the 3d year it would

be ºf 112,486. At the beginning of the

18th year, sé202,581. Of the 36th year,

zé410,393,and of the 95th year,364,151,138.

—In 94 years, then, the nationſ might be

eased of above 4 millions per annum in taxes;

and above 100 millions of its debts would

be discharged, gradually and insensibly, at

no greater expence than 2é100,000 per an

num; and without interfering with any of

the resources of government; or making any

other difference, than causing funds to be

engaged for a course of time to the public,

which would have been otherwise necessarily

engaged to its creditorſ, and which, there

fore, must have been entirely useless to it.

It is an observation that deserves particular

attention here, that on this plan, it will be

- of
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of less importance to a state what interest it

is obliged to give for money : For the higher

the interest, the sooner will such a fund pay

off the principal. Thus ; a hundred millions

borrowed at 8 per cent. and bearing an an

nual interest of eight millions, would be paid

off by a fund, producing annually 36100,000

in 56 years ; that is, in 38 years less time

than if the same money had been borrowed

at 4 per cent. * *

*

.* What is here said, supposes the same fund applied

to the discharge of debts bearing different interests. If

different funds are applied, bearing to one another the

same proportion with the interests of the debts which

they are to discharge, the benefit derived from borrow

ing on lower rather than higher interests, will be reduced

to almost nothing; for the disbursements of the public

on account of all equal loans, will, in this case, be nearly

the same.

º following example will explain and demonstrate
thlS : -

Let a million be borrowed at 3 per cent. and let a fund.

be charged with it, bringing in six shillings per cent. Öer ann.

more than the interest; or £33,000 instead of £30,00e

per ann. This surplus, unalienably applied, together with

all the interests disengaged by it, will annihilate the prin

cipal in 81 years, as may be gathered from Table IV. in

the next volume. And the disbursements, on account

of the loan, will be 81 multiplied by £33,000; that is,

sé2,673,000. Let us suppose again, a million borrowed.

at 6 per cent. and let a fund be charged with it, pro

ducing a surplus of twelve shillings per cent, per ann. Such

a fund, besides paying the interest, will discharge the

principal in 41 years; and the disbursements, on account

of the loan, will be £66,000 multiplied by 41; that is,

4'2,706,000, or nearly the same with the disbursements

on account of an equal loan at 3 per cent,

- It
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. It follows from hence, that reductions of

interest would on this plan, be no great ad

vantage to a state. They would, indeed,

lighten its present burdens ; but this advan

tage would be, in some measure, balanced

by the addition which would be made to its

future burdens, in consequence of the longer

time during which it would be necessary to

bear them.—I mean this on the supposition,

that the savings produced by reductions of

interest, are immediately applied to the re

lief of the state, by annihilating taxes equi

valent to them. But if that is not the case;

and if, likewise, there is either no plan esta

blished for putting the public debts into a

certain course of payment, or it is not faith

fully carried into execution; in these circum

stances, reductions of interest may prove

hurtful. For, first, They would only fur

nish funds for contracting further debts, and

with more money for supplying the defi

ciencies arising from profusion and bad ma

nagement. And, secondly, As, in such cir

cumstances, they would only retard, and not

prevent the increase of the burdens occasion

ed by the public debts, a period would

come when the affairs of the state would

get near to a crisiſ ; and at such a period, its

danger would be increased, in proportion to

the reductions of interest that had been made.

In order to understand this; let us suppose

that a debt, bearing an annual interest of five

millions, is the whole debt which a state

can bear without being so much oppressed as

to
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to be near sinking. Let it, however, be sup.

posed to have still some last resources left,

which may enable it to bear, for 23 years to

come, this load, together with every addi

tional load, which, during this time, may be

necessary to be thrown upon it.—Let it fur

ther be supposed, that at this time, the state

urged by the fear of an approaching bank

ruptcy, resolves upon entering into some

effectual measure for preserving itself.—

Certain it is, that in such circumstances, no

measure to effectual can be pursued, as the

establishment of a sinking fund, and such a

faithful application of it as I have explained.

Let that then be the measure entered upon ;

and let the state be supposed capable of pro

viding a fund, producing a million annually.

If all the debts bear interest at 6 per cent.

this fund would pay off three-fifths of them,

within the time I have mentioned; or, in 23

years; and the state might be saved. But

if, in consequence of reductions, they bear

interest at no more than 3 per cent. the same

fund would not give the same relief, in less

than double that time; and therefore, a bank

ruptcy might prove unavoidable ".

I wish I could think, that there is nothing

in this representation, that can be applied to

the present state of this nation. The interest

of the public debts has been reduced, at dif

* It should not be forgotten, that the operation of such

a scheme would raise the 3 per cent. debts nearly to par,

and render the discharge of them at a discount impracti

cable. - - * - -

ferent
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ferent periods, from 6 to 5, from 5 to 4, and

from 4 to 3 per cent. ; but still they have

grown with rapidity; and we now see our

selves overloaded, and in no way of gain

ing relief. Had there been no reductions of

interest, we should, indeed, have been in the

same condition sooner; but, we might have

been relieved also sooner, and with less dif.

ficulty and danger. -

In short. Reductions of interest are ad

vantageous chiefly when made to gain ad

ditions to such a rinking fund as I have de

scribed.—When made with other views, they

... are only pal/iativeſ, which give preſent relief

by increasing future danger ; or expedients

which postpone a public bankruptcy, by ren

dering it a calamity more unavoidable and

dreadful. As managed therefore among us,

they have been indeed the effects of too

narrow a policy, and deserve none of the

encomiums which have been bestowed upon

them. The preceding observations prove

this sufficiently ; but there is one farther

proof of it which I cannot help mentioning.

Suppose ºf 200,000 per annum to have been

gained in 1716, by the reduction which was

then made of the 6 per cents, to 5 per cents. ;

or, in other words, by saving 1 per cent. per

annum on a capital of 20 millions. This

saving, in consequence of being applied un

alienably in the manner I have represented,

to the payment of the public debts, would,

in 37 years, have discharged a debt of

26.20,325,000, bearing 5 per cent. interest.

- But
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But if applied every year to current services, in

order to avoid levying new taxes, the benefit

derived from it in the same period would

be 37 times 36200,000, or gé7,400,000;

but at the same time, a debt would have

been continued of 20 millions, which must

have been otherwise paid. The effect, there

fore, in this case, of the reduction, would

be to prevent an incumbrance on the public

of 2é200,000 per ann. by leaving upon it an

incumbrance of a million per ann. rendered

more difficult and unlikely than ever to be

removed ". -

But

"There is an inconvenience arising from reductions of

interest, which I did not attend to when this Chapter was

composed, but which is greater than any here mentioned.

They have given rise to the extravagant douceurs or pre

miums which have been annexed to our public loans, by

causing the lenders of money to consider whatever interest

could be offered above 3 per cent. as no more than a short

annuity.—Had there been no reduction of interest be

fore the war which begun in 1755, the price of the four

per cent, stocks would have been during the whole war

either above par or not much below it, and government

might have borrowed at this or a lower interest without

premiums. But the reduction which had just taken place

of 56 millions to an interest of 3 per cent. made it una

voidable for monied men to consider this stock as only a

3 per cent, stock with #1 per ann. added till peace was

established; and this made it necessary for government,

2 either to promise interest extravagantly high, or to offer

long, or short, or life-annuities, or additional capitals, as

rewards for lending money at 3 per cent. The last me

thod has constantly been adopted; and in consequence

of it, the public has been put to an enormous expence,

which the avoiding of reductions and a little management

would have rendered entirely unnecessary. -

Ihaye endeavoured to explain this in the second Tract

On
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But to return to the subject I have princi.

pally in view.

What I have said implies, that a state al

ways discharges its debts, whatever interest

they bear, by paying the original sum bor

rowed. It may, perhaps, be imagined, that

when a loan is under par, it may be discharg

ed at a less expence. But this is by no means

so practicable as it may seem ; for it should

be considered, that a public loan, now under

par, would not long keep so, after being put

into a course of payments: And for this rea

son, as a state can never be obliged, in re

deeming its debts, to pay more than the ori

ginal sum borrowed, so neither ought it to

on Civil Liberty, Part II. Sect. III. and particularly in

the Supplement to that Tract, where regulations are

roposed for raising the value of stocks bearing higher

interest than 3 per cent. in order to avoid the necessity

of offering high premiums and creating artificial debts.—

The following example will shew what occasion there is

for some such regulations. The 3per cent. stocks were

(Oct. 25th, 1781.), at 55; ; and the price of the 4 per

cent. stocks, which, in order to bear a proportionable

price, ought to have been 733, was (deducting a fort

night's interest) 7o;. One per cent. added to make a five

per cent. stock, would have been still more undervalued ;

and such a stock, even with the advantage of being de

clared irredeemable for 15 or 20 years, would not pro

bably have sold for more than £82, or=#83. Had, there

fore government attempted to borrow by offering 5 per

cent. it could not have succeeded without giving a pre

mium of near 3'20 for every 26'100 advanced. But, by

suchº as those proposed in the Supplement to

which I have just referred, it would, I imagine, have

become practicable to borrow at interests corresponding

nearly to the prices of the 3 per cents. without premiums.

expect,



284 Of Public Credit,

expect, in general, to be able to redeem them

by paying leff. I have said, in general; for

I am sensible that, at the beginning of the

operations of a fund, when its produce is

small, and also in a time of war, a state

might derive great advantages from the low

rice of its debts. And I am sensible also,

that considerable advantages might be de

rived from lotterieſ, in paying the public

debts: But lotteries do great mischief in a

state, by fostering the destructive spirit of

gaming. It is wretched policy to make

them familiar, by recurring to them in the

ordinary course of government. There are

great occasions on which they may be ne

cessary, and for such occasions they should

be reserved. - -

The advantages of putting the public

debts into such a course of payment as I

have described, are scarcely to be imagin

ed. It would give a vigour to public cre

dit, which would enable a state always to

borrow money easily, and on the best terms.

And the encouragement to lenders might

be always improved, without any inconve

nience, by making every loan irredeemable,

during the first 20 or 30 years ; for, there

could seldom be any occasion for beginning

to discharge any one loan sooner.

It might be easily shewn; that the faithful

application, from the beginning of the year

1700, of onlyzé200,000 annually, would long

before 1790, notwithstanding the reductions

3 of
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of interest, have paid off above a hundred

millions of the public debts. The nation

might, therefore, some years ago, have been

eased of a great part of the taxes with which

it is loaded. The most important relief

might have been given to its trade and ma

nufactures ; and it might now have been in

better circumstances than at the beginning

of the last war; its credit firm ; respected by

foreign nations, and dreaded by its enemies.

A new account might also some years ago

have been begun ; and another fund, not

much more considerable, applied in the same

way, would, in a short course of years, have

paid all that would have been now unpaid

of our debts. And thus, without any ex

pence that could be sensibly felt, its debts,

as soon as they began to grow heavy, might

have been constantly reduced to a half, , or a

third; and not only all danger, but all con

siderable inconvenience from them prevented.

All I have now said, supposes a ſingle fund

with a general appropriation to the payment

of the public debts. The same ends might

be answered by particular funds, with small

surpluses, appropriated to particular debts.

In the wars of King William and Queen Anne,

an interest of six, and sometimes seven and

eight per cent. was given for loans. It would

have been easy to have annexed to each loan

a fund producing a ſurpluſ of £1 per cent.

after paying the interest ; and such a ſurplus

would have been sufficient to annihilate the

principal
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principal of every loan in 33 years. Had

this plan been followed, the disengagement

of the public funds, and the relief attend

ing it would have begun 60 years ago ; and

the debts contracted, during the reigns of

King William and Queen Anne, would have

been all cancelled near 30 years ago, without

any of that trouble, tumult, and distress,

which have been occasioned by reductions of

interest, and by the various schemes which

have been tried for lessening the debts ".—

A fund, yielding 261 per cent. surplus, an

nexed to a loan of 5 per cent. would dis

charge the principal in 37 years ”. At 4 per

cent. in 41 years. At 3 per cent in 47 years.

These observations relate only to what

might have been the state of the nation with

respect to its debts, had a right plan been

pursued from the first. But it will be asked,

What can be done with them as they are 2

I wish I was able to give a more satisfactory

answer to this enquiry. Every one must see

* The sums to be laid out would, in this case, be so

small at first, that it would be proper to employ them in

purchasing part of the loan to be annihilated at the prices

in the public market; and this, as far as it can be car

ried, is the most easy and quiet and silent way possible of

extinguishing the public debts.

* I have all along supposed the produce of the public

funds to come in yearly. The truth is, that it comes

in half-yearly ; but this gives no advantage in the pay

ment of the public debts worth taking into account. £1

per annum, together with its growing interests, at 4 per

cent. taken yearly out of £100, will reduce it to nothing

in 41 years; if taken half-yearly, it will annihilate the

same capital only four months and 12 days sooner.

- - Oll."
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our prospect to be discouraging, and our state

hazardous. Some have thought, that a good

method might be found out of discharging

the national debt, by short annuities, and life

annuities. The following observations will

shew how groundless an imagination this is.

Shortannuities and life-annuities have been

always undervalued by the public ; and

were they offered to sale to such an amount

as would be necessary to make any consider

able reduction in the national debt, they

would probably fall to a very low price.

Let the three per cent. stocks be supposed

at 86. £100 of this stock would not be

given up for a life-annuity less than 366, or a

short annuity for a less term than 30 years ;

for this is valuing them at 14+ years purchase,

and life-annuities in particular have never yet

been disposed of at so high a price.—In or

der, therefore, to discharge in this way a ca

ital in the 3 per cent. annuities of 33 millions.

and a third (the interest of which is a mil

lion per ann.) it would be necessary to pro

vide a surplus producing another million per

ann. for 30 years. But this surplus, em

ployed during the same time as a sinking

fund, would redeem 47 millions and a half

at par, and 51 millions and a half at 2686

in money for every ºf 100 stock. It would,

therefore, be great folly to employ such a sur

plus in the former way rather than the latter,

But I will beg leave to detain the reader

here a little longer—The observations now

made may be of use in shewing what the

- - 4 best
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best method is of incurring debts as well as

redeeming them.

Suppose a million raised by annuitier on a

set of lives, all at 30 years of age. The

purchasers of such annuities cannot rea

sonably be reckoned to have an expectation

of less than 30 years. That is; the dura

tion of their lives, taking them one with

another, will be 30 years; and they will be

entitled, supposing interest at 4 per cent. to

267 per ann. for every ºf 100 advanced. For a

million then, the public would make 30 pay

ments of £70,000.-Let us suppose next, that

a fund producing this sum annually, instead

of being engaged to pay these life-annuities,

is engaged for 30 years, to pay the principal

and interest of a million, borrowed on re

deemable perpetuities, at 4 per cent. There

will, at the end of the first year, be a sur

plus of 2630,000.—In consequence of ap

plying this to the extinction of the principal,

it will be reduced to ºffg70,000, on which,

at the end of thesecond year, the interest due

will be ºf38,800. There will, therefore, be

a saving of 361.200. Instead of employing

this saving in further sinking the principal,

which would cause the fund to accumulate

in the same manner with money at com

pound interest, let it be taken and employed

in any other way: And let the same be done

with all the subsequent savings, reserving

only ºf30,000 annually, for the purpose of

sinking the principal. At the end of the se

cond year, the principal will be 26940,000d

2n
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and the saving of interest upon it, at the end

of the third year, 26.2400. At the end of

the 30th year, the principsl will be reduced

to gé100,000. The saving of interest that

year will be, ºf 1200 multiplied by 29, or

sé34,800, and the sum of all the savings will

begé522,000. Deduct from hence ºf 100,000

remaining then undischarged of the princi

pal ; and sé422,000 will be the loss the

ublic would sustain in the circumstances I

i. supposed, by raising money on life-an

nuities. But if we suppose the savings, as

they arise, as well as the constant sum of

=630,000, to be applied to the discharge of

the principal, instead of being spent on cur

rent services; the whole million will be an

nihilated in 21 years and a half; and the

loss to the public by preferring life-annuities,

will be 8; years purchase of the annuities ;

or 26595,000. By similar deductions it may

be easily found, that the loss, in younger

lives, is greater ; in older lives less ; but ne

ver inconsiderable, except in the oldest lives.

It appears, therefore, that in consequence

of such a way of raising money, the public

must always pay much more in interest than.

there is any occasion for; and waſte a sum

equal to more than half the principal bor

rowed P. This, however, though so wasteful,

VO L. I. U * is

* It is obvious, that the observations here made, may

be applied to the common methods of raising money

on life-annuities, for building churches, paving streets,

making navigations, &c. &c. And, in general, to all cases

- where

*
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is a more frugal way of procuring money

than by borrowing on perpetuitieſ, without

putting them into a course of redemption;

for in this case the loss may be infnite.

But to return. -

The enquiry which has occasioned this

digression, must be interesting to every per

son who wishes well to this country. All

where the money received is not laid up to be improved.

—For, to view this subject in another light, let us sup

pose £10,000 borrowed for any public work, on perpe

tuities at 4 per cent. And, if that will afford more en

couragement, let them be made irredeemable for any num

berº years less than seventeen. , Let us further sup

ose such rates, or tolls, established for the payment of

the interest and principal, as shall produce double the in

terest of the sum borrowed; or £800 per annum instead

of £400 per annum. Let the surplus, as it comes in half

yearly, be laid up to accumulate in the public funds. In

17 years and a half, reckoning interest at 4 per cent. a ca

pital will be raised, equal to the whole sum borrowed;

and, therefore, at the end of that time, the whole debt

may be discharged, and the whole transaction finished.—

But if the same sum had been borrowed on annuities, for

the lives of a set of persons 50 years of age, at 8 per cent.

which is £1 per cent. less than the true value of such an

nuities: Had this, I say, been done, half the annuitants

would have been alive at the end of the term I have men

tioned; and the whole transaction, together with the ex

ences and trouble attending the management of it, could

not have been finally closed till the extinction of all the

lives; that is, not in less time, most probably, than 35,

or, perhaps, 40 years.--It is a necessary observation here,

that, if public credit maintains its ground, much will not

depend, in the plan now proposed, on the rise and fall of

Stocks. If a war-sinks them, the money laid out, while

the war lasts, will accumulate faster. If a peace raises

them, the money that had been previously laid out will be

proportionably increased. -

schemes
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schemes for discharging the public debts by

life-annuities, have been shewn to be absurd

and extravagant. In general it may be ob

served, that it is far from probable, that any

money which the nation can spare, if ap

plied so as to bear only ſimple interest, can

be capable of reducing its debts within due

bounds ; or of doing us, in our present cir

cumstances, any essential service. A fund,

producing a surplus of even two millions an

nually, would, when thus applied, pay no

more than 40 millions in 20 years; and, in

that time, a war might probably come, which

would interrupt the application of it; and in

crease our debts much more than such a fund

had lessened them. -

Certain it is, therefore, that if our affairs

are to be retrieved, it must be by a fund in

creasing itself in the manner I have explain

ed. The smallest fund of this kind is, in

deed, omnipotent, if it is allowed time to ope

rate. But we are, I fear, got so near to the

limits of the resources of the nation, that it

cannot be allowed much time: And, in or

der to make amends for this, it is necessary

that it should be large. *

In redeeming the public debts, consider

able advantages might be derived from their

low price, and this advantage, in a time of

war, would be nearly the same in whatever

manner the redemption was made: That is,

whether it was always made at par, or at the

market prices below par. The latter method

U 2 would
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would be the best; but supposing the former

adopted, an equivalent advantage would arise

from the power it would give to borrow

money on lower terms.-Suppose, for in

stance, that in a time of war, four mil

lions must be borrowed for the service of

the year; and let the produce of the fund

be then increased to two millions; and the

interest of money in the ſtockſ, above 4

per cent. In these circumstances, it would

be the interest of the lenders of money, to

take 3: per cent. for the sums they advanced,

in consideration of having their 3 per centr.

paid off at par, to the amount of half these

sums.-War, therefore, would accelerate the

redemption of the public debts; and it would

do this the more the longer it lasted, and

the higher it raised the interest of money.

Or if, in consequence of paying always at

par, this could not happen ; an equivalent

effect would be produced in the way just

mentioned. . The stocks would be always

kept up by the operations of the fund ; and,

in proportion to the sums yielded by it, the

public would be able to borrow money more

advantageously, and less would be added to

its burdens.—This seems to me an observa

tion of particular consequence. It demon

strates, that the invariable application, in

war as well as peace, of the produce of the

fund I am supposing, to the payment of

the national debts, rather than to any cur

rent services, would, independently of its

4 - effect
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effect in redeeming these debts, be attended

with great advantages to the public. But

this is a subject on which I shall have occa

sion to say more presently. -

The rinking fund, in its present state, and,

after supplying the deficiencies of the peace

establishment, yields, I suppose, a consider

able part of a million and a half per ann.".

And I cannot doubt but that such savings,

might be made in the collection and expen

diture of the national revenue, as would

cause this fund to yield the whole of this

sum, without imposing any new burdens on

the public. But, were there, indeed, no

way of providing any part of it, but by

creating new funds, or imposing new taxes;

it ought to be done, because it muſt be done,

or the nation sink. *

The evils and dangers, attending an exor

bitant public debt in this country, are so

great, that they cannot be exaggerated.—

Without repeating, what has been so often

* A more careful enquiry has shewn me that the true

surplus of the public income was at the time when this

was written much less than I imagined. For five years

after 1763 it was no more than £30,000 per ann. For

five years before 1775 it was £338,729; and the me

dium for the whole duration of the peace between the

last two wars was £196,ooo per ann; according to the

accounts in the second Tract on Civil Liberty, Part 3d,

Sect. 4th. And from the commencement of the present

peace to the present year 1790, the stated revenue has pro

duced no surplus. -

said,
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said, of its increasing the dependance on the

crown; rendering us tributary to foreigners ;

and raising the price of provisions and labour;

and, consequently, checking population, and

loading our trade and manufactures; I will

only take notice of the following evils which

attend it.

First. The execrable practices of the

Alley. These cannot be mentioned in lan

guage too strong. They are increasing every

day; and the national debt, by giving occa

sion to them, is likely soon (with the aid of

annual lotteries) to ruin all honest industry

among us, and to turn us into a nation of

gamblers,

Secondly. It must check the exertions

of the spirit of liberty in the kingdom. The

tendency of every government is to des

potism ; and in this it must end, if the peo

ple are not constantly jealous and watchful.

Opposition, therefore, and resistance, are often

necessary. But they may throw things into

confusion, and occasion the ruin of the public

funds. The apprehension of this must in

fluence all who have their interest connected

with the preservation of the funds, and in

cline them always to acquiescence and ser

vility.

But further. It exposes us to particular

danger from foreign enemies by inviting in

sults, and rendering us incapable of meeting

war, however necessary, without the hazard

of
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of bringing on terrible convulsions, by over

whelming public credit. "--

All these are evils, which must increase

with every increase of the national debt; and

there is a point at which, when they arrive,

the consequences must be fatal *.

But to proceed to some further observa
tlonS. *

What has been said, has all along sup

posed a ſacred and inviolable application of the

fund I have described, and of all its earnings,

to the purpose of sinking the national debt.

The whole effect of it depends on its being

allowed to operate, witHouT INTERRUP

TIon, a proper time. But it may be asked,

how this can be secured Or, by what me

thod an object, that must be continually

growing more and more tempting, can be

defended against invasion and rapine —I

might here mention the superintendency and

care of the representatives of the kingdom,

* “Either the nation (Mr. Hume says, Essays, Vol. II.

p. 145) must destroy public credit; or public crédit will

“ destroy the nation.” Mr. Gordon, in the Preface to

Cato's Letters, tells us, that the great and good Mr.

TRENCHARD had two things much at heart, namely,

keeping England free from foreign broils, and paying off

the public debts. He thought that one of these depended

on the other, and that the being of the state depended on

the latter. Mr. Gordon adds, that he believed no one,

who thought at all, could think Mr. TRENCHARD mis

taken.

the
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the faithful guardians of the state, to whom

ministers are responsible for the use they

make of the public money. But experience

has shewn, that we cannot rely on this.secu

rity.—The difficulty, therefore, now men

tioned, is the very greatest difficulty the na

tion has to struggle with in the payment of

its debts.

The sinking fund was established in the

year 1716, or soon after the accession of the

present family, at a time when the public

debts, though not much more than a third of

what they are now, were thought to be so

considerable as to be alarming and danger

ous. It was intended as a sac RED DEPo

s IT never to be touched; the law which

‘established it declaring, that it was to be ap

plied to the payment of the principal and

interest of such national debts and incum

brances, as had been incurred before the 25th

of December 1716; and to no other use, intent,

or purpoſe whatever.—Thefaith of parliament,

therefore, as well as the security of the king

dom, seemed to require, that it should be

preserved carefully and rigorously from alie

nation. But, notwithstanding this, it has

been generally alienated; and the produce of

it employed, in helping to defray such cur

rent expences as the exigences of the state

rendered necessary.

In order to justify this, it has been usual

to plead, that when money is wanted, it

makes no difference, whether it is taken from

- hence,
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hence, or procured by making a new loan.

But in truth the difference between these

two methods of procuring money is no less

than infinite.—For, by employing the SINK

ING FUND in bearing current expences,

rather than borrowing new money on new

funds; the state, in order to avoid giving

simple intereſt for money, is made to alienate

money, that must have otherwise been im

proved at compound intereſt ; and which, in

time, would have necesſarily increased to any

sum.—Had a faithful use been made from the

first, of only one THIRD of the produce of

this fund, the greatest part of our present

debts would now have been discharged "..— .

Can it be possible then to think, without the

deepest regret, of that misapplication of this

fund, which, with the consent of parliaments

always complying, our ministers have prac

tised P

* The principal observations in this Chapter, I have

given just as they occurred to my thoughts, without

knowing that any of them had been made by other

writers. Some proposals and observations of a similar

nature, I have since found in an excellent pamphlet pub

lished in 1726, entitled, An Essay on the National Debts

of this kingdom, wherein the importance ºf discharging them

is considered, and somegeneral mistakes about the nature and

efficacy of the SINKING FUND examined and removed. In

a Letter to a Member of the House of Commons. Fourth

edition.

surp LEMENT.
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SUPPLE MENT.

THE following account of our Public

Funds in genera/, and of the SINKING FUND

in particular, having been, published in an

other work too incorrectly, I have thought

proper to introduce it here as a Supplement

to the preceding Chapter.

The Britiſh Funds have been all formed

into the four following classes or divisions.—

The AGGREGATE FUND ; the SouTH-SEA

FUND ; the GENERAL FUND ; and the

SINKING FUND.

The Aggregate Fund was established by an

act of Geo. I. cap. 12. in 1715. It had this

name given it, because it consisted of a great

variety of taxes and surplusses of taxes

which were in that year consolidated, and

given as a security for the discharge of the

interest and principal of debts due to the

Bank of England, and some other public

debts; and also for the payment of Gé120,000

per annum to the civil list. Into this fund

were brought the two-thirds and one-half

subsidy of tonnage and poundage ; half the

inland duties on tea and coffee; the house

money granted by the 7th of Will. III. ; the

duty on hops ; the duties on low wines,

brandy, and British spirits; all arrears of

land-taxes ; all public monies not appro

priated ; the surplusses of the nine-penny

- eXC1Se,
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excise, of the five-sevenths of the Bank nine

penny excise, of the revenues in the annuity

acts of the 4th, 5th, and 6th of Queen Anne,

&c. and, by an act of the 1st of Geo. III. all .

the duties constituting the revenue of the

civil list. - -

The South-Sea fund was established, by

stat. 3 Geo. I. cap. 9. in 1716; and was so

called, because appropriated to pay the in

terest of the South-Sea company’s capital.

It consisted of a duty on candles, and certain

imposts on wines, vinegar, tobacco, and

Eart-India goods.

The General Fund was also established, by

stat. 3 Geo. I. cap. 7. in 1716, and consisted

of a subsidy on goods exported ; a tax on

hackney-coaches and chairs ; duties on soap,

hides, stamps, and policies of insurance ;

2£700 per week letter-money; a moiety of

the inland duties on tea and coffee ; and

3639,855 per annum out of the hereditary

excise on beer for the bankers annuities.

All these taxes were appropriated to the dis

charge of the interest of 267,808,087, (origi

nally ºf 10,000,000,) capital stock of South

Sea annuities, together with charges of ma

nagement. -

All that remained of the produce of the

taxes thus digested into these three fundr,

after satisfying the charges upon them, was

in the same year (or 1716) carried into a

fourth fund, to which was given the name

of the Sinking Fund, because appropriated

- to
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*

to the purpose of rinking the public debts.

The words of the act of the 3d of Geo. I.

which established this fund, are, “All the

“ monies to arise from time to time, as

“ well of the excess and surplus of an act

“ made this session for redeeming the fundr

“ of the Bank of England; and of the ex

“ cess or surplus by virtue of one other act

“ made likewise this session for redeeming

“ the funds of the South-Sea company; as

“ also, of the excess or surplus of the du

“ ties and revenues by this act appropriated

“ as aforesaid; and the overplus monies of

“ the said General Fund by this act esta

“blished, shall be appropriated to the dis

“ charging the principal and interest of

“ such national debts as were incurred be

“ fore the 25th of December, 1716, and

“ are declared to be national debts ; and to

“ or for no other use, intent, or purpose

“ whatsoever.” The transactions with re

spect to this fund make a very important

part of the history of Britain ; and furnish

us with a striking instance of the depravity

and folly which often ruin kingdoms.

Before its establishment there had existed

many smaller funds of the same nature; that

is, such duties or taxes had been provided for

paying the interests of particular loans, as

afforded surplusses by which the principal

itself was to be gradually redeemed. This

was the common practice in the reigns of

King William and Queen Anne. Most of the

public
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ublic duties were given for terms of years ;

and at the end of those terms they ceased of

course, unless continued for farther terms by

new acts of parliament: And, in general, it

was provided, when any money was raised,

that the principal should be cancelled either

by time, as in the case of the sale of long

and short annuities, or by the surplusses of

the duties charged with the payment of the

interest. This was an excellent plan; but

it was by no means carried into execution.

In the year 1720, most of the long and short

annuities were converted into redeemable

perpetuities, at the expence of above three

millions; and the surplusses of the duties

charged with particular loans were often so

broken into, by being either charged with

new loans before they had cancelled the old,

or spent on current services, as to be ren

dered incapable of answering the end in

tended by them. In consequence partly of

this bad management, the public debts at the

accession of the House of Hanover were so

much increased as to be generally reckoned

in ſupportable ; and their reduction was made .

one of the first objects of parliamentary at

tention. This gave rise, in 1716, to the

institution. of the fund of which we are

giving an account, the father of which was

(as has been generally said) Sir Robert Hºal

pole, but, in reality, Earl Stanhope. All

the taxes, except the land-tax and six-pence

per
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per buſhel malt-tax *, were then made per

petual, and distributed into the three fund;

which have been described, the surplusses

of which, for ever afterwards, were to be

held sacred, and to be applied inviolably,

according to the words of the act just recited,

to the redemption of the national debt.

A considerate person might have suspected,

that the same causes which had rendered

former partial appropriations ineffectual,

would destroy the efficacy of this. There

seemed, however, to be reason for hoping

the contrary : For,

First, the future happiness and glory of

the kingdom were thought to depend" on

this appropriation; and the law which esta

blished it was declared to be a fundamental

law of the realm.

Secondly, in conformity to these senti

ments, the words of this law were made as

strong as possible ; and, in order to give

* These taxes have been always voted by parliament

from year to year; and are, on this account, distinguished

by the name of the annual taxes; and wholly employed,

as far as they will go, in bearing the current expences of

every year. - -

* The alarm occasioned about this time by the public

debts (which have been since twice doubled) and the

eager expectations entertained from this fund, appear

remarkably, from a fact just mentioned; or from the

conversion (at the expence of three millions) of most of the

long and short annuities then subsisting into redeemable

perpetuities, in order to subject them to the operation of

this fund. ** -

additional
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additional force to it, a repetition of it, in

the same words, was inserted in an act of

the 5th of Geo. I. cap. 3. Particular notice

should be taken of these words. They order

that all the surplusses of the taxes then made

perpetual, shall be applied to the discharge

of the public debts, and “to no other use or

“ intent whatever.” When, therefore, a

debt had been paid off, the addition arising

from that payment to the surplusses (or the

annuity disengaged by it) became a part of

the fund, and, together with it, was to be

employed in discharging farther debts. And

the same being true of every successive an

nuity disengaged by every payment, the

fund, if never misapplied, must necessarily

have operated in sinking the public debt, in

the same manner that money accumulates,

when put out to bear compound interest.

And in this way this fund did in fact operate

for a few years. While in its infancy, it

was watched with great care. The improve

ment and the inviolable application of it was

recommended in most of the speeches from

the throne, and echoed back in the addresses

of the House of Commons. It is particularly

observable, that so well did our ministers

then understand the nature and importance

of this fund, that rather then encroach upon

it, they frequently borrowed money in order

to defray the necessary expences of govern

ment. From some publications in 1726 it

appears, that some persons had been led to

apprehend
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apprehend this zeal of the ministry would

not be permanent, because it was not their

interest to pay off the public debt, on account

of the dependence and influence created by

it. In answering this objection, the writers

on the side of the court called such an ap

prehension an indecent jealouſy, and took

upon them to assure the public, “that in no

“ possible exigence of affairs could our mi

“nisters ever approve of or recommend the

“alienation of the rinking fund.” Happy

would it have been for Britain had this

roved true: But in a little time it appeared,

that the apprehensions which had been stiled

indecent jealourier, were too well grounded.

Men in power came soon to see, that this,

fund was advancing too fast in its operations,

and to change their zeal for it into a resolu

‘tion to destroy it. . This will abundantly

appear from the following facts. . .

Charging the income of the rinking fund

with the payment of the interest of new

loans, is an encroachment upon it, no less

subversive of its efficacy, than depriving it

of gross sums; there being no difference

between taking from it the annual interest

of a sum, and that sum itself. Between

the years 1727 and 1732 several incroach

ments of this kind had been made upon it ;

but, being of a less obvious nature, they

assed without any particular opposition.

The finishing blow was given in the year

1733. In that year, in order to keep the

land
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land-tax at one shilling in the pound, it was

necessary either to borrow half a million for

the current service, or to take half a million

from the rinking fund. The last method was

chosen ; and proposed by Sir Robert Walpole

to the House of Commons. Long and

warm debates ensued. A proposal to alie

nate, in a time of profound peace, a fund

which the law had made sacred, and the

alienation of which no poſsible exigence of

public affairs could justify, only for the sake

of keeping the land-tax for one year at one

shilling in the pound, justly kindled the

indignation of the patriotic party. The

urged the prohibition of the law, the fait

of parliament, and the security of the king

dom. The proposer of the alienation was

reminded of his inconsistency and treachery,

in endeavouring to beat down that very mo–

nument of glory which he had boasted of

having erected for himself; and Sir john

Barnard warned him, that he was drawing

upon himself, the curses of posterity. But

all arguments were vain. The ministry

pleaded that the landed interest wanted ease;

that there was no occasion for being in a

.hurry to pay the national debt ; and that the

circumstances of the kingdom had altered so

much since the establishment of the ſinking

jund, that the competition then among the

public creditors was, not who should be

firſt, but who should be laſt paid. Thus

WOL. I. X argued,
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argued, among others, Sir Robert Walpole.

Hir reasons prevailed; and the House of

Commons consented.

The practice of alienating the rinking fund

having been thus begun, went on of course.

In the next year, or 1734, 261,200,000 was

taken from it. In 1735, and 1736, it was

anticipated and mortgaged.

Thus expired, after an existence of a few

years, the ſinking fund; that sacred blessing

(as it was once thought) and the nation’s

only hope. Could it have escaped, it would

long before this time have eased Britain of

all its debts, and left it safe and happy.

In order to obtain a juster sense of this,

let us here compare what it would have done

had it never been misapplied, with what it

has done.

Though the act that established it was

passed, as already said, in 1716, it did not

begin its operation till 1719, when three

quarters of a million in old Exchequer bills

were paid off with it. The intermediate

time had been employed in laying the foun

dations of this fund, and providing an in

come for it, by a general reduction of the

public debts, from an interest of six per

rent. and other higher interests, to five per

cent. What made this reduction then prac

ticable was a rapid fall of the interest of

money, which begun (in consequence of an

increase of trade producing an influx of

money)
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money) a little before the accession *. The

means used by government for accomplish

ing this reduction were, first, the addition

(at Michaëlmar 1717) of the interest of some

debts bearing five per cent. to the principal,

in order to make use of the produce of the

taxes which should have paid that interest,

in discharging the bankers debt and some

other debts bearing six per cent.

Secondly, loans at five per cent. obtained

chiefly from the Bank and the South-Sea

company, to pay off such of the public cre

ditors as did not chuse to accept a lower

interest than six per cent.

After this reduction, the three fundr, be

fore described, produced a surplus of above

half a million per annum. In 1727 this

surplus was increased to #939,103, and in

1783 (the year when the practice of alie

nating it begun) it had been increased so

much by the redemptions made with it,

and by a second reduction of interest in

1727 from five to four per cent. that its

medium for five years had been sé1,212,000

per annum. Had it, from the year 1732,

been allowed no increase beyond this sum

(except from the interest of debts paid by it),

and been applied for the first twenty-five

years to the payment of debts bearing four

per cent. interest, and afterwards to the pay

* The legal interest of money was reduced in 1714,

from six to five percent.

º - X 2 IIlent
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ment of debts bearing three per cent, it would

(in the year 1781) have completed the re

demption of more than one hundred and

sixty millions of debt, leaving the public

during this whole period, in possession of

all the surplusses which have arisen in the

revenue beyond ær,212,000, except those

produced by redemptions. It is not possible

to conceive the beneficial effects with which

this would have been attended, or the vigour

which would have been all along given to

public credit by such a fund, and by the

prospect it would have given of the total

annihilation in a few years of all the public

debts, and the disengagement of the taxes

supporting them. No person who duly at

tends to this, and wishes well to England,

can avoid execrating the policy which first

produced, and has since continued, the alie

nation of the rinking fund, and converted an

expedient for saving the kingdom, into a

supply for extravagance, and a support, of

corruption and despotism. This, however,

is a policy which it may be expected men in

power will always use when they can ; for

few of them (except when well watched)

have ever shewn themselves superior to the

temptations of power, or virtuous enough to

avoid using all means to extend it.

Many schemes of different kinds have

been formed for paying the public debts;

and certain it is, that nothing can be of

more importance. But the nature of things

doth

*
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doth not admit of any method of doing this

so expeditiously and effectually as an unalie

nably rinking fund; for in such a fund (it has

been shewn) money is improved at com

pound interest, and therefore in the most

perfect manner. The writers, therefore,

who have employed themselves in contriving

such schemes might have spared their la

bour. The best of all schemes has been

long known and established, and received all

the weight and efficiency which could be

given it by the most solemn acts of the legis

lature. But no legislature can give security

against itself. No parliament can do any

thing which it may not undo.

We have now seen what the rinking fund

wou LD have done, had it suited the views

of the British ministry in 1733 to suffer it

to go on with its operations. Let us next

compare this with what it has done.

In 1737 and 1738, a million of the stock

of Bank annuities and two millions of the

stock of South-Sea annuities were redeemed

with it. For twelve years after 1738, it

was wholly applied to the current expences

of every year. In 1749, the interest of

near fifty-eight millions of the public debts

was reduced from four to three and a half

per cent. interest for seven years, and after

wards to three per cent. for ever. But not

withstanding the great addition which this

third reduction of interest made to the ſinking

fund, no more than three millions of the pub
- lic
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lic debts were redeemed by it, during the in

terval of peace between the years 1748 and

1756.

By an act of the 25th of Geo. II. 1752, a

change was made in the rinking fund, which

It is necessary to mention.

Before this act the sinking fund consisted

only of the clear surplusses of the aggregate,

the general, , and the South-sea company’s

funds. By the war, which begun in 1740,

there was an addition made to the public

debts of near thirty-two millions. This oc

casioned a great increase of taxes; and the

practice was, whenever any new tax pro

duced leſs than the interest with which it was

charged, to make good the, deficiency out of

the ſinking fund, and afterwards to replace

the sum taken from it out of the supplies

for the following year. But whenever a tax

produced more than the charge upon it, the

overplus, instead of being carried to the

rinking fund, was made a part of the sup

plies for the year. By the act just men

tioned, all the new taxes, together with all

the annuities to the payment of which the

had been appropriated, were ordered to be

carried into the rinking fund, and formed

into one general account. Most of the new

taxes having proved deficient, this fund at

first lost more than it gained by the change.

But the loss was afterwards more than made

up ; first, by the saving which was pro

Aduced by the reduction of interest fromº
ſ' - - 3 Il

*
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*

º

and a half per cent. to three per cent. in 1757;

and, secondly, by the addition, in the same

year, of the salt-duties to this fund, after

they had completed the redemption of a

million, with which they had been charged

in 1745.

The war which began in 1756), added

seventy-one millions and a half to the public

debts. This produced a new increase of

taxes, which (in conformity to the conso

lidating act just mentioned) were brought

to the general rinking fund account, together

with the annuities or interests with the pay

ment of which they were charged. And it had

been, till the last war, the constant practice

to carry every new fund or tax, imposed for

paying the interest of a loan, into the rinking

fund; in consequence of which this fund

gained when the tax happened to pro

duce more, but lost when it produced less

than the interest which it had been given to

pay. The ſinking fund, therefore, which,

Žefore the consolidating act, consisted only of

the surplusses of the aggregate, general, and

South-sea company’s funds, consisted after

wards of the clear surplus of all the appro

priated taxes. There was only one excep

tion; namely, the additional tax upon houses

and windows, granted in 1758, towards pay

ing the interest of four millions and a half

then borrowed. This tax was never made a

* See second Tract on Civil Liberty, p. 147.

- part



312 of Public Credit,

part of the rinking fund; and, having always

proved deficient to the amount of about

2£43,000 per annum, the deficiency was

constantly made good by the rinking fund,

and afterwards replaced from the sup

plies. - -

Before the last reduction of the interest of

the public debts, the rinking fund, having

suffered greatly from various encroachments

upon it, produced little more than a million

per ann. But after this reduction, and its in

crease by the addition of the salt-duties, it

produced near two millions per ann. In

1764 it produced at Michaelmar, after making

good deficiencies, 262,105,000 nearly. For

five years after 1764, its average produce,

reckoned to Christmas if every year was

2.É2,234,780. For five years, ended in 1774,

its average produce (after making good

the deficiency of the fund in 1758)

was 262,610,759. In 1775, it produced

=#2,917,869. In 1776, ºf 3.166,517. In

1777, it was charged with an annuity of

26.100,000 per ann. to the civil list ; and,

after paying three quarters of this annuity,

and half a year’s interest of five millions bor

rowed in that year, it produced from Oc

tober 1776 to October 1777, af2,685,669.

From October 1777 to October 1778,

1779, and 1780, it produced 262,442,063,

462,267,399, 262,403,017, after paying the

said annuity, and also after making good

- - the
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the deficiency of the fund in 1758, and all

the deficiencies of the new taxes.

It appears from this detail, that after the

peace in 1763 the income of the rinking fund

increased considerably. The causes of this

have been partly the falling in of life-annui

ties, and the greater productiveness of the

taxes occasioned by the increase of luxury.

But the principal cause was the falling in of

the interest of about ten millions and a half

of the public debts which were discharged

during the twelveyears of peace between 1763

and 1775. This diminution of the public

debts was made, not by the rinking fund, but

by a contribution from the Eart IndiaCompany

of AE400,000 per ann. begun in 1768, and

continued for five years ; by the profits of

ten lotteries; by the composition for main

taining French prisoners; sale of French

prizes taken before the declaration of war

in 1756; and other extraordinary receipts,

amounting in all to above eight millions.

This fund, therefore, did not pay off more

than two millions and a half, the rest of

its produce having been employed in bear

ing the expences of the peace establishment,

which, during that period, were not much

* These deficiencies have had two causes. First, the

unproductiveness of some of the new taxes: and, secondly,

the commencement of the interests of the loans before the

new taxes could be collected, the payment of which in

terests, therefore, fell on the Sinking Fund.

-

less

*
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less than double to what they had been in any

former period.

To the sum just mentioned, add three

millions paid off in the peace between

1748, and 1756, and three millions paid off

in 1736 and 1737, and it will appear that

the whole amount of the public debts paid

off by the rinking fund, from its first aliena

tion in 1733, to the commencement of the

American war, is only eight millions and a

half.

It has been said, that when money is

wanted for defraying public expences, it

makes no difference whether it is obtained

by diverting the sinkingfund, orby a new loan,

I havetaken notice of this fallacy in page 297.

Money in a sinking fund, if never alienated,

is improved, I have shewn, at compound in

terest ; but, when procured by a loan, bears

only ſimple interest. A nation, therefore,

whenever it applies the income of such a --

fund to current expences rather than the re

demption of its debts, chuses to lose the

benefit of compound interest in order to

avoid paying simple interest; and the loss

in this case is equal to the difference between

the increase of money at compound and sim

ple interest. The following calculation will

shew what this difference is. -

One penny put out at our Saviour's birth

to five per cent. compound interest, would,

in the year 1791, have increased to a greater

sum than would be contained in THREE

l HUND RED
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HUNDRED MILLIONS of earths, all solid

gold. But, if put out to simple interest, it

would in the same time, have amounted to

no more than s Ev EN SHILLING s AND six

PENCE. All governments that alienate fundr

destined for reimbursements, chuse to im

prove money in the last rather than the firſt

of these ways, -

AD DITIONAL
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ADDITIONAL OBSERVATIONS,

BY

THE EDITOR.

THE preceding account brings down the history

of the Sinking Fund to the time in which the

fourth edition of this work was published. It was

the intention of Dr. Price in the fifth edition to

have given an account of the new Sinking Fund

which had been established in the year 1786;

but, while engaged in preparing that edition, he

was seized by a disorder which soon terminated in

his death, and put a final period to that and all

the other additions with which he meant to im

prove the present work-Being anxious in some

degree to fulfil his intentions as well as to render

justice to his memory, I published in the follow

ing year (1792), an account of his writings on the

public finances, with a view principally of intro

ducing the subject of the new Sinking, or Con

solidated Fund, and of noticing the great, though

unacknowledged assistance which the Minister

had derived from his councils in the formation

and establishment of it. -

That pamphlet has long been out of print, and

as I am uncertain whether I shall ever publish an

other edition, I know of no better method of per

petuating my original design in writing it, as well

as of supplying, (though very imperfectly), what

Dr. Price
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Dr. Price was prevented from accomplishing, than

by inserting the following chapter, which contains

all that is most important on the subject in that

work. -

An Account of three different Plans for redeeming

the National Debt, which were formed by Dr.

Price in the year 1786, and communicated by him

at that time to Mr. Pitt, the Chancellor of the

Exchequer.

THE measures which had been recommended in

the King's Speech during the administration of

Lord Lansdown were too little regarded by his

immediate successors. The same destructive plan

of borrowing money was adopted in the year 1784,

which had been invariably pursued for the ten

preceding years, and a needless addition was made

to the capital of the public debt of near five

millions more than the sum advanced. When

Mr. Pitt returned to power, the loans, which were

still necessary to discharge the expences of the late

war, were conducted upon better principles. The

º of borrowing at a high rate of interest, which

ad been so often recommended by Dr. Price as

the best means of facilitating the redemption of

the debt, was now adopted, and almost the whole

of the Navy, Victualling, and Ordnance arrears

were funded in a stock bearing an interest of five

per cent. In the year 1786 this improvement in

the method of borrowing was succeeded by others

of greater importance. The public accounts were

thrown into new order; the former divisions of the

taxes into four classes under the names of the

Aggregate, the South Sea, the General, and the

Sinking Funds, were abolished, and all included in

- OIle
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one fund called the Consolidated Fund. The sur-,

plus remaining, after deducting from the whole of

the taxes thus consolidated all the expences of the

public debts and the Civil List, correspond with

what was formerly called the Sinking Fund. Out

of this surplus a million annually was appointed

by Parliament to be applied to the gradual dis

charge of the public debt; and it was only what

remained of it after this deduction that was to be

disposable for the expences of the peace-establish

ment.—This was undoubtedly a very important

measure, and well deserving the praise which the

Minister assumed to himself as the author of it.

From a slight perusal, however, of the present and

of the other works of Dr. Price, it will be readily

seen that this subject had long engaged his atten

tion, and that the nation is indebted to him alone

for the first idea of the measure, and for the very

method in which it has been carried inté execution.

Had Mr. Pitt, therefore, derived his information

only from those works, he would have had but

little claim to the lofty pretensions which he made

on this occasion; but it will appear from the fol

lowing account that his obligations extended much

further, and that the hope which he expressed in

the House of Commons of “ having his name

“ inscribed on a Pillar to Public Credit, as its

“ preserver and restorer,” afforded no very equi

vocal proof that his vanity and ambition were equal

at least to his merit and his gratitude.

On the 8th of January, 1786, Dr. Price re

ceived a letter from Mr. Pitt, of which the fol

lowing is an extract: - -

“ DEAR SIR,

“The subject of the papers which I enclose

“ will,
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will, I am sure, be an apology for the liberty

I take in troubling you, and in requesting your

opinion upon them. When you have had suf

ficient leisure to consider them, I should be

greatly obliged to you, if you will allow me to

hope for the pleasure of seeing you at any time

that is convenient to you.-The situation of the

revenue certainly makes this the time to esta

blish an effectual Sinking Fund. The general

idea of converting the three per cents into a fund

bearing a higher rate of interest, with a view to

facilitate redemption, you have on many occa

sions suggested, and particularly in the papers

you were so good to send me last year. The

rise of the Stocks has made a material change

since that period, and I am inclined to think

something like the plan I now send you may

be more adapted to the present circumstances.

There may be, I believe, some inaccuracies in

the calculations, but not such as to be very

material. Before I form any decisive opinion,

I wish to learn your sentiments upon it; and

shall think myself obliged to you for any im

provement you can suggest, if you think the

principle a right one ; or for any other proposal

which from your knowledge of the subject you

may think preferable.”
-

By the plan inclosed in this letter, which Mr.

Pitt intended to have established for reducing the

national debt, it was proposed that 107% millions

of the three per cents should be converted into

74 millions nearly of five per cents, by changing

each #100 stock in the former, which bore an

interest of 3 per cent. into a capital of 2669...10s.

in the latter, bearing an interest of £3.9s...6d.

This would have produced an additional expence

of

s



s20 Additional Obſervations,

of 26510,000 per annum nearly, which was to

have been deducted from the million surplus in.

tended to be annually applied for the purpose of

redemption; and the remaining sum of sé490,000

was to have been employed in discharging the

principal of this five per cent. Stock. -

The whole of this plan seems to be founded on

a principle which Dr. Price had often publicly

enforced, and which he appears to have repeated

in his private communications to Mr. Pitt. But

surely no principle could be more grossly mis

applied. If a judgment were to be formed of the

efficacy of a conversion of stock in redeeming the

public debts from its feeble operation in the pre

sent instance, it might well be concluded, that

instead of quickening, it retarded the progress of

redemption: for a million annually applied in this

manner would not have discharged the 74; mil

lions of five per cent. Stock in less than 44 years,

or in a shorter period than it would have dis

charged 1073 millions of the three per cents. at 90.

In the year 1786 the three per cents. were between

69 and 70, and therefore had this scheme been

carried into execution, it would have been at

tended with the same disadvantage to the public

as if 20 per cent. had been then paid on the prin

cipal, more than the market price. In delivering

his opinion of this scheme Dr. Price very strongly

urged his objections to it, and Mr. Pitt appears

from the following letter to be impressed by his

arguments.

Holwood Hill, Jan. 15, 1786.

“ DEAR SIR,

“I am much obliged to you for the observa

“tions you have been so good to send me on the

- “ papers
/
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papers I troubled you with. They appear to

me on the whole very convincing. I shall

think myself much obliged to you, if you

would do me the honor to call any morning

after Tuesday next in Downing-street, when

you have done with the papers. And if it

should be in your power to let me know the

day before, and to fix an early hour, I can be

certain of being at leisure. The reason of my

making this request is, that I think some points

may occur which may be better explained in

conversation than by writing, and I am anxious

to avail myself to the utmost of your assistance,

where it may be so material. I am, dear Sir,

with great truth and esteem, -

* Your most obedient and faithful servant,

“ W. PITT.”

In consequence of the interview which Mr. Pitt

had requested in this letter; he was at length so

far convinced of the weakness and insufficiency of

his plan as to throw it entirely aside, and Dr. Price

was induced to communicate to him the three

following plans of his own.

WOL. I. - Y PLAN
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P L A N I.

Million per ann. Surplus aided by the falling in of the

Temporary Annuities, Life Annuities, Expences of

Management, and converting sixty millions of the three

per cents. into four per cents. by providing in the first

five years #600,000 per ann. for paying the difference

of Interest.

FUND.

Surplus . . . . . . . . . . . . . .

Received in Exchange

for six millions of three

per cents. converted

into 4 per cents. at

STOCK REDEEMED.

3 per Cents. redeemed.

1,000,ooo at 75 . . . , 1,333,333

º

18; per cent. . . . . . . . . 1,100,000 at 75 . . . . 1,466,666

Interest of £1,333,333

and £1,466,666. . . . . . . . 84,000

Expence of management

at 562% per million . . . . . . 1,575

Short annuity for ten

years lapsed. . . . . . . . . . . . 25,000

Life Annuities lapsed, at

£2000 per ann. . . . . . . . . . .2,000

Management on the

Short Annuity. . . . . . . . . . . .351

Received for 18 millions

of three per cents. con

verted into four per

cents. at 20 per cent. . .

* * *

(3,600,000) at 78. . . .4,615,384

One
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FUND. Stock REDEEMED.

- 3 per Cents. redeemed.

One year from the first

Payment . . . . . . . . . . . 1,112,926 at 78 ... , 1,426,828

Interest of £4,615,384 - -

and #1,426,828. . . . . . 181,266

Xpence of management.... 3,611

Life Annuities lapsed . . . . . . 2,ooo

Received for 12 millions

of three per cents, con

verted into 4 four per

cents, at 20 per cent...(2,400,000) at 81 ... , 2,962,962

Two years from the first •.

payment . . . . . . . . . . ... 1,299,803 at 81. . . . 1,604,695

Interest of £2,962,962 95.

and £1,604,695. . . . . . 137,02 .

Expence of management... ...; -

Life Annuities lapsed. . . . . .2,00a

Received for 12 millions

of three per cents, con

verted into four per A per Cents. redeemed.

cents. at 20 per cent... (2,400,ooo) at par. 2,400,ooo

Three years . . . . . . . . . . 1,441,400 1,44 i,4oo

Interest of £2,400,ooo

and £1,441,4oo. . . . . . 153,656

Expence of management. . . . 2,160

Life Annuities lapsed. . . . . . 2,000

Received for 12 millions

of three per cents. con

verted in four per º -

cents. at 20 per cent ... (2,400,000) 2,400,ooc

º

Y 2 Four .
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Stock REDEEMED.

4 per Cents. redeemed.

FUND.

-

£’

Four years . . . . . . . . . . . . 1,599,216

Interest of £2,400,ooo

and £1,599,216. . . . . . 159,968

Expence of management ... 2,250

Life Annuities lapsed. . . . . . 2,000

ExchequerAnnuities lapsed 56,250

Five years. . . . . . . . . . . 1,819,684

Interest of £1,819,684. . . .72,787

Expence of management. . . 1,023

Life Annuities lapsed. . . . . . 2,OOO

Six years. . . . . . . . . . . . 1,895,494

Interest of £1,895,494. . . .75,820

Expence of management... 1,066

Life Annuities lapsed. . . . . .2,000

1–

Gé'

1,599,216

1,819,684

1,895,494

5 per Cents. redeemed at par.

Seven years. . . . . . . . .... 1,974,380

&c. &c.

1,974,383

FREE



by the Editor. . 325

FREE REVENUE. STOCKS REDEEMED.

In 25 years after
the first pay- £ sé' .

ment....... 5,190,980. 13,409,869 three per cents.

52,959,990 four per cents.

* 19,953,649 five per cents.

Total Gé'86,323,508

In 30 years after -

the first pay- £ Gé' -

ment...... 6,345,566. , 13,409,869 three per cents.

1,128,473 four per cents.

19,953,649 five per cents.

Total £114,491,991

In 35 years after

the first pay

ment. . . . . . . 7,511,358.. 35,633,625 three per cents.

- - 93,074,916 four per cents.

19,953,649 five per cents.

Total Ł148,662,190

In 40 years after

the first pay- -

ment. . . . . . 8,731,523. , 75,557,308 three per cents.

- 93,074,916 four per cents.

19,953,649 five per cents.

Total £ 188,585,873

* In this plan 25 millions of stock are paid off in seven years. The

five per cents. therefore become redeemable at par, and the whole debt in

that stock is discharged at the end of 15 years. From that period the

payment of the four per cents: again commences, and the whole of them

is paid off in the 32nd year, from which time the three per cents. continue

to be redeemed at par during the remainder of the term.

PLAN -
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P L A N II.

Million per annum Surplus, aided by the falling in of the

Temporary Annuities, Life Annuities, Expence of

Management, and #600,ooo per ann. added to the

Million Surplus by new Taxes, or Savings, in the first

five Years without Conversions.

FUND. Stock REDEEMED.

3 per Cents, redeemed.

sé . £

Surplus. . . . . . . . . . . . . . 1,oooooo, at 75 . . . , 1,333,333

Interest . . . . . . . . . . . . . . . . .40,000

Management . . . . . . . . . . . . . . .750

Annuities lapsed. . . . . . . . . .25.ooo

Management on those

Annuities . . . . . . . . . . . . . . . .351

Life Annuities lapsed . . . . . .2,000 -

One Year . . . . . . . . . . . . , 1,068, 1o 1, at 78 - * 0. , 1,369,360

Interest . . . . . . . . . . . . . . . . .41,081

Management. . . . . . . . . . . . . . . .77o

Life Annuities lapsed. . . . . . 2,000

Additional tax *, . . . . . . . . . . 60,000

* The additional taxes have been introduced into this Table a year

too late, by which the Fund loses the interest of £600,000 for a year,

that is, £24,000; which would have made the free revenue, after 40

years, about £4000 more than it is by this Table, and the total of Stock

redeemed in the same time about £100,000 greater.

Twe
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FUND. STock REDEEMED.

3 per Cents. 'redeemed.

Two years . . . . . . . . . . . 1,171,952, at 81 ... , 1,446,854

Interest. . . . . . . . . . . . . . . . .43,495

Management ............ . . .814

Life Annuities lapsed..... . .2,000 -

Additional tax. . . . . . . . . . . 180,000

Seven years • , , , , , , , , ,* • * * * * * , , , 2,098,600.

&c. Ce
&c.

-

- . - 4 per Cents. redeemed. ' -

Three years .......... 1,398,171, at par . . , 1,398,171

Interest . . . . . . . . . . . . . . . . .55,927 -

Management ..... - - - - - - - - - -786

Life Annuities lapsed.......2,000

Additional tax. . . . . . . . . . .120,000

Four years..... • * * * * * * * 1,576,884 ... . . . . . . 1,576,884

Interest. . . . . . .-- * * * * * * * * *63,075

Management. . . . . . . . . . . . . . . 887

Life Annuities lapsed . . . . . . 2,OOO

Exchequer Annuities lapsed 56,250

Additional tax......... . . 120,000

Five years. . . . . . . . . . ... 1,819,096 . . . . . . . . . 1,819,096

Interest......... * - - - - - - -72,763

Management. . . . . . . . .. . . . . 1,023

Life%. lapsed. . . . . . .2,000

Additional tax. . . . . . . . . . . 12O,OOO ,

Six years . . . . . . . . . . . . .2,014,882 . . . . . . . . . 2,014,882.

Interest . . . . . . . . . . . . . . . . .80,595

Management. . . . . . . . . . . . . , 1,123

Life Annuities lapsed. . . . . . .2,000

-

In



328 Additional Obſervationſ,

FREE REvenUE. Stocks REDEEMED.

£
-

£

In 25 years...5,212,370 .. 21,238,225 three per cents.

. . . . . . - 32,769,418 four per cents.

* 19,968,691 five per cents.

Total # 73.996,334

In 30 years. . .6,069,709 . . 48,983,157 three per cents,

32,769,418 four per cents.

19,968,691 five per cents.
-

Total £10 1,721,266.

In 35 years...7,060,130 .. 81,258,874 three per cents.

32,769,418 four º: CentS.

19,968,691 five per cents.
-

Total £133,996,983

In 40 years ...8,206,994. , 118,784,226 three per cents.

- - 32,769,418 four per cents.

19,968,691 five per cents.

Total £171,522,335

* At the expiration of 13 years {20,780,355 in the four per cents. and

4,974, 151 Stock in the three per cents. are paid off. . From this period,

therefore, the five per cents. tº: redeemable. These are all dis

charged the beginning of the 20th year, and in two years more the re

mainder of the four per cents.' is redeemed. From the 22d year the three

per cents, are paid off at par, to the end of the term. -

- - -

PLAN
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* :
-- -

. . … ! . . .
- -

- º

P L A N III.

a - -

* , ~ : - - *** * • * * ,

Million per annum Surplus, aided only by the falling

in of the Temporary Annuities, Life Annuities, and

Expences of Management. -

**-
-

- - - - - -

-

-
-

- * -

\ * * * * > .
- - - - - -

FUND. … Stock REDEEMED.
- - - - - - - * . - . . . • * *

3 per Cents, redeemed. . . . ;-

3é' 36°

Surplus . . . . . . . . . . . . . . .oooooo, at 75 . . . . 1,333,333

Interest . . . . . . . . . . . . . . . . .40,000 - -

Management *............. . . .750 - -

Ten Years Annuity lapsed. .25,000 . . . .

Life Annuities lapsed... . . . .2,000 --

º
-

-

- - - - - - - - - - -

r ---,

- -
-

-

One year . . . . . . . . . . . . . 1,067,750, at 78.... 1,368,910

Interest.......... . . . . . . . . .41,067 . . . . . .

Management . . . . . . . . . . . . . . , 770 - - -

Life Annuities lapsed. . . . . . . 2000 . . . º

Two years. . . . . . . . . . . . 1,111,587, at 81 .... 1,372,329

Interest . . . . . . . . . . . . . . . . .41,170. . . . . . .” - - - - .

Management. . . . . . . . . . . . . . . 772 .*.*

Life Annuities lapsed. . . . . . .2,000
- - +

: : * * * , ;
--

-

- - -- —- - - - * tº ..

- * , • * * * * * * , ºr - * - *: I - - : * .

- * Since these Tables were computed, the expenees of management

2 have been reduced to £450 per million per ann.; but the difference this

#nakes in the results is too inconsiderable to deserve notice. " Th
-- n * - w rec

- t -
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FUND. - STOCK REDEEMED.

4 per Cents. redeemed,

£ , AE

Three years . . . . . . . . . . , 1,155,529, at par.... 1,155,529

Interest. . . . . . . . . . . . . . . . .46,221

Management ... . . . . . . . . . . . .650

Life Annuities lapsed. . . . . . .2,000
*

".

Four years”. . . . . . . . . . . 1,204,400 . . . . . . . . , 1,204,400

Interest . . . . . . . . . . . . . . . . .48,176 -

Management. . . . . . . . . . . . . . . 677

Life Annuities lapsed. . . . . . . 2000

Exchequer Annuities lapsed 56,250

Five years. . . . . . . . . . . . 1,311,503. . . . . . . . . , 1,311,503

Interest . . . . . . . . . . . . . . . . .52,460 - -

Management . . . . . . . . . . . . . . .738.

Life Annuities lapsed. . . . . . .2,000

Six years. . . . . . . . . . . . . 1,366,701 e t c s e e º 'º-e 1,866,701

- Interest . . . . . . . . . . . . . . . . .54,668

Management. . . . . . . . . . . . . . .769

Life Annuities lapsed. . . . . . .2,000

Seven years.......... 1424,188 ... . . . . . . 1,424,138
&c. &c., - C.

…”

* All the redemptions in these plans, after the first three years, are

supposed to be made at par. Exchequer Annuities, amounting to£80,000,

fall to the fund in the 20th year, and £404,332 per ann. (being the 39

years annuity) in the 22d year. -

• *-

FREE

*.
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FREE REVENUE. Stocks REDEEMED.

sé sé’ -

In 25 years.... 3,892,831. . 4,074,572 three per cents.

-

30,390,243 four per cents.

18,039,875 five per cents.

Total £52,504,690

In 30 years.... 4,579,731...21,056,177 three per cents.

34,283,074 four per cents.

18,039,875 five per cents.

Total #73,379,126

In 35 years . . . . 5,330,252. .45,416,595 three per cents.

34,283,074 four per cents.

18,039,875 five per cents.

Total £97.739,544
~

--

In 40 years, , , , 6,196,104.73,747,452 three per cents.

-

34,283,074 four per cents.

18,039,875 five per cents.

Total £126,070,401

- - -

, . . . . . *

º

EXPLA
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EXPLANATIONS AND REMARKS,

DR. PRICE,

*

* * *

> *

“ IN the first of these plans the three per cents.

are supposed at 75, and the difference of price

between them and new four per cents. supposed to

be made first redeemable when under par, but

irredeemable when above par till 60 millions of

other stocks were redeemed, is reckoned at 18;.-

The market difference of price between the present

four per cents. redeemable at pleasure, and the

South Sea three per cents. when this plan was

formed (the latter being then at 68) was above 20.

Was it not reasonable, therefore, to expect that

the holders of these annuities would eagerly have

taken at 18% per cent. an exchange of them for

such new four per cents. as those just described,

and therefore much more valuable "

“ 3618.6s...8d, for every 36100 three per

cent. stock converted into a four per cent. stock

would have produced just 261,100,000 for the

conversion of six millions. 3620 for the conver

sion of every £100 stock would have produced

c£1,200,000 for the conversion of six millions.”

“This conversion was taken in the first plan at

18; per cent. the first year, and only six millions

were supposed to be converted, and ºf 1,100,000

then gained for the fund; because the first year

was supposed to be a year of experiment only, and

-- ~ * - - therefore
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therefore more liberal terms were supposed to be

offered.—Should the experiment have succeeded,

and the difference of price between the three per

cents. and the new four per cents. have risen

above sé20, the former being above 75, a con

version might have been offered the second year,

at 20 per cent. of 18 millions into four per cents.

not redeemable till a larger amount of stocks

should have been previously redeemed; and after

wards in the three following years, a third, a

fourth, and a fifth conversion, at the same price

of twelve millions each year as specified in this

plan, the amount of stocks to be previously re

deemed to be increased every successive year; in

consequence of which the last 12 millions would,

without any effect on the efficiency of the plan, -

have come to be declared the last redeemable of

108 millions.”

“Should the Stocks have risen, as is supposed

in these plans, greater sums than these specified

would probably have been gained by the proposed

conversions, and therefore the results in the first

plan increased.—There were advantages, not im

mediately apparent, which would have been gained

by these conversions.—First, the public would

have availed itself by them of the want of con

fidence in a plan of redemption which must more

or less have taken place at first. For the less the

public confidence had happened to have been, the

greater would have been the effect of the regulation

proposed in raising the value of the new four per

cents. and consequently in gaining money for the

fund.” -

“ Secondly, it is particularly worth attention

that it would have diminished the loss that might

have accrued from an interruption of the scheme,

3 should
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should an interruption have happened after

a£600,000 per ann. had been added to a million

surplus for carrying on the scheme. Should, for

instance, the scheme have been interrupted in the

seventh year of its operation, and after the fund

had increased, according to the first Table to

£1,974,380 and redeemed 25 millions, and, by

the 2d Table, to sá2,098,600, but redeemed

only eleven millions; the public would have

gained, by the measure of conversion, the excess

of the interest of 27 millions above 13 millions;

and, therefore, the addition of £600,000 per ann.

to the fund in the first five years (which both the

first and second Table suppose) would have been

nearly replaced, if the plan in the first Table had

been adopted. Two advantages, therefore, would

in this way have been obtained.—1st. The advan

tage of a redemption of fourteen millions more

than could have been redeemed by the plan in

the 2d Table. And, 2dly, the advantage (should

the scheme have ever been resumed) of having

had 60 millions of four per cents. to be redeemed

by a Sinking Fund, instead of 60 millions of three

per cents. and consequently a much more easy

and rapid course of redemption.” -

“ At the end of the 40 years it is to be ob.

served that the plan in the first Table would have

redeemed 1884 millions, and the plan in the

second Table 1714 millions; but that even in the

first four years the first plan would have redeemed

in the same time only 5% millions, and but little

more than the plan in the third, Table. This

pointed out a farther and a very considerable re

commendation of the first plan, and that was, the

particular vigour with which it would have ope

rated at its outset, when vigour was most wanted,

and
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and would consequently have brought the five per

cents. into a course of redemption in six years,

which would not have been done by the second

plan in less than 13 years, nor will it be done by

the third (which is now carrying into execution) in

less than 16 years.”

Such were the observations and arguments urged

by Dr. Price in favour of the first plan. But the

Minister chose to adopt the third and the weakest,

from an apprehension, if he adopted either of the

two other plans, that he should be obliged to

load the country, in the course of five years, with

new taxes to the amount of half a million. Happy

had it been for the nation if he had always enter

tained the same apprehensions.—But he appears to

have soon thrown off every anxiety of this kind,

and in a much shorter term than five years to

have had very little hesitation in creating new

taxes to the amount of sé800,000 per annum, for

purposes ill calculated to assist the operations of

the Sinking Fund.

From the inspection of this plan it appears that,

with the aid of the temporary annuities, the ap

propriated million will in 26 years increase to four

millions per annum, and redeem above 56 millions

of Stock, and that in 40 years it will increase to

more than six millions per annum, and redeem 126

millions of Stock-But it was directed by a clause

in the Act of Parliament which established this

plan, that the accumulation of the fund should be

limited to four millions a year, and consequently

that the operation of compound interest should be

changed into that of simple interest just at the

tline
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time when it would have redeemed a greater por

tion of the debt' in the next 14 years than it had

done in the 26 preceding years. Compared,

however, with what Mr. Pitt first intended to

have established, it deserves respect; and though

enfeebled and mutilated by his alterations, it cer

tainly was capable of having done much in re

lieving the country from the pressure of its

burthens. But the public debts have increased

since its establishment in a degree so enormous as

to render it, now a matter of little consequence

what plan the Minister may chuse to adopt for

their redemption.

The following statements exhibiting a view of

the national debt in the year 1786, when the

Consolidated Fund was first established, compared

with its amount at the present time, afford but

little encouragement to hope, from the direction

in which Mr. Pitt has hitherto proceeded in his

management of the finances, that the redemption

of the public debt is likely to be soon accom

plished, unless it be by a process whose operations

are very different from those of compound interest.

n Amount
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*

Amount of the FUNDED DEBT in the year 1786.

56°" 36°

131,202 Exchequer Annuities for 8 and

22 years then worth at 5 per

Cent- . . . . . . . . . . . . . . . . . . . . 1,350,000

25,000 Bank Annuities for 10 years Do. 88,500

82,317 Life Annuities, taken at 1o years

purchase . . . . . . . . . . . . . . . . . . 823, 17o

68o,375 Bank Annuities for 76 years,

then worth at 5 per cent . . . . 13,274,117

494,332 Do. for 24 years Do. . . . . . . . . • 5,579,781

1,323,226 Life and Temporary Annuities,

then worth . . . . . . . . . . . . . . . 21, 124,568

Stock in the 3 per cent. Bank and South

Sea Annuities . . . . . . . . . . . . . . . . .. . . . . . 187,61 1,254

Ditto in the 4 per cent. Consolidated Bank

Annuities. . . . . . . . . . . . . . . . . . . . . . . . . . 32,750,000

Ditto in the 5 per cent. Bank Annuities... 17,869,993

Whole capital of the Funded Debt...?259,355,815

The annual Interest and other charges payable on ac

count of this debt was stated in the Report from the

Select Committee of the House of Commons, to be

Fé’9,266,940.

vol. 1. Z Amoun,
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Amount of the FUNDED DEBT in April 1802.

£80,223 per ann. Exchequer Annuities, 3é'

expiring in 3, 4, and 5 years,

worth in present money” ... 207,002.

Life Annuities granted chiefly before the

present reign, and amounting to £75,492

per annum, valued at 7 years purchase .. 528,444

Annuities with benefit of Survivorship a

mounting to £540 per annum . . . . . . . . . 18,000

#423,039 per annum Bank Annuities, ex

piring in 1808, now worth . . 2,236,900

£1,001,555 per annum Ditto, expiring in

1860, now worth. . . . . . . . . . 22,521,300

Present value of Life and Temporary Ann'. 25,511,646

Stock in the three per cent. Perpetual An- -

nuitiest . . . . . . . . . . . . . . . . . . . . . . . . . . . 466,674,587

. . . . . . . . . . . fºur per cent. Ditto... . . . . . . 49,425,085

. . . . . . . . . . . five per cent. Ditto . . . . . . . . . 50,478,039

Borrowed on a Tontine in 1789 . . . . . . . . . 1,oo2,099

593,091,456

Deduct the Stock redeemed by the Sinking

Fund. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59,588,904

. - 533,502,552

Imperial Loans, Stock in the

3 per cents. unredeemed.... 7, 193,906

£230,000 per ann. for 18 years

worth. . . . . . . . . . . . . . . . . . . 2,931,120

... 10,125,026
t

Unredeemed Funded Debt of Great Britain #543,627,578

* The values of these and the following annuities have been computed

at four per cent. and on the supposition that they are payable half-yearly.

+ Of this Stock £18,001,148 are stated to be redeemed by the sale of

the Land Tax; but while that tax is annually taken in the “Ways and

• Means” at the usual sum of two millions, it would be as absurd to

deduct the stock thus redeemed from the amount of the public debt, as

it would be for a person who had sold his estate to continue reckoning

the produce of it as a part of his yearly income. It has, indeed, of late

been the custom to designate this tax by a different appellation, and to

call it a “tax of 4s. in the pound on pensions, places, &c.” leaving the

word land entirely out of the account. But such subterfuges are too

contemptible even for those who have recourse to them. I

- In
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In the year 1716, when Sir Robert Walpole

undertook to redeem the public debts, they did

not much exceed the sum of 46 millions: But

during the course of 22 years accumulation and

redemption proceeded with such equal pace, that

in December 1738, when the produce of his

Sinking Fund was wholly alienated, those debts

amounted nearly to the same sum with which he

commenced his operations. In the year 1786,

when Mr. Pitt engaged in a similar process, the

profusion of his predecessors had so far exceeded

their economy, as to increase the public debts to

259 millions; but in less than 16 years from the

establishment of his fund, although 60 millions

nearly have been redeemed in the mean time,

those debts have swollen to the enormous sum of

543 millions, and the annual expenditure necessary .

to provide for them amounts to such a sum as

would have been sufficient in two years to dis

charge the whole debt when the first Sinking

Fund was established by Sir Robert Walpole /

It should be observed that, in addition to the

million appropriated to the redemption of the debt

in 1786, the sum of £200,000 has been annually

voted by Parliament for the like purpose, and that

these sums, assisted by the temporary annuities

which have expired since that period, have re

deemed 40 millions nearly. The remaining 20

millions have been discharged by another Sinking

Fund established in the year 1792, agreeable to

the plan recommended in the preceding chapter

of this work; * the design of which was to pro

vide that “ in all future loans, 361 per cent on

the capital borrowed should be applied annually,

* See page 285. *

Z 2. together
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together with the accumulating interest, to the

redemption of that capital.” In consequence of

the unprecedented expenditure of the last war, the

annual amount of that fund, exclusive of the in

terest on the stock redeemed, exceeds ºf 2,500,000.

Nor does this sum, great and enormous as it must

appear to be, give an adequate idea of the whole

expenditure of that disastrous period. The Mi

nister finding himself unable to proceed any longer

on the system of funding, had recourse during

the last four years to a variety of expedients for

raising the supplies: such as forced loans, volun

tary contributions, tripled assessments, and above

all to that solid system of finance, the Tax upon

Income, which was to have discharged the debt

almost as soon as it was contracted. But these

wretched expedients having all failed, they have

been successively abandoned, and the Minister

has again been obliged to have recourse to the old

system of funding, which he had so lately declared

to have been entirely exhausted. By chusing to

confide to those expedients rather than to make

effectual provision for the debt, new taxes have

become necessary for £56,445,000 funded on

the credit of the Income Tax. This debt, to

gether with £28,750,000 funded in the present

year, requiring above two millions and a half per

annum to be raised merely for interest, it was found

impossible to raise a further sum of £850,000

per annum for the redemption of the debt. Hence

the new Sinking Fund has been abandoned; and

a debt of 85 millions created without any parti

cular provision for the discharge of it. In order,

however, to console the nation on relinquishing a

measure for which the Minister claimed so much

credit to himself and the country, a new expedient

has
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has been adopted. In lieu of the two former

Sinking Funds a new one has been established,

which by lessening the means, is said to have the

surprising effect of increasing the power of re

demption. By this plan all the debt created be

fore and since the year 1786 is consolidated, and

the sums which were separately applied to the

discharge of the old and new debt are united in

one account and applied to the discharge of the

whole. The sum of £200,000 annually voted

by Parliament in aid of the Sinking Fund is also

made a perpetual grant for that purpose, and the

accumulation is no longer to cease, as in the

former plan, when it has amounted to a given

sum, but is to proceed until the entire redemption

of the public debt is completed. The assistance,

however, which the fund was to have derived

from the falling in of the temporary annuities, and

the reduction of stock bearing 4 and 5 per cent.

to a lower interest is now withholden from it, and

the Minister has already anticipated some of these

future resources by borrowing money on the re

version of them. But notwithstanding this antici

pation—notwithstanding the new Sinking Fund is

charged with the payment of 85 millions more

than the two former ones, our prospects are said

to be highly improved, and it is demonstrated by

a long series of computations, that if the nation

should be blest with an uninterrupted course of

peace, and the management of its finances be as

much distinguished for economy as it has hitherto

been for the want of it, that the debt will be dis

charged, and every incumbrance removed about

the middle of the present century ! If any are

soothed by such prospects, let them look back to

the events of the last century—let them*:
- that

w
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*

that 40 years of it have been consumed in war,

and that more than 540 millions have been added

during that disastrous period to the permanent

debt of the country. With such woeful experi

ence of the past, is it possible to look forward

with confidence, or even with hope to the future ?

While the same passions prevail among the go

vernments of the world, must not the same con

sequences inevitably follow 2 Can any person be

lieve that the present century will be exempt from

the calamities of the last; or that in the very next

war which takes place, the enormity of the taxes

will not render it necessary to alleviate the public

burthens “ by making fresh inroads into the Sink

ing Fund 2–Perhaps the Minister will then, as on

a late occasion, console the country by observing

that “a few years in the existence of a state are

not to be counted, and therefore that it is of little

consequence whether the bright prospect of re

demption shines upon the middle or the close of

this century.”—The present relief produced by

the alienation of the fund will give force to these

delusions, and in proportion as its operations are

enfeebled and prolonged, the public will become

less anxious about it; until, losing all concern for

the interest of a remote posterity, and glad to

procure even a temporary relief from the growing

pressure of their burthens, they abandon it alto

gether, without any other prospect of the debts

being terminated than by the utter extinction ofto -

the credit and resources of the country. M.

* See the preamble to the Act for establishing the new Sink

ing Fund.

MOTES.
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Not Es.

Note (A) See Question III. Page 11.

LET E be any given expectation of Life; and

tº: px will be the number of persons alive

at the end of a years, arising from p persons left

annually as widows (or added annually to a town

or society) at the age whose expectation is E.

The maximum, therefore, is always pF–. In Mr.

De Moivre's Hypothesis, E is always ; the difference

between the given age and 86. See the Note, p. 2,

and the latter end of the Note in p. 39. See

likewise the beginning of the First Essay, in

Vol. II. and Note (K,) in the following Notes,

where the investigation of this rule will be given.

It will not be amiss to give the following ex

ample of the application of this rule.

At the time of the commencement of the

scheme among the ministers and professors in

Scotland for making provision for their widows,

it was necessary, that a calculation should be made

of the number of widows that would be upon the

scheme at the end of every year till they came to

a maximum, on the supposition that, (agreeably to

what particular enquiry had shewn to have hap

pened for many preceding years,) 20 new widows

would be left every year". In order to make this

calculation, let 4 of the 20 widows be supposed

to be under 32 years of age when left; and let 28

be supposed their mean age. Let the same num-.

, For a term of 35 years and eight months, being from the

commencement of the scheme to the year 1783, this number
WaS 191%.

1 ber
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ber be left between 32 and 39, and let 35 be their

mean age; between 39 and 47, and 43 their mean

age; between 47 and 57, and 52 their mean age ; .

between 57 and the extremity of life, and 63 their

mean age. The number in life together to which,

in 10 years, 4 widows left annually at the age of

#. will grow, is, by the rule, (E being 29)
116–1()

—Tig- x 40, or 36.55. The number alive at

- 6–3

the end of 20 years, will belºx 8O, or 66.2.

At the end of 30 years, the number alive will be

89; of 40 years, 104,82; of 58 years 116.

These numbers, found in the same way, for the 2d

class, (E being 25.5,) at the end of 10, 20, 30, 40,

and 51 years, will be 367—64.31—84.7—97.25–

I O2 For the third Class, (E being 21.5) at the

end of 10, 20, 30, 40, and 43 years, 35.34—61.4

—78. 13—85.6–86 For the 4th class, (E be

ing 17) at the end of 10, 20, 30, and 34 years,

34.11–56.47—67–68 For the 5th class, (E.

being 11.5) at the end of 10, 20, and 23 years,

31.3—45.2—46 The whole number, there

fore, consisting of all the classes, will come to a

maximum nearly in 58 years; and the totals in life,

at the end of 10, 20, 30, 40, 50, and 58 years, will

be 173.37–293.58—364.83–401.67—418.

These determinations suppose none to marry.

In 10 years, from 1757 to 1767, I have been in

formed, that but 9 widows married. Let us then

suppose, that one widow of the first class marries

every year; and let all that marry, be supposed

to continue, one with another, 5 years in widow

hood before they marry. On these suppositions,

the foregoing totals will, at the end of the same

periods of years, be 169.23–282—347.5—

380.47–394. -

These calculations are made from Mr. De

Moivre's
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Moivre's Hypothesis. Had they been made ex

actly from Dr. Halley's or the Northampton Table,

the results would have been very nearly the same.

See more on this subject in note F. (2).

(2) This theorem is deduced from a fluxional computa

tion in Note (K); but it may be demonstrated without having

recourse to fluxions in the following manner: Suppose at

the time of admission there were 50 persons aged 36 years,

or a number equal to their common complement. Suppose

also the same number were added annually at the same age

of 3ſ. In the rectangled isosceles triangle ABO let AB

( = BO) be = 50, or the v -

complement of a life at 36

— CD (= DO) be = 40, EF

(= FO) be = 48, and so on.

Hence BD will be - 1, BF

= 2, BH = 8, &c. By the hy

pothesis of an equal decrement

of life it is evident that un

der the circumstances of this

case the area ABCD, or

2AB–BD
-

x BD will express

ABGH, or 2AB–BH x BH, the number of annuitants at

the number of annuitants at Bjjīāī º ºn

the end of the first year; the area ABEF, or** x BF

the number of annuitants at the end of the the 2d year; the area

the end of the 3d year, and so on. If the number of

2AB-x x *, or

º

years be a, the annuitants living will be

4E–x

x x ; for AB being constantly := 50, or the com

plement, will be twice the expectation, or 2E. As 56 or

2E, (the numbers of persons admitted annually) is to

4E-3 x x, (the number of annuitants at the end of x

2

years) so is any other number (p) to *H: x pr, the number

of annuitants in the same time from (p) persons admitted

yearly at the age whose expectation is E.; and when x becomes

equal to BO (=AB = 2E), the number of annuitants will arrive

at its maximum, and be constantly expressed by the area pK.

Q.E.D. - M.
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Note (B). Question VI. Page 23.
* - -

LET r signify the sum of £1 and its interest,

for one year. The value of a life, whose

complement is n, being (by Mr. De Moivre on

4nnuities, 4th edition, page 14, and page 100.)

z-1 27—2 zz-3 m—4.

zur " ??” ;F+ …, &c. the present value

of the remainder of it after two years must be

zz—3 m—4 - - I m—2

†4 +, &c. which is equal to -x x

71—3 n–4 z-5

72-2 r z–2r" + 2-2,3- &c.

1 . |

Now ºr is the present value of 3/21 due at the

end of two years. --- is the probability that a

life, whose complement is n, shall continue two

m—3 zz—4. 7t-5 -

..T. t , i.T + =. &c. is the va

lue of a life two years older than the life whose

complement is n. And, therefore, (since any num

ber of years less than n may be substituted for

two years) the first rule given in this Question is

right (9).

years, and

The

(3) The rules in this and the following Notes are demon

strated rather more satisfactorily, and with equal ease and per

spicuity, from the real probabilities of life.

Let a represent the number of persons living in the table

at the age of A, and b, c, d, e, &c. the number living at the

end of the 1st, 2d, 3d, 4th, &c. years from the age of A.

Now since the value of an annuity on the life of A is known

to be = b. ++: + +, &c. the value of this annuity after

ar ar" ar.”

tWo
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The same process, applied to joint lives, will de

monstrate what is said in the Scholium.

- - d

two years on the same life will be = +++++ &c.

ar ar 42°52

1

r”

&#x ###4 f

cr cr? ' cr

, + &c. But # is the probabi

f
... d e

lity that A lives two years, and the series cr +T+ ..., &c.

is the value of an annuity on a life two years older than A.

The general rule therefore in the 6th Question is right; for the

reasoning applied to this particular case will also apply to any

other interval between the present time and the period at which

the annuity is to commence.
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Note (C). See Question VII. Page 25.”

LET the complements of any two assigned lives

be n and m. The present value of the first pos

sible payment of an annuity to be enjoyed by

the life whose complement is m, provided both

lives continue 7 years, and the life, whose comple

ment is n survives the other after that term, is the

probability, that the life of the expectant shall

continue 8 years, and the other life 7 years and

then fail in the 8th year, multiplied by +, or by

ºf discounted for 8 years-The probability that

the life of the expectant shall continue 8 years is

+. The probability that the other life shall conn "

tinue 7 years is "Tſ. The probability that it shall
*- 777

continue 7 years, and fail in the 8th year is

*Ex 1–2–3–4. The probability, therefore,
77 zn—/ 772 -

that the life of the expectant shall continue 8 years,

and theother life continue 7 years and fail in the 8th,

is *-* x +; and the present value of the first possi
zz zºº •

- • m—8 I

ble payment of the annuity supposed, is+ x m .

See The Doctrine of Amnuities, by Mr. Simpson,

6–15, or his Select Exercises, p. 315, &c.

i. like manner, the present value of the 2d pay
Z. - ment,

*
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ment, at the end of the 9th year, may be found
m–9 m—7 m—9 77—9 2

x – x l — ". . . T —-> x ~.

to be ± zz ,-72 °' ..., x . . and

the present value of all the possible payments,
I z—S l m—9 2 /7— i U) 3

- x x - - - -- -

2-7 zr zz + zrk x z/2 ar3 x m * &c.

But this series is equal to + x +Z « ºf .
r7 z 277

7–5 1 m—9 2 zz 1 ()

==T x - + -- x --

7–7 r m—7 m—7 rz m—7 n—7 r?

3 zz—8 1 -vy -

--, &c. Now –– 4 + 2 –3–
m—/ m—7 r m—7 z-7, m—7,

&c. is the value of an annuity for a life seven

years older than the expectant, after another life

seven years older than the life whose complement

m—7 m—7

x * f is the probability that both
is m.

- z

the assigned lives shall continue 7 years. Andºr
r

is the value of 261 due at the end of 7 years. The

rule, therefore, given for solving this question, is

right.

This demonstration, as well as that in the last

note, is, for the sake of more ease and clearness,

applied to the hypothesis of an equal decrement of

life. It does not, however, depend upon it, but

may be applied to any table of observations (y).

(y) Let a, b, c, d, e, f, &c. represent the same quantities

as in the preceding Note. Let m represent the number of

persons living at the age of B, and n, o, p, q, s, &c. the

number living at the end of the 1st, 2d, 3d, &c. years from

the age of B. —By reasoning in the same manner with Dr.

Price in the solution of this question, and supposing the first

payment of the annuity to become due at the end of the

x &H = -º-th - lue will be = +ear, its present value will' be = -
4 year, p 4. 77°4 amr?

e

#–%;—- the present value of the payment at the end
r r

of
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– Z ~ *E. –-º- v / – ºfbe = a x mri Tamrå dr? dpr”

the present value of the payment at the end of the oth

of the 5th year will

- g p—t dp & g?

year will be = * x Triº" - axº~ * j, ,-zº and so on.

in ...— 4° ... • , J , §
Hence the whole value will be= a; * dr + Arº + Złrs' &c.

dp e? sf g? t i i

- 2nri x dpr + dprº. + Ziprº + &c. Let A and AB de

note the respective values of annuities on the single and joint

lives of two persons 3 years older than A and B, and the

*-x A–Ahl-Q. E. D.
amrº

M.

general value will become =

Note
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Note (D). Question IX. Page 32.

º LET the complement of any two assigned lives

be n and m, and the given term be seven

years, as in Note (C). The probability that the

former life (supposed to be the life in expectation)

shall last 8 years, is, by Mr. De Moivre's Hypo

-

thesis, +: ; and the probability that the latter

life shall fail in 8 years, is #: and the first pay

ment of the annuity mentioned in this question,

depends on the happening of both these events,
n—8 8

the probability of which is I- X 7. * ,

The present value, therefore, of the first possible

payment of the annuity is +: x #. —In like

manner, the present value of the second possible
. . n—9 . , 9

payment is 7.4 × . ; and of all the payments,778

- - × - "- x -mrº x 7/2 + m)” 772 jºr- x m” &c. But

—8 8 m—8 1 m—8 -

77 x + = ** x ++ tº x £; and 2-2,
77)'8 772 7th.” 772 777° 772 ... ???"9

9 m – 9 ... 2 n—9 7 -

- = x - --. The fore -

272 777-9 7/2 + 7, r2 + 772. going Se

- - - - 1

ries, therefore, is equal to the two series's 7 x

- ºn- 2 77— 1() 3 -

+ x + + = x + x +, &c. and +.
777° 778 777-2. 77. 7trº 772. • ry

X
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~a

-

× "Tº Z + "E! » 4-4 tº , Z, &c. or to
777 -

mr. 7% mr.” 777 77 rº

I - - —- ºn--

- X n—7 x am—7 x m—8 x l n—9 x

r/ •y

fe 177 n—7r m—7. 77—ſ r2.

2 n— 10 3 I 7 n—7.

+ ==- X > &c. -- – x – x x

2m—7 m—7 r? 7m—7 r? ??? 7.

m—S n—9 m—10 - -

- - + = ·, &c. which is the very
n—7r n—7r’ m—7rs

rule given for solving this question (?), as will

appear from Notes (B) and (C).

(3) Retaining the same symbols as in the two foregoing

Notes, (3) and (y) and supposing the first payment of the

annuity to become due at the end of the 4th year, the pre

sent value of the several payments will be = . X+

f ... m—s . g . m—t - d. e f §

; x+ + + x ++&c.=: x7.4#4; +&c.

dp eq $f gt – d r dp

–7.7 × dºr + ºr: + dprº. + &c. = zi x A –i

x Aš-Q.E.D. M,

Note
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Note (E). See the Scholium to Quest. X.

Page 36. 's

According to the calculations, the time in

which the first yearly payment of a reversionary

annuity becomes due, is the end of the year in

which the event happens that entitles to it, how-.

ever little or much of the year may then happen

to be unelapsed. ' And this, likewise, is the time

when a reversionary sum becomes due. Those who

know how the calculations of the values of rever

sions are instituted, must know this. But an an

nuity, the first payment of which is to be made at

the same time with another payment of a sum in

hand, sufficient to buy an equal annuity, is worth

one year's purchase more than that sum. For

instance. Reckoning interest at 4 per cent. and r

beings£1 increased by its interest for a year, or 1.04

1 l . . 1

T + = + 7.5 -

an estate of £1 per annum for ever. That is, it

is the value of it, supposing the first rent of it

is to be paid a year hence.—If the first rent is to

be received immediately, or at the same time with

another payment of £25, it is worth one year's

purchase more, or equivalent to sé26.—I have

not found, that any of the writers on annuities

and reversions, have attended to this observa

tion. It suggests a correction necessary to be

applied to the common solutions of several im

portant problems: particularly to the 21st and

22d in Mr. Simpson's Treatise on Annuities, and

the 26th, 27th, 32d, 33d, and 40th problems in

his Select Exercises; and to all other problems

of the same kind in other writers. There can

WQL. I. A A be

&c. = 325 is the present value of
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*

be no great occasion for being more explicit. It

will not, however, be amiss to add the following

demonstration. + is the present probability

that a life whose complement is n will fail in any

• - . . - 1 1

one assignable year of its duration. S x + ++: .
- - fly" 77 r

+ #, &c. (n), or the present value of £1 per an

num for n years, multiplied by #, is the present

value of the sum or legacy denoted by S, payable

at the failure of the given life. Therefore, (n be- .

ing 56; the life 30; interest 4 per cent. r=1.04;

the sum sé25) the value of the expectation, by

Mr. De Moivre's hypothesis, is 9.919. -

Further. The value of £1 to be received at the

end of a year, provided the life whose complement

is n fails, is the probability of the failure of the

life multiplied by 361 discounted for a year, or

I —** x +. In like manner; the value of sæ1

to be received at the end of two years, if the same

e ... . . . . . . .—- 1

life fails in 2 years, is, 1 —tº k +. And, there

fore, the value of all the possible payments of an

estate or annuity of £1 for ever, to be entered

upon after the given life, is 1–R. x++ 1 —

-- . . . . ; ; -------->
* -

* * * * * ,

m—2 ... 1 , , n—3 ... 1 : , 's I

* X -++ 1 ..-,— & ºx. &c. (n) +- +

*

* . r rº-H 1

, , , , , , . . * * tº . . . - -

* . . . . . ºf tº . . . . . . . . . . . ––

* - - - - - - ---. ." - - - -14 : º, rn +2
w -

* ~ *

-
- * : * ~ *
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i 1 I 1 a *—1 n–2

rn 4-2” c. or F + = + 7. &c. = + -ī;

tº, &c. that is, the value of the life subtracted
fºr3 >

from the perpetuity; or, in this example, seia,684,

(the value of a life at 30) subtracted from 25 ;

that is, 3610.316. But 10.316 is to 9.919, in

the same, ratio with 104 to 100, or 26 to 25,

agreeably to the rule in the Scholium ().

+

() The difference between the values of reversionary sums

and reversionary estates (which was first pointed out in this

Note) does not depend on the hypothesis of an equal decre

ment, but may be as readily demonstrated from the real pro

babilities of life. Supposing a, b, c, d, e, &c. to represent

the same quantities as in Note (3), the value of the sum S,

to be received on the death of A, will be properly expressed
. S a—b b—c c—d.

by the series 7 × 7'2. ++ + &c. = S x

1 b -- + & S b c d &

F + = + = + 7. Ce- x + + = + = + C.

A+ 1 — A. E. S.r-1 x P-A.

(P denoting- S x

r * r

the perpetuity, and A the value of an annuity on the life of

A).—But in the case of an annuity or estate, the value of

the reversion of £1 per annum after the death of A will be

a—b (t-c a—d l l

=== + + + &c.—() + H+ + H+ar” ar?

#; + &c. (t denoting the number of years between the

age of A and that of the last surviving life in the table of

observations). The sum of these two series is easily found

= P-A.—If S represent a sum equal to the perpetuity of

- - I -

sé1 per ann. or, in other words, if S be taken = P it

7

will appear that the value of the reversion of an estate is to

the value of the reversion of an equivalent sum as P-A to

P—A

, or as r to 1, agreeable to what has been observed
r

above. M.

• A A 2. - Note
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* Note (F). Quest. XIII. Page 48.

WHEN I here call as the mean,age of all mar

ried men, and 40 the mean age of married wo

men, I do not intend to suppose, that there are as

many married persons who exceed these ages, as

there are who fall short of them. It is likely that the

latter are more numerous; and it is necessary that

this should be the case, to render the supposition I

make just.—If all marriages commenced at 33 for

the man, and 25 for the woman, one half of them

would be dissolved by the time the men were 50,

and the women 42; for (by the Hypothesis, and

also nearly by the Breslaw, Norwich, andNorthamp

ton tables) there is an equal chance for the joint

continuance of two lives whose ages are 25 and

33, seventeen years. Forty-two and fifty then

would be properly the mean ages at which widow

hood would commence: meaning by these “the

“ages on each side of which equal numbers are

“left widows and widowers.” But, though in this

case half the marriages of every year would be dis

solved in 17 years, they would not be all dissolved

in twice that time. So far would this be from

happening, that about a 7th part would continue

beyond twice 17 years; nor would it be certain,

that they would be all dissolved till near the extre

mity of the possible extent of life. Though, there

fore, an equal number of marriages would be dis

solved, or an equal number of widows and wi

dowers left before 50 and 42 and afterwards, yet

the ages of the latter would, one with another,

much more exceed 50 and 42, than the ages of .

the former (that is, of the widows and widowers left

hefore 50 and 42) would fall short of them. And

, the number of marriages also in the world among

- persons
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**

persons of greater ages than these, would be much

fewer than among persons of lesser ages.—In other

words: The period, at which the marriages that

have been contracted are half dissolved, is not the

period at which the number of marriages constantly

existing is equally divided, but this period falls

some years sooner; and the period I have in view

falls in that part of the interval between these two

periods, where the greater ages of the marriages

on one side, are just enough to compensate (in such

a calculation as that I have given) their deficien

cies in number, compared with the number of

marriages on the other side. -

In short. Suppose 35 marriages every year,

between persons 33 and 25°. . In 12 years there

would be half as many in the world, as could

possibly arise from such a number of yearly wed

dings. In 17 years, half every set would be ex

tinct. The expectation of every marriage would be

19 years, by Prob.21 of Mr. De Moivre's Treatise on

Annuities, or by the note (K) in the following notes:

That is, taking them all together, they would exist

just as long as an equal number of single persons,

supposed to be sure of living just 19 years, and no

more: or, as long as an equal number of single per

sons, all 48 years of age, supposed to be subject to

the common laws of mortality, One with another,

then, they will be all extinct in 19 years; the

marriages which continue beyond this term, though

fewer in number, enjoying among them just as

* In the Pais de Vaud, Switzerland, the mean age at which

women marry, is nearly the very age here mentioned: But it is

shewn in the Supplement, that the expectation of marriage there

is no less than 23 years and #, so much higher are the probabi.

lities of life in the country than in towns, or than they ought to

º jºins to Mr. Pe Maivre's Hypothesis. See Supplement,
O º e -

much
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much more duration, as those that fall short of it

enjoy less. Widows, then, at a medium, will

commence widowhood at 44 (that is, 25 increased

by 19) years of age, and widowers at 52. The

values, therefore of the lives of the former, when

they commence widowhood, will, one with an

other, be the same with the value of a life at 44;

or, (reckoning interest at 4 per cent.), 12.5 years

purchase, in one present payment, (the annuity

to begin at the end of a year); and their expecta

tion of life will be 21 years, or half the difference

between 44 and 86. The value of the lives

of the latter will be 10.92, and their expecta

tion 17 years.-The whole number of marriages

constantly existing, which would result from 35

supposed to commence annually, would be 19x35,

or 665; and 53 years (the difference between 33

and 86) would be the time in which they would

increase to this number—The chance of survivor

ship would be the odds of 69 to 53, by Prob. 18th,

Mr. De Moivre on Annuities; that is, in 53 years,

35 relicts of these marriages would be left every

year, and the number of widows would be to the

number of widowers, as 69 to 53; or 19.8 widows

would be left annually, and 15.2 widowers. The

maximum of widows in life together, if none mar

ried, would be 21x19.8, or 416; and they would

increase to this number in 114 years (or 61 years

after the number of marriages had arrived at a

maximum—The maximum of widowers would be

15.2 × 17, or 258; and they would increase to

this number in 106 years. - -

An easy method may be hence deduced of solv

ing the question which occasions this note.—If

the number of the members of the establishment

I have supposed is 665, and the mean ages at

which marriage may be deemed to commence are

º - º 25
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25 and 33, 19.8 widows will (it has just appeared)

be left every year; and the values of their lives,

when they commence widowhood, will be, one

with another, 124 years purchase. An annuity of

3620 will, therefore, be worth, to each widow,

-ºff 250, and 19.8 such annuities must be worth

364950, which, consequently, is the annual in

come necessary for the support of the establish

ment, the first payment to be received immedi

ately: or Héz.44 from each of the 665 members;

which answers nearly to the determination in p. 48.

In the latter part of Essay II. Vol. II. it is

shewn, that observations determine the chance of

survivorship in favour of the wife in marriage, to

be really so great as 3 to 2; and in some circum

stances greater. It is there observed, that in order

to account for this from the difference of age be

tween men and their wives, this difference must

be at least 12 years, and the mean ages of all who

marry annually must be supposed to be about 23

and 35. In this case, 19, as before, will nearly

be the expectation of all marriages. The mean age

at which widows and widowers will commence such

will be 42 and 54. The number of annual mar

riages necessary to keep up 665 marriages con

stantly existing, will be 35. The number of

widows left annually, by such a number of mar

riages, will be 21 ; and the values of their lives,

at the time they commence widowhood, will be

12.85 years purchase by Table VI. Vol. II.

and, therefore, the whole annual income ne

cessary for the support of the supposed esta.

blishment, will be eff3397, or an annual payment,

beginning immediately, of 368. 11 from each

member—The number of widows on such an

establishment will, in 63 years, grow, if none

marry, to 462; and the number of****
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—It may be depended on, that all this would hap

pen as far as Dr. Halley's Table, or the Tables for

Norwich and Northampton, exhibit the true state

of human mortality.

Among the ministers and professors in Scot

LAND, the number of married men being 667,

or nearly that here mentioned, the number of

annual weddings has, for many years, been at

an average 30, and the number of widows left

annually 194; and, therefore, the chance of sur

vivorship in favour of the wife, as 19.2 to 11.8,

or 5 to 3. . This is not more different from the

results I have given, than might have been ex

pected; and the chief reason of the difference is,

that the expectations of single and joint lives among

the ministers and their wives in Scotland are

greater than those given by Dr. Halley's, and the

other tables of observation.—These tables give the

expectations of lives as they are among the bulk

of mankind in moderate towns. The expectations

of lives among the better sort of men, living

mostly in country villages and parishes, are much

greater. The fact is, that among the ministers in

Scotland, the expectation of a single life, at the age

of 27, is near 4 years greater; and, of joint lives,

about three years greater, than the same expecta

tions by Dr. Halley's Table. See the latter end of

the 2d Essay in the next volume.

I cannot help just mentioning another remark

here—It may be observed, that supposing no

second marriages, and, at the same time, that the

odds for the woman's surviving in marriage is 3 to

2, the number of widows in the world would be

double the number of widowers. But it has been

found, in fact, that the number of widows is, in

some situations, five times the number of widowers.

How this is to be accounted for, I have shewn in

the Essay just referred to. -

- - Note
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Note (G). Question XIV. Page 52.

LET r be sºl increased by its interest for one

year; t the given time or number of years for

which the assurance is to be made ; a, b, c, &c.

the probabilities taken out of a table of observa

tions, that the person whose age is given shall live

1, 2, 3, &c. years; and P the probability that he

shall live t years, Then +: + *::: ++, &c.
p3

- 1–P 1-P 1—P - - l . . 1

(t–1)+++++, ++, &c. = ++++

I - - 0. b , , c - F

7.3, &c. (t) —F ++ + 7, &c. (t–1) + Tr; +

-—

# X ; + # + #. &c. will be the exact value

of an annuity to be entered upon at the failure of

the given life, provided it happens in t years.

And the rule is nothing but this value expressed

in words. In a similar manner may be demon

strated the other rule for finding the values of

assurances for a given time, on two joint lives, or

the longest of two lives. * -

* Having given a different and more concise rule for an

swering this Question, (See note, p. 533) it may not be im

proper here to insert the demonstration of it.—Let a represent

the number living in the table at the age assigned, let b, c, d, e,

&c. represent the same number at the end of 1, 2, 3, 4, &c.

years; then will the value of the sum S ºrs on the

failure of the life within the term proposed be – S x

a—b b—c c—d d—e S b

- - - - (t) - - 1 -ar + ar” ar3 arº (t) r x + a)" +

gy" ++---- (-) – S X = +++++

:----- (). If B' denote the value of an annuity of sé1
ar:4 - -

on the given life for one year less than the term proposed, and

B the same value for the whole term, the preceding series will

be =s**—B--- Q.E.D. M.

\ Note
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-
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Note (H) Question XV. Page 61.

LET r signify as before ; S the given sum to be .

assured; t the given time; N and n the number

of the living in the table of observations, at the

age of B and A respectively; A, B, C, &c. and

a, b, c, &c. the number of the living in the table,

at the end of 1, 2, 3, &c. years from the ages of

B and A ; D, D, D, D, &c. and d, d, d, d, &c.
11 11.1 1 ''1 1 11t

the decrements of life in the table, at the end of

1, 2, 3, &c. years from the same ages. Then, by

reasoning in the same manner with Mr. Simpson, in

p. 316, &c. Select Exercises, it will appear that S x
AXd B x d Cx d Tº

x - 11 - --- -

*... + Nii. 4 Riº, &c. () + S x 3Nºr +

H-BT- s -. Bº ,

# 4 º' &c. () = + x : + Nº. --

c. * . PIRſ, a tº
NE” &c. (t) + 2N × 7 F :, &c. (t). This

is the exact answer to Question XV. and the rule

is as near an approximation to it as there is reason

to desire. - * , , ; - -

In the same manner, retaining all the same sym

bols, it may be found, that the answer to Question

XVI. is

Dal Dd DIDXT-DTD-HD a
ºn 1 Irr

S x QNamr + N. + Nnrº + Nnrº –

- D al + D d' D d - - -

(?), &c. -- S x 2Nitrº. FN73 + 2Nnrº? &c.

(t–1)
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*

S Dd D+D d D+DTD x d
- == - I II i i I - I II *112

(t 1) 77 r X Nº. + Nr.2 + * Nº.3

S Dd Dd D d

&c. (t–1) + GN x + + 77 -H Tºº &c. (t).

D+D D+D+D * .D h II - -

But §: + -NH + —NH, &c. (t–1) is the

same with the excess of the value of an annuity

certain for a number of years less by one year than

the given term, above the value of an annuity on

the life of A, for the same number of years; from

whence the reason of the rule for solving this

question may be easily discovered (<).

(*) The solution of the 15th question may be deduced

in a similar, but rather more accurate, manner from the

first of the two rules given in Note (O); where the value of

- - . S

the reversion for t years is expressed by the two series gaff x
- (t

ca' da" ea" (t) S x ba' ca" da!" (t)

+ +++-- + 37, F + + + + : vs we

If a denote the sum of the decrements of life from the age

of A for t years divided by t(which may be called the com

lement of A's life for the given term), and B and # the

values of an annuity on the life of B for t and t—l years re

spectively, the sum of these two series may be found =;

- #+1

x B + *#1.

In like manner, the solution of the 16th Question may

be derived from the second of the , two rules given in

Note (O);—the series expressing the value of the reversion in

this case being; x E. + -ºr: - - - (t) +:

c—d.a' d-e. a'+a"

2” rz

- -

X --- (t–1). Let & denote the com

flement
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-

flement of B's life for , years, A and Å the values of an

annuity on the life of A for t and t—I years, and N and

N the values of an annuity certain for those respective

terms; then will the above series be found = |S. 8. X
2b

N–Å
-

It is to be observed, when the decre

NFA ++

ments of A's life for t years, in the first of these rules, and the

decrements of B's life in the second are equal, that the exact

value of the reversion is obtained; and if the term do not

exceed 10 or 12 years, the values are always so nearly true as

not to require greater accuracy. This also is the case in

general with regard to Dr. Price's rules; against which there

can be no objection, excepting the application of Mr. De

Moivre's hypothesis in one part of them, which it is best

entirely to exclude from the doctrine of survivorships. . M.

-

Note
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Note (I). Page 149.

SUPPOSING r to signify as in the last notes,

and n to be the complement of a given life; the

present value of £1,362, ºf 3, &c. payable at the

end of 1, 2, 3, &c, years to t years, but subject to

n–ºx2

my”.

failure when the life fails, is+ + +

T} x 3 - -

*::::, &c. continued to t years; which expres–
jurº 5 -

- - n—1 n—'2 m—3 -

sion is equal to n x+ + H+ + H, &c. (t)
- * - ny’ my" nº.3 °

—'m x nº-I’ nº-gº E. &c. (1).
77 ºr . **** m*r3 -

To find, therefore, the value of an annual pay

ment dependent on a given life, to begin with sé1

and to increase at the rate of £1 every year after

the first, for a given term; find the value of an

annuity on the given life for the given term ; and

also the value for the given term of an annuity on

two joint lives both equal to the given life. The

difference between these two values multiplied by

the complement of the given life, will be the value.

sought.—If such a course of payment, instead of

beginning at the end of a year, is to begin imme

diately, and to be made at the beginning of every

year till t + 1 payments are made in t years; add

to the preceding value the value increased by unity

of an annuity on the given life for t years, found

by Question VI, and the sum will be the value

sought. And this value, divided by the present

value of what may happen to remain of the given.

life after t years, found by the same question,

will give the annuity to which such a series of in

creasing annual payments, beginning immediately,

- will
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will entitle for the remainder of the given life after

# years.

If such a course of payment is to begin at the

end of a year, and to be continued during life (that

is, if t = m) it is obvious, that its value will be the

complement of the life multiplied by the differ

, ence between the value of the life, and the value

of two joint lives having the same common age

with it; and that if it is not to commence till the

end of a given number of years, its value will be

the value for a life so many years (lessened by one)

older than the given life, and multiplied by the

value of £1 payable at the end of a number of

years, and also multiplied by the probability that

the given life will exist for the same-number of

years.-Supposing, for instance, the given life 30

years of age, and such a course of payment to

begin when it has completed its 56th year, the

value would be the value of a life aged 55, di

minished by the value of two joint lives both 55,

and the remainder multiplied by the complement

of a life aged 55, and also by the product of the

probability that a life aged 30 will exist 25 years,

into the value of £1 payable at the end of 25

years.-The value thus computed will, in this case,

come out ºf 19 nearly, in a single present payment,

reckoning interest at 4 per cent. and taking the

probabilities of the duration of life from the North

ampton Table of Observations. -

With the assistance of these rules, all that is

said in p. 148 may be investigated. But more

particular directions for computing the values of

annuities of this sort may be found in Mr. Morgan's

Treatise on Life Annuities and Assurances, p. 119,

&c. *

Note
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Note (K). See Essay I. Vol. II.

THE sum of the probabilities that any given

lives will attain to the end of the 1st, 2d, 3d,

&c. years from the present time to the utmost

extremity of life (for instance, #3 + 4: + #3, &c.

to # = 22% for lives of 40, by the hypothesis) may

be called their expectation, or the number of pay

ments due to them, as yearly annuitants. The sum

of the probabilities that they will attain to the end

of the Ist, 2d, 3d, &c. half years, (or, in the parti

cular case specified, }, + 43 + 4 + š, &c. =

** half years, or 223 years) is their expectation as

Aalf yearly annuitants. And the sums just men

tioned of the probabilities of their attaining to the

end of the 1st, 2d, 3d, &c. moments (equal in the

same particular case to 23 years) is properly their

expectation of life, or their expectation as annuitants

secured by land.

Mr. De Moivre has omitted the demonstrations

of the rules he has given for finding the expecta

tions of lives, and only intimated in general, that

he discovered them by a calculation deduced from

the method of fluxions. See his Treatise on Annui

ties, page 66. It will, perhaps, be agreeable to

some to see how easily they are deduced in this

method, upon the hypothesis of an equal decrement

of life.

Let x stand for a moment of time, and n the

m—x n–2x

complement of any assigned life. Then +,−,

n—3.x:

==, &c. will be the present probabilities of its

continuing to the end of the 1st, 2d, 3d, &c. mo

ments; and ºf the probability of its continuing
7,

tº
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-
~

to the end of a time. +: x & will therefore be

the fluxion of the sum of the probabilities, or of an

area representing this sum, whose ordinates are
2-t - - -

F, and axis w.—The fluent of this expression, or

* . - -

-

-

*- #, is the sum itself for the time w; and this,

when wen, becomes ºn, and gives the expectation of

the assigned life, or the sum of all the probabilities

just mentioned, for its whole possible duration.—In

7–)*
like manner: since+ is the probability that

- - - - - - -1" 2.

two equal joint lives will continue & time, *='', ;
7t?

will be the fluxion of the sum of the probabilities.
- - 2. - s - -

The fluent is a — # + i. which, when r=m, is

7t

g, or the expectation of two equal joint lives.—

- - 71-1: Qºr . ---

Again: since− x + is the probability that there

will be a survivor of two equal joint lives at
• - 2. -

the end of a time, +: x # x * will be

the fluxion of the sum of the probabilities;
2 24:3 . -

and the fluent, or +—# is (when wan) in, or

the expectation of survivorship between two equal

lives; which, therefore, appears to be equal to the

expectation of their joint continuance. The expecta

tion of two unequal joint lives, found in the same
. 777 2n” -

way, is ;-, m () being the complement of the

- - - - - - - 777-r

(*) The expectation of two unequal joint lives is =
77,

x + x 3, whose fluent (when w:m) is easily found =

27? 7m?n - -

-- --e. M.

2 6n

oldest
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oldest life, and n the complement of the youngest.

The whole expectation of survivorship is #- ; —H.

: (3). And the expectation of survivorship of

the oldest will be to the expectation of survivorship
2. - 2.

of the youngest, as ; to: - # —H #. It is easy

to apply this investigation to any number of joint

lives, and to all cases of survivorship.

It may be observed, concerning the first of the

fluents here given, that it expresses not only the

expectation of a given life for the time w, and

therefore its whole expectation when w = n, but

likewise the number of persons alive, to which one

person added annually to a society, at a given age,

will increase, in a time. Thus: Suppose one

(3) The expectation of survivorship due to the oldest life
777-r -

- - ar -

is expressed by the fluxion x = x *, whose fluent

777/72 *

(when x=m) is 67° The expectation of survivorship due
Il

to the youngest life for m years is the fluent of 71-x. *

x -

772

- ... ??? 7m??? - --

x 3: ; which (when x=m) is 5–7. But this life has a

further expectation, after m years, expressed by the fluent of

7-mm-3: 77-772

—- x x 3, which (when x = n—m) will be
71-772 71.

#— ºn +#. The sum of these two fluents, or== +#

will therefore be the whole expectation of survivorship due

to the youngest life. And this expression added to #
Fº

(which has been found above to be equal to the expecta

tion of survivorship due to the oldest life) will give # —#

771?n. - - - -

+ 4: for the whole expectation of survivorship due to both
3n

lives. - M.

VOL. I. B = . annuitant,
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annuitant, whose age is 28, (and whose complement

of life, therefore, is 58, or expectation of life 29)

to come upon a society every year; the number of

annuitants alive, deduced from hence, will in w

** 4 × 20—r

years, bew—Tº or −1.35 x w; and, there

fore, the number of annuitants alive, deduced in

the same time from p annuitants left annually at

- 4 × 29—r -

the same age, will be++x ps. In like

manner, the 2d fluent, or.- . + x, gives the

number of marriages in being together, that will,

in x years, grow out of one yearly marriage, be

tween persons of equal ages, whose complement of

life is n. If they are of unequal ages, and the com

plement of the oldest life is m, and of the youngest
• *- - - *3 m+ m x x*

m, this number will be i=++-º- + w. And
3mm. . 2mm

if the number of years is required, in which any

given number of yearly marriages, between men

and women at given ages, will increase so far as

to be in any given proportion to the greatest num

ber that can possibly grow out of such marriages,

this expression must be made equal to the expecta

tion of the joint lives, or of each marriage, multi

plied by the fraction expressing the given propor

tion; and the root of the equation will be the an

swer. Thus: it may be found, that one marriage

every year, between persons 33 and 25 years of

age, would in 10 years increase to 8.35; in 15

years to 11.38; and in 53 years, to 19, or their

greatest possible number; and, consequently, that

35 such yearly marriages would, in 10 years, in

crease to 292 ; in 15 years to 398 ; and in 53 years,

to 665. And if it is enquired in what number

of years 35, such yearly marriages would increase

to half the number in being together, possible to

- 3 be
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be derived from them, the value of w, in the cubic

. . .x' 71 + m × <* , - 77. zz I

equation:- 2mm * = 3 5. X #, InuSt

be found; which, in the present instance, is nearly
12.

I have, in some parts of this work, had occasion

to make such deductions as these. See note (A),

and note (F); and Questions III. page 10, and

XIII. page 46.

B B 2. Note
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Note (L). Chapter IV. Page 208.

LET , signify 281 increased by its interest for

one year.

V the PERPETUITY.

n the difference between the age of the youngest

life, and 86; or its complement.

m the complement of the oldest life.

*

P the value (in Table II. Vol. II.) of an an

nuity certain for m years. - - - - - -

And the exact value of any two given joint lives,

according to the hypothesis of an equal decrement

of life, will be V-M+ x n-m-2V-1 × .

-F2V (%). Example:

* Let

(2) This general rule is taken from Mr. Simpson's Doctrine

of Annuities, and is easily demonstrated by the assistance of

the Theorems in the 5th Chapter in this volume, page 257.

The series expressing the value of an annuity on two joint

lives, whose complements are n and m, is known to be =

777—l n—1 m—2 m—2. (m ) 1 + 1 1

x x - - - - 2 ) = -

272 77 y” + 772 mr1. - r r? + r?

m+n. TaTT 1

• - - - (772 ) - - -- - -- - e - * * * -

(n)-; x + + 3 + 4 +, &c (m) + i.

l 4. 9 -

x = + 7, + = - - - (m). By the Theorems just

- f

referred to, the first of these series may be found =

––––– --- the second =–tt x = +

r—l r."r—1 7/17, r-T!"

mm+mn X I m+ n, r

X -

77772 r."r—l mn ... r."r—1 2, and the third

_ r"+r 7????? 1 2mr 1 r” +r

------ - - X -

mn.r-1)* mºn?” pre-1 7mnrnt 2–Tº 771?\rm

1

x= ...—Adding these different series together their sum
7-T - ill

W
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Let the ages be 27 and 38; and the rate of in

terest 4 per cent. Then n = 59. m = 48. W = 25

1 m+n. r 17-77? r

xill be --- --- 2.Will be + *=+
r-l 7mm. F-1]" 7777.

r? r”--r - r -

–H– +5. = (since — is = V+ 1, and

mn.r-1}* mn.r."r— r-1

r' + r . 2r m+ n-1 X V+ 1r + V

- is -- --- -

r—l || r-T)* ' r- r) 77/70 7’—1

n—m—1 V+ 1 V + 1. 2V V+ 1. 2V
× - - . But

7mn, r."r-l mn. r—l men.”.”r—1

I ... 1 - -

—— is = P; therefore the above expression
r-i r”1–1

+

becomes = V —

Q. E. D.

If the annuity be payable half-yearly, and 1 + # denote,

as in the fifth Chapter of this volume, page 238, 491 in

creased by its interest for half a year, the series expressing
I i

m—#. m—# r

+ + x

Y+, × FVFT × ºr ºv.
7t. 17t

the value of this annuity will be = } x

mn. 1 + .
- 2.

º -
-

m—l. n—l m—#. n—#

-—s, x ––. ---- (2m). By proceed
r 7.

an ºl \ ". . . ;
-

ing in the same manner as in the foregoing theorem, and

putting H to represent the value of an annuity certain,

payable half yearly, for m years, the general rule in this case

may be found = V —Yi x n—m—#–2V x g + 2V.

#

If the annuity be payable quarterly, and 1 + # denote sé1

increased by its interest for three months, the series will be

m—#. n—# m—#. n—# m—#. n—#4. - ---

= , x ==#4 + x→ + 3 × r|2.7. --

- nm, 1 + - ſmm. 1 + — mm. 1 + 17777. +7 +} º

+ &c.
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P= 21.1%n—m–2V-1 =–40. 72- 777 –

2V-1x; + 2W= 50—17,660 = 32.340. And

V —

70 77? 53

x 32.340 = 10.748, the value of two joint lives

whose ages are 27 and 38.

V++ .

+– x
+ &c. - - - - - (4m), and its sum = V —

n-n-F. V. X g + 2 V, Q representing the value of

an annuity certain payable quarterly for m years.-In like

r

manner, if the annuity be payable momently, and 1 + TOOO, &c.

denote 421 increased by its interest for a moment, the general

rule for determining the value of the annuity will be = V —

I

I

V+ 1000, &c. x -

1000, &c.70

M

m— m — 2V × ... + 2V -

v–% x n—m—2V x : + 2W ; M representing the
º

value of an annuity certain payable momently for m years.

Supposing the ages of two lives to be 20 and 36 years, the

value of an annuity at 4 per cent. during their joint conti

nuance, and payable either yearly, half yearly, quarterly, or

momently will, by Mr. De Moivre's hypothesis, be 11.227

... 11.427... 11.565...or 11.629. If their ages be 36 and 61,

the values will be 7.448...7.673...7.793...or 7,901. If

both their ages be 36, the values will be 10.304...10.600...

10.703...or ſo.80s...and if both their ages be 61, the values

will be 6.144...6.374...6.517...or 6.602. -

By comparing the values of the equal joint lives, given

above, with the values of the single lives of the same ages,

computed in the fifth Chapter (p. 243 and 244), it ap

pears that the differences in the former between annuities pay

able yearly and those which are payable half yearly, quarterly,

or momently, are greater than the differences in the latter; and

therefore that the addition to be made to an annuity on the

longest of two lives, in consequence of its being payable at

shorter intervals than a year, will be rather less than the addi

tion to be made on this account, either to the single or the
Mjoint lives of the same ages. s -

Note
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Note (M). Chapter III. Page 197.

IT is plain that the purchaser of A's right, as

stated in the first of the questions to which this

note refers, cannot get into possession till the year

when A and B shall be both dead; nor then, un

less A happens to die last. Now, supposing the

common complement of life n; the probability

that A and B shall be both dead at the end of the

first year, and A die last, is 1—- x 1–t
70,

1 — I m—l m—1 n–T)* In like -

2 2 2n ‘2n 2n” " ike manner,

the probability that they shall be both dead at the

end of the 2d, 3d, &c. years, and that A shall have

- . l. m—2 n—2 n—g|*. 1 71-3

died last is, 5– =––. —H. =-, 5-H-–

m—3 m—3]” - -

—H· &c. The present value, therefore,
--------,

of the 1st, 2d, 3d, &c. rents of the reversionary

m—1 m—1 7–1]+ iº 7–2... 1 -

estate 1s 5. – ºr – ºr Tº , 37 - 5.7—

m—2 n-º]. 1 n—3 n—3 n—jl”

† --+ i – º –#++, &c.

Supposing r to signify gél increased by its interest

for a year; and the estate to be £1 per ann. And

the sum of these terms continued in infinitum is the

1 1 1 ... 7 – 7 c

- —H. T. —H. º &c. 1S half
value required—But .

n—l . n—l 7–Tº . . .

&c.
the perpetuity. And + + +----,

*—2 n—2 n–glº , n—3 + n—3 n—3].” &c

2nr- 3.5 - Tºjº + 2nr 3 ºn 3 T T., 3’ - -

is half the value of the joint lives, subtracted from

half the sum of the values of the two single lives;

that

t
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that is, half the value of the longest of the two lives.

A similar demonstration may be applied to the

other question (x).

(2) The purchaser of A's right, in the 2d Question, will

get into possession in that year in which A either survives B,

or dies after him. The value of his expectation in the

... . . al-1 'n—l 1 -

1st year will be = tº: x 1–t + - x 1–t x
.. - 70

- 2r 70

n—l 1 n-T

1 — * - --

7, 2r 2nny

his expectation depending on the same events will be worth

1 –2]+ 1 E]. 1 7~); -

77 7t /*-- &c. The

37 - 3m.7, 37 - 57.7° 3: - gº

present value therefore of the 1st, 2d, 3d, &c. rents of the

1 I n-Tº
* - . l

reversionary estate is — - &c… -

ry - 2r + 2 + = + 2nnr

r” 2,3

F. n-5." &c

2nn?” 2nnr3 -

of a given sum were required it would, agreeable to the

foregoing demonstrations, be expressed in the first case

by **** × V -- BB — 2B, and in the 2d case by

# , VFBB (v denoting the perpetuity, B the value
-

...In the 2d, 3d, 4th, &c. years,

If instead of an estate the value

of an annuity on the life of B, and BB the value of an

annuity on two joint lives, whose common age is that of

B). The latter value therefore according to De Moivre's

hypothesis, and in the particular case where the two lives

S. r—l —

are equal, exceeds the former value by+ x B-BB.

That this is likewise true whatever be the decrements of

life, or the ages of A and B, may be proved from the two Theo

rems in Note (O): For by the 2d of these theorems the

A. F-AF c. P-AP r-, B-AB

value ºf six-#x b by - r

. . s.g.F.AF c.F-AF if EixB
- --X -

andby their titis== b H+ r -

from which it appears that the latter reversion exceeds the

ormer by s:- x B-AB, and consequently that the dif

ference between them will be the same in all cases, M

Note
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Note (N). Chapter IV. Page 204.

ET r be sºl increased by its interest for one

year. -

Let S represent any given interval of time, or

number of years, during which the decrements of

life in a table of observations continue equal. -

a the number of the living in the table at the

beginning of the first year of that interval.

b the number of the living in the table at the

beginning of the year immediately following the

same interval. - w

P the value of an annuity certain for S years. .

p the value of £1 due at the end of S years.

Q the value, in Table VI. in the next volume,

of an annuity for the life of a person whose age

wants S years of 86.

N the value, in strict agreement with the given

table of observâtions, of an annuity on the life of

a person whose age is S years greater than the age

at which the interval of equal decrements begins.Then, I

Q +% × P-Q will be the value, according

to the table of observations, of an annuity for S

years, on a life of the same age with that at which

the interval of equal decrements begins. And

Q +% x FQ Tºn will be the value of an

annuity on the whole duration of that life.

When S represents one year, Q vanishes, and the

last expression becomes zz × 1 + N; which is the

rule for finding, from the value given of any life,

the value of a life one year younger (2).

In

(w) The value of an annuity payable half yearly during

any life (A), may be deduced from the value of the same

annuity during a life (B), one year younger than A, with

nearly
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In like manner, supposing G to signify the va

lue of two given joint lives by any table of ob

nearly as much ease, as the values of annuities payable yeary

are deduced. Let 4 represent the number of persons living

in the Table at the age of B, and c, d, e,f, &c. the number

living at the end of the 1st, 2d, 3d, &c. years from the age

of B. Let r represent the interest of séi for a year, and

p = 1 + #: then will the value of the annuity be =

b+c c c—Hd , d , d-He - -

† 4 FF + i +7 # 7.5 + &c. which may be

—" c 1 2 - 1 a T→

*=; + i + i + F + i + j : ; +; ++.
e

+ T

of B be very old, the value of the life annuity will be ob

tained with little difficulty; and having this, the value of

an annuity on a life one year younger may be derived from

it in the following manner:—Let a denote the number of

persons living at the age of (A), who is one year younger

than B; then, since , the series expressing the value of an

annuity on the life of the latter is found above to be =

1. 2 l - - -

x + + 7 ++, &c. From this series, if the age

h-Hc 0. c—Hd - -

Tp +Ž + TDF + &c. the series expressing the value of

a+b b

an amnuity on the life of the former will be = -

- 4ap 2ap”

h-Hc _ a4-b b , , h--c c c—Hd -

Ti 4 &c. E 4ap + ap- x + + Tºp + ŽtTº + &c.

Therefore if the value of the annuity on the life of B be

called M, the value of the annuity on the life of A will be

a+ll b --- -

- # + npº × 4 + M.

From this Theorem a table may be computed of the values

of annuities payable half yearly on lives of all ages; and by

proceeding in the same manner a general Theorem may be ob

tained for computing a table of the values of annuities payable

quarterly. . But the labour of forming a table of this kind will

be rendered unnecessary, if we are possessed of the values pay

able yearly : for I have found that the differences between

annuities payable half yearly and yearly are the same, whether.

those values be derived from the real probabilities of life and

the preceding Theorems, or from M. De Moivre's hypothesis,

and the Theorems in the 5th Chapter in this volume. " M.

servations,

+
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servations, a the living at the age of one of them,

c the living at the age of the other, and b and d

the numbers living at the two next younger ages,
a X C. —z; - r - . .

ExTX; x 1 +G will be the value of two joint

lives each one year younger than the former.

The method of calculating the values of lives

from any given tables of observations, described at

the end of the fourth Chapter in this volume,

is founded entirely on these Theorems; and a

distinct explanation of them has been given by

Mr. Morgan, in the Second Section of the Second

Chapter of his book on the Doctrine of Life

Annuities and Assurances. -

The expressions Q +% × P-Q, and Q+:

x P-Q + pN, with their investigation, may be

found in p. 341, 3d edition of Mr. De Moivre's

Treatise of the Doctrine of Chances (). But it is

- necessary

() The Solution of this theorem may be deduced in a manner

different from that of M. De Moivre. , Let 2 be the number

of persons dying annually in s years, while the decrements of

life continue equal, then will the value of the annuity during
- a—z a-2a. a—-, }c. a—Sz. 1

this term be = —- + -– H- –– ... + – E –-i-
* - a y” ar: . a ré º (tº r ‘’

I 1 - Sø l ... ‘º 3

-- -....(8) — — X. — — + —....(s). But the first
r2. + r3. (s) (I. sy" + Sr* + .S. P. 3 ( ). a

- - - - $20 —-

series is E P, and the second series is = — tº X P–Q —
- - -

(!,

• - a—b . . --→-

(since a-b is = sa) — . . X. P-Q, and therefore the
(7 - º

value of the annuity during the first s years will be = Q --
b = − ‘. . - -

7 × P—Q....The value of the annuity after, s years (sup

posing m, n, o, p, q, &c. to denote the number of persons

living in the table at the end of s -- 1, s -- ~, s-Fºſ. &c.

years
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necessary to observe, that the direction which Mr.

De Moivre has given for finding the value of Q

is wrong. In consequence of calculating agree

ably to this direction, he gives the value of a life

at the age of 42 by Dr. Halley's table greater than

the value of the same life by his own hypothesis;

whereas, it is evident that the probabilities of

O b

+ 7:H + &c. = i, x
ears is - -y arr-H I + ars 4-2 arr-H-3

70t 71. o _ b - - -

br + brº + Erſ + &c. E 7 x pN. If this expression be

added to the value of the annuity, found above, for the first

- - b —-

s years, the whole value will be = Q-H 7 x P—Q + pn.

Q. E. D.

- . a-aº - a-2a.

It is necessary to observe that the series- +
ar

−, &c.

supposes the annuity to be payable yearly, and therefore that

* x + + + + +. &c. expresses the difference, multi
a Sr Sr. Sr3

. . . . f* - -

plied into ::, between the values of an annuity certain for
(1

s years, and of an annuity payable yearly during the con

tinuance of a life whose complement is s. The latter of

these values, denoted by Q, is given in the 6th Table

in the next volume.—But M. De Moivre has deduced the
- - 2. 2.

value of Q from the fluxional quantity -=== ——–,
77. r—l m?”.1–1

which, expressing the value of an annnity secured upon land,

S—l S—9

, must necessarily be always greater than the series
Sir2:

+ &c.; for the one supposes the annuity to be payable to the

last moment of existence, while the other makes no allowance

for that part of the year which shall have elapsed between its

commencement and the extinction of the life. This value of Q

therefore is improperly applied to the foregoing Theorem, where

the value of N, as well as the whole solution, is founded upon

the principle of the annuity’s being payable only at the con

clusion of each year, provided the life shall continue so long.

M.

5 living
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living after 42, being all along less in Dr. Halley's

table than in the hypothesis, the value of the life

must be also less.--The mathematical reader may

easily satisfy himself, that the value of Q ought

to be taken, as I have directed, from Table VI.

in the next volume. -

I cannot help adding here, that though the rules

for finding from the value given of any single or

joint lives, the value of any single or joint lives one

year younger, are an obvious corollary from the

two expressions just mentioned, yet it is probable

that Mr. De Moivre did not attend to them, or

consider the facility which they give to calcula

tions of this kind; for if he had, he would not

robably have insisted so much as he has on his

ſº of an equal decrement of life; much

less would he, in order to obtain an easy method

of calculation, have had recourse to that Second

Hypothesis, which, in the fourth Chapter in this

volume, has been shewn to be so very erroneous.

Mr. Simpson is, I believe, the first who has

given these rules, in his Treatise on the Doctrine

of Annuities and Reversions; but in his Select

Exercises, p. 275, he has given a rule for ap

proximating to the values of single lives, accord

ing to Dr. Halley's table, which must not be

depended on, for I have found it half a year's

purchase, and sometimes three-quarters of a year's

purchase wrong.
a.

- *- - - - - Note
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•

Note (O). w * -

IN a note at the conclusion of the 3d Chapter",

Dr. Price refers to the end of this volume for more

accurate solutions of his 11th and 12th Questions,

which had been investigated by myself, and pub

lished in the 78th vol. of the Philosophical Trans

aćtions.—With the view of fulfilling his intentions

in this respect, I shall here, in an abridged manner,

insert the solutions to which he refers. . . .

Solution of QUESTIon XI. Page 40. Let a

represent the number of persons living in the Ta

ble at the age of A, the younger of the two lives,

a', a”, a ", &c. the decrements of life at the end of

the 1st, 2d, 3d, &c. years from the age of A; b.

the number of persons living at the age of B, the

older of the two lives, and c, d, e,f, &c. the num

ber of persons living at the end of the 1st, 2d, 3d,

&c. years from the age of B. Then will the value

of S (the given sum), depending on the contin
- n” - - - - - - - - 'A . . . . . ' S .

gency of B's surviving A, be expressed by: X:

caſ dº". Tea". T , s , haſ ca"Tia"T.

#4 + i ++&c. Fix ++++++ &c.

==; X ºF-AF. P—AP -- FI.B-AB, Fde

noting a life one year younger, and P a life one

year older than B; AF, AP, AB, the values of

the joint lives of A and F, A and P, and A and

B; and 3 the number of persons living in the

Table at the age of F. But; is = +1; and . -

r r

B— #! Hence if V represent the perpetuity

* Page 199.

- . the
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the above expression may be found equal to

S c.1-EAP rººſ V-AB S.AF -- .
- x *A*..- y=a+–º Having now the

value of the given sum payable on the contingency

of B's surviving A, the value of the same sum pay

able on the contingency of A's surviving B is

easily obtained ; by subtracting the value found

above from the whole value of the Reversion after

the extinction of the joint lives of A and B.

Solution of QUESTION XII. page 43. Retain

ing the same symbols as in the preceding solution,

the value of the sum S will in this case be=# x

b–c.a' c—da" d—e.a" S

:= + + + → -- &c. -- ..., x

a'.c—d a'ſ a'.4—e 1. a a" a!". e—f -- &c. =

F— -- —: - —- + -

# x * Haº. P-AE– F – T. BT-TAB, or,
x? -

. . . . . 1-I-B gF c r (P - S -

substituting== for , and B — ;, for;=; *

cx 1 | AP -j- r–1. V–3B-AB 3AF When the va

br r b

lue of the reversion is required, depending on the

contingency of A's having died after B, the fore

going value is to be subtracted from the whole

value of the Reversion after the extinction of both

lives. - - M.
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Note (P)

SECTION I.

IN the same note to which Dr. Price refers'

for more accurate solutions of his 11th and 12th

questions (and which have been given in the pre

ceding pages), a further reference is made to the

end of this volume, for rules which give in all

cases correct values of sums payable on any sur

vivorships between any three lives. These rules

have been deduced by myself; and when the above

note was written, it was my intention to have sub

mitted the whole of them to Dr. Price, in order

that he might use his own discretion in the man

ner of inserting them. But this is no longer

possible, and I am induced therefore to give the

greater part of them in this note. But being

apprehensive of rendering my additions to this

invaluable work much too long, I shall only in

sert the rules, referring the Reader for the demon

strations of them to the 79th, 81st, 84th, and

90th volumes of the Philosophical Transactions.

From the complicated nature of questions in

volving survivorships between three lives, it be

comes necessary in their solution to have recourse

to a great variety of symbols.-In order how

ever to prevent repetition, the same symbols are

uniformly made to denote the same quantities in

all the following rules, and it may not be impro

per to begin with explaining them.

* Page 199.
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: denote the value of an Annuity on the re

C. spective lives of A, B, and C.

D. denotes the value of S on the contingency of

C’s surviving A (by Quest. XI. Note O).

E. denotes the same value on the contingency of

B's surviving A, found by the same Ques

tlOn.

F. denotes the value of an annuity on a life one

year younger than B.

G. denotes the value of the absolute Reversion of

S after the death of A (by Quest. X. p. 32.)

H. denotes the value of an annuity on a life one

year younger than A.

K. denotes the same value on a life one year

younger than C. -

L. denotes the value of an annuity on the longest

of the three lives A, B, and C.

M. denotes the value of S, by the first Problem in

this Note, on the contingency that A's life

shall be the first that fails. * -

N. denotes the value of an annuity on a life one

year older than A.

P. denotes the same value on a life one year older

than B. -

Q. denotes the value of S, by the 8th Problem,

on the contingency of A or B, being either of

them the first that fails. . .

R. denotes the value of S on the contingency of

B's dying after A (by Quest. XII. Note O).

S. denotes the given sum.

T. denotes the value of an annuity on a life one

year older than C.

V. denotes the perpetuity.

W. denotes the value of S on the contingency of

C’s dying after A (by Quest. XII. Note O).

vol. I, C c 2 and
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2 and a, denote the number of persons living in

a table of observations at the ages of H and

A. -

g and b, denote the number of persons living at

the ages of F and B. -

x and c, denote the number of persons living at

the ages of K and C. -

s, m, and d, denote the number of persons living at

the end of the first year from the respective

ages of A, B, and C. -

r, denotes the value of 361 increased by its in

terest for a year.

The combinations of two or three of the several

letters, A, B, C, F, H, &c. denote the values of

annuities on the joint continuance of two or three

of those respective lives.

P R O B L EM H.

To determine the value of a given-sum, pay

able if A should be the first that fails of the three

lives A, B, and C. -

SOLUTION.

*

When B or C are the oldest of the three lives

the value of the Reversion will be = S into: X

FIFKIAFK BK – ABK g

b + 2 + = x FC – AFC +

r – T. -—- m. PC–APC d

-- — - -- -— — — X3r x BC— ABC 6.br 3cr

BTCABT m. PT-APT

2

When
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when A is the oldest of the three lives the value

will be = S into # x *H*HHF8 AFTAFC

2. HETHBC —— 1

+ ; X He isſue — XET 2ABC + +

s. BNTBNC --- 712

=== – AB – ABC + + x

arºse–AF-AFC.

When the three lives are equal, the value will

S r–T. V-CCC

be = ; x—.

P R O B L EM II.

To determine the value of a given Sum, pay

able if A should be the second that fails of the

three lives A, B, and C.

-

SOLUTION.

When the ages are unequal, the value of the .

Reversion will be = D+E— 2M.

When the ages are equal, its value will be =

r—1

; : + x v-3CC=2CCC,

P R O B L EM III.

To determine the value of a given sum, pay

able on the death of A, if his life should be the

Jast that fails of the three lives A, B, and C. *.

C C 2 SOLUTION.
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soLUTION.

The value of the Reversion in this case will be

either G + M– D + E, or +++ ==, aC

cording as the ages of the lives are unequal or

equal. -

P R O B L E M IV.

To determine the value of a given sum, payable

on the extinction of the lives of A and B, should

they be the first that fail of the three lives A, B, ,

and C.

SOLUT I O N.

Let x denote the value of S on the contin

gency of C's surviving B (by Quest. XI. Note:

O), and the general rule, when the lives are un

equal, will be = x + + x HC-HBC– “.

. HK – HBK -r-F—-Fr; . 7 -T

:: *. Hk * + AKFABK – & ! * x
2a - 3r

TF–F-FF S. s --- S. d

AC—ABC - 6. × NC–NBC + 3cr' X

ATFABT +**Tºtº.------ If the three
lives be equal, the Rule becomes = S.+ X

V— 3CC—2CCC.

PROBLEM v.

To find the value of a given sum, payable on

the death of A, if his life should be the first or

second that fails of the three lives A, B, and C.

SOLUTION,
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SOLUTION.

The value of the Reversion, when the lives are

wnequal, will be = D + E— M.

When the lives are equal, it will be =

2W — 3CC— CCC.

S.r-1

3r

PRO B L EM VI.

To find the value of a given sum, payable on

the death of A, should his life be the second or

third that fails of the three lives A, B, and C.

S O LUTION.

If the lives be unequal, the value of the Reversion

will be = G-M.-----If the three lives be equal,

its value will be = ** x 2V-3C=CCC.

-

PRO B L EM VII.

To find the value of a given sum, payable on

the death of A, should his life be the first or the

Jast that fails of the three lives A, B, and C.

SOLUTION.

In this case the value of the Reversion will be

= G – D + E + 2M, if the lives be unequal,

and =si x 2V-3C-3CC + 2CCC, if the

lives be equal.

PROBLEM.
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P RO B L EM VIII.

To determine the value of a given sum, payable

on the death of A or B, should either of them be

the first that fails of the three lives A, B, and C.

S O L UTION.

Let X’, as in Prob. IV. denote the value of

S on the contingency of C's surviving B, and

the value of the Reversion, when C is the oldest

of the three lives, will be = S into ; x

2. Fºr Ark + BKFABK – f. Fºr ºS 4.
Ql, Ob

2. TT, ECTAEC m. PCTAPC *— x

3r + 6.br 3cr'

==–—F m. PTE AFT -

ETFABT +* Hºº" + x.----But if A be
2b

r – T. V-AB

the oldest, the value will be = S into L- --

* ... g. HF– HFC HB – HBC g. AF – AFC

× - +. -
-

3a b 2 6b

2.7 - I -r-E-F-FF: , m. AP– APC s

BN. — .*PN PNCinse 777 Ps; PN . --- And

*-

if the three

lives be equal, the value will be = **H X

r

V-CCC,
- >

PROBLEM IX.

To determine the value of a given sum, payable

on the death of A or B, should either of them be

the second that fails of the three lives A, B, and C.

- SOLUTION.
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SOLUTION.

When the lives are of unequal ages, the value of

the Reversion will be =****=*D+x—

20----(X denoting the same value as in Prob. IV.

and VIII.) When the ages of the three lives are

equal,the value willbe =#ExV—3CC-2CCC.

P R O B L EM X.

To find the value of a given sum, payable on

the decease of B or C, should either of them be the

last that fails of the three lives A, B, and C.

SOLUTION.

The value of the Reversion, when the lives are

unequal, will be = s = × BC–ABC + R +

W–M, and when the lives are all equal, it will

be =sº x W-L. -

PRO B L EM XI.

To determine the value of a given sum, payable

on the contingency of C's surviving B, provided

the life of A shall be then extinct.

SOLUTION.
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S O LUTION.

JWhen either B or C are the oldest of the three lºves,

the value of the given sum will be = S into; x

* *H*– BKFABK + , , FCFAFC

— tº 1 x BCFABC – 4-x PC-APC +
3r 3br

m. PT– APT

b# x BT=ABT—

JWhen A is the oldest of the three lives, the value

S. x . . a. HK–HBK AK–ABK

will be = x -: x g + 2 -

S. &

: , HCFHEC– ºil x AC-ABC z +

2 NCLNEC I & 2 AT-ABT NT=NBT
r 3Cr " 2 + - g

(x denoting the same value as in Prob. IV. VIII.

and IX.)----When the three lives are equal, the

S. r — I

—F- x
value of the Reversion will be =

SECTION
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SECTION II.

THE remaining problems involve a contingency

which makes it extremely difficult to give an

exact solution of them. By the assistance, how

ever, of the tables inserted at the end of this Note

the difficulty may in a great measure be sur

mounted; but it is to be observed that the rules

are unavoidably rendered more complicated, and

therefore, in addition to the symbols already used,

it has become necessary to have recourse to the

following.

w, y, and z, denote the differences between the re

spective ages of A, B and C, and of the oldest

person in the Table of Observations.

k, the number of persons living at the age of A

at the end of w, y, or 2 years, according as

A, B or C is the oldest life in the Problem.

p, the like number at the age of B.

q, the like number at the age of C.

3, the probability (by Table II. at the end of this

Note) that A dies after C.

s, the probability (by the same Table) that C dies

after B.

x, the probability (by Table I. at the end of this

. Note) that C survives B.

p, the probability (by Table II.) that C dies

after A.

£, the probability (by the same Table) that B dies

after C.

ºr, the probability (by the same Table) that B dies

after A.

o, the probability (by Table I.) that B survives A.

A’, A, ABP, ACI, &c. Bº, Bº, BCP, &c. Cº,

- 1 C2,



394 Nożej.

-

Cº, CA1., &c. the values of annuities on the

single or joint lives for w, y, 2 years.

A}, A4, Bº, B+, C#, C#, &c. the values of

annuities on single lives, w, y, or 2 years older

than A, B, C, &c.

T 1 1

7…, 7.2 × 2 the value of 261 at the end of w, y, or

2 years.

PR OBLEM XII. e

To find the value of an annuity on the life of C

after A, on the particular condition that A's life

when it fails shall fail before the life of B.

S O LUTION.

If c is the oldest of the three lives, the value

C— AC BC–ABC

+—-. If A be the oldest,

the value will be = Cx + BC.”

2

AC+ BAC, If B be the oldest, the value will be =

Słºf 4 2. CEC 4 ºzº. And if the
2

- - - —CCC

three lives be equal the value will be = c=ges

will be =

+ °. C–C —

PROBLEM XIII.

To determine the value of an annuity during

the life of C after A, provided A should survive B.

soLUTION,
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SOLUTION.

The value when C is the oldest of the three lives

C–AC BC– ABC

will be = <== – “tº when A is the

- - C*4 BC.” zº-ri,

oldest it will be = —“tº + p. C — C* —

AC—ABC

+; when B is the oldest = C–AC —

Cº-ACP BC–ABC ºr. C–Cº, and when the

5–- - -

three lives are equal the value will be =

C–3. CC+ CCC -
--

o -

-

P RO B L EM XIV.

To determine the value of a given sum payable

on the death of A and C, provided B should sur

vive one life in particular (A). -

*

S O L UTION. ,

Let the value of an annuity of af21 depending

on the contingency in Problem XII. be denoted

by Y, and the value required, when the ages are

unequal, will be = E —-F: x Y-But if the

ages be eful, the value will be = sº X.

W–CC–C–CCC.

P R O B L EM XV.

To find the value of a given sum payable on

the death of A and C, should B die before one life

in particular (A). -

3 SOLUTION.
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SOLUTION.

Let the value of an annuity of £1 depending

on the contingency in Problem XIII. be denoted

by Z, let the value of the given sum after the

death of A and B, provided B should die before A

(found by the 2d Question in Note O) be repre

sented by X, then will the value required be =

Z,—º x X if the ages of the three lives be

unequal, or =*H x V—L if the ages be equal.

PROBLEM XVI.

To find the value of a given sum payable on

the decease of B and C, should their lives be the

last that shall fail of the three lives A, B, and C.

*

S O LUTION.

If B and C are both of them older than A, and

both of them nearly of the same age, the value re

quired will be = S intoH x =*-*#.3 2

AB+-AC —HR PC–

+ BC—#º + + x IIAP –tº
r Qūr -—"

3 x 1 + AT - BT—ABT - 4m. 1 + APT *

2Cr 3 3b -

. FC-AF k - -

fºre – #2 BKEAEk I ºk, But

if the age of B much exceeds that of C the general

rule will be more accurately expressed by S into

r—I. BC–ABC k g. FK–AFK ...—a prºr—1. BC–A ***–BK-ABK

3)" 3C
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g.TC-AFC 7m 4d. PT-APT PC–APC
--

-
-------

3b 2brº 3c

—------ d BT—ABT rºT-FFT

- - - J— J .

Pi—APE – # * **** + TV-ATP +

B+C) — AB+AC), + * 1: 'it' x V-CE. If A

- 2r cry-H I j

be the oldest of the three lives, the general rule
- - —1. V–L BC|*–C*

rule will be S into == + —

7'

r—1. V+ Bx + AB + AC k a. HBK Kx-Riºs

!-- ******** * * * *** + K.—BK.
2. AK-ABK . . . 4. HC-HBC s

==== + ... x HB +→++ x

) 2 --

NC-NBC + + & T-BTF + 3 + Sºft —
2Cr 3c

AT—ABT 7. q. r—1

p. r—1

x V-C + 2 + 4 x- 3. crx-H I brx-H1

x V-B”. And if the three lives be equal, it

will be simply*H x V—L.

PRO B L EM XVII.

To find the value of a given sum payable on

the death of C, provided A should be the first,

B the second, and C the third that shall fail of

the three lives A, B, and C.

S O LUTION.

When C is the oldest of the three lives, the

value of the given sum will be S into # x

$, FK-AFK =–Hºr= r-T. BC–ABC

tºº — BKFAEK + =i-º-º: + +
- 3br

X

*
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d. FT-APT PC– APC - g.TCTAFC

cºe +# , BT-ABT TEAT. JWhen B

is the oldest of the three lives, the value will be
- III. BC–ABC k 2. FK-AFK

s into ––Pi— + F x --—

–––- ??! TTIApT =−zºz:

BKEAEK 4 + x 4. Hºf –FCFAFC–
g, FC–AFC C’—ACP d BTEART -

TG.; or " 2)"c c

T-AT + º-tº-: * V-C#.—ſ/hen A is
cry-H I 3y - -

the oldest, and B the youngest of the three lives,

- - - '—1. V—

the general rule becomes S into ++++ +

BC}^–AC+C” k - AK– d

re-ºc i , RRI Asians, i.J 2C 3 2Cr

*AT—ABT .

*** + 1 + T – BT + BT ºr x
------------- —“t-

NC-NBC + "iliº 4 + 2 HC–HBC
C 3a

k. HBK z. 0.7-1 H

-- 7. / x V—C. But when
crx-H Ic

A is the oldest, and C the youngest of the three

lives, it becomes S into ++ x V-3C-ABC

E. BCEAC * x AF-AFC , 2. HFC , a
2r 2b H + —i. + . x

2. HB-HBC & , , -RTF—RFFF , m. 1 +NPC

3 ++ HC+7. x NB–NBC + 7–

_*. — 2. AF-AFC -
– ; ; 1 + PC + +* + 2 + 4 ×

q. r—i. V–C# p. 7. r—1. V—BC; - And

Crx-H I 20crx-H I
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when the three lives are equal, the general rule is

S. r—l. V–L

reduced to*F±.

P RO B L E M XVIII.

To determine the value of a given sum payable

on the death of A or B, should either of them be

the first or second that fails of the three lives

A, B, and C.

SOLUT I O N.

*

- - - - • . S. r—1

The value of this reversion in all cases is —r

x V-AB.

PROBLEM XIX. i

To determine the value of a given sum payable

on the decease of A or B, should either of them

be the second or third that shall fail of the three

A, B, and C.

*

S O L U TI O N.

The value of this reversion when A and B are

older than C, and both of them nearly of the

same age, will be s into F x WTABC –
ATB-EC - ----------

Arºre + & — AB — # x AK-H BK—2ABK.

. . . . AFAFC + 4 x FIAP +1 ºf

But if B be considerably the oldest of the three lives,

the value will be S into * x V-ABC –

A’-H B+BC
O
-
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write +& AB—# x AKP+BK–2BK

+ # 2 AFFAFC + ... x HAP + & Hºſr 4:

+* < tº:Y=&–If C be the oldest of
ary 7"

the three lives, the value of the reversion will

—AzTHz

*** Abcr—l X W — BC + AC

r - 2r

2. r y r*)2.

— AB + * Anº AFC : Hº-HBC — , , -

be = S into

20. zar

—HRFF m s. 1 +NPC 1+PC p.u.r—1.V—B;
1+NC + 7: x 0. z brz-H I

+ s. k. r—1. V–A: + pk x I+AB+.

arz-H I abrz-H I

If the three lives be equal, the value will be =

S. r—l

—- x W-C-CC+CCC.

PRO B L EM XX.

To determine the value of a given sum after the

decease of A or B, should either of them be the

jirst or last that shall fail of the three lives

A, B, and C.

S O L UTION.

If B be the oldest of the three lives, the
- - e "—1

value of the given sum will be S into ++

V-ABC – #5 – £iº 4. AB —
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g. AF-AFC + + x AKP + BK—2ABK ++ °

—; 2C 2b,"

d. ITAPT ar. k . — +

====– 1+AP++ x r—1. V–A;-

If C le the oldest of the three lives, the value

r—1

will be s into ti > VEABC F AZIE

s. AF]º-AFC 2. HFlº—HFC + + x 1 + PC

2b - 2a ' br’. 2

s. 1 + NP Ac4 BC + . . . TTNT

*k. Fi, G-AE , p: F. J. VTE: , ph
arº-HT x W—A; + Prº-T × V—B; + aş ×

---

*

— ;, v_TATE is —º- º, ATY!.

H x V–A+B+ -āºri º AB}. And

if the three lives be equal, the value will be*H

ex W-C+CC—CCC. . . . .

PRO B L EM XXI.

To find the value of a given sum payable on

the death of A, should his life be the first or

second that fails, and should B's life, if it fails,

become extinct before the life of C.

,
-

SOLUTION.

The value required in this Problem is no more

than “the value of a given sum on the death

“ of A, should C survive him,” and therefore is

obtained by the Solution of the first Question in

Vok. I, , I D PROBLEM
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PROBLEM XXII.

To determine the value of a given sum payable

on the death of A, should his life be the second

or third that fails, and should B's life when it

fails become extinct before the life of C.

so LUTION.

When B is the oldest of the three lives, the

value of the reversion will be = S into tº x
6r

2V-3A-ABC— , BKEABK +***

+ ... x re-ºrcſ ºr + # *

FC-AFC+3AF – # , BTEABT – ; x

AKy Aº +, Fºx :=###.
when C is the oldest of the three lives, the value

* * * * - r_1 +---F, 20.

will be = S intoº: x 2V-3A-ABC — = <

, #577—RTBiz 8x m ... Dr.TATBſ: -

BK-AHK. g. Ark., H. re-are
d. ºf APT– 4 × BT-ABT + * x FC-AFC

2c 6cr 65 I

—=F: x . Ac_AE, , ºr—i.V—A*

+ 3AF — . x AK-H =#|--|--|ETI-.

when A is the oldest, the value will be = S

into tº x 2V-3A–ABC—# x AK-ABK
*. HBK dº.
— d

=- + F x HC – HBC — E. ×

AT– ABT + s. 1-H NBT — + X NC–NBC -

& 2a)? 3

1. 1+NB
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*= AC–AB - •

1+NB + →g-; and when the lives are equal,

the value isèº x 2V-3C–CCC.
6r

PRO B LEM XXIII.

To determine the value of a given sum payable

on the death of A, should his life be the first or

!ast that shall fail of the three lives; and should

. life, if it fail, become extinct before the life

ef C.

*

SOLUTION.

If B be the oldest of the three lives, the value

will be s into E. × v-AFABC +*—#
2r - 2 2?"

+ 37.7 × 1 + APT—: x 1 +AT + BT—ABT

—# 2 AFK 4 + 2 AFFFC-AFC + i +%

K. -1. V–A; i. 2-l. V-ACŞ.. If C

ary-H I - 2ac)3 + I -

be the oldest, the value becomes S into tº: x

v=x-rºr . Ac Air. r. Fºr

y-º-º-º-º-º-º:
#: « IIAT + BT-ABT-3. AFK +;

x AFFIFC–AFC + tri-º-º--
ar3+ 1

If A be the oldest, it becomes S into *:: x

WTATABC + AC AB + 2. HBC x. AK

d 2 27. —; ––.

# x AT-ABT +: * IENCENE-NBC –
- ds

--

D D 2 2acr
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#: + ITNET: And if the three lives i.

equal, it becomes = S. Eix VICICCECCC.
21°

P R O B L EM XXIV.

To determine the value of a given sum,º:
on the death of A, B, and C, provided C shall die

after one life in particular (A).

SOLUTION.

The value of the reversion in this case, when

B is the oldest of the three lives, will be S into tº:

----->* BC AB , m \, =FT

x BC–B–ABC + .– , ++, × 14 AP

* Eººt-# x BK–ABK + W.--When C

is the oldest of the three lives, the value will be

. r—l F-R-R-Hz; BC AB = , m

s into tº x BC–B–ABC ++-º- + #:

x 1 +API — * +*T-4 x BK-ABK + W.
*

i 3. -

pºp. 1–1. V—B: - * -

+—H-. —When A is the oldest

of the three lives, the value will be = S into:

× V EECFBC-FAC=ABC +º +

:-fib-HC-HEC-ºx BKFAK-AEK 4

T ... p. r—1. V-B; , .F. q. r—1. v–C#
F. -- g x brx+ 1 + bcrx-H I º

When the three lives are of equal age, the value

will be === x VF3CH3CC–CCC, that is
- << half
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“ half the reversion after the extinction of the

three lives.”

In the further pursuit of these enquiries I have

discovered a simple method of approximating to

the values in the preceding Problems; but it

would be improper to enter more fully into the

subject at present. I shall only observe here,

that the solutions of those cases which involve

three lives, and even those which involve two

lives in the survivorship, being formerly deduced

from an erroneous hypothesis, it was impossible

to determine how far any approximations could

be depended upon. . By the assistance of the

foregoing rules which have been derived from the

real probabilities of life, and which I believe ex

haust the subject in regard to three lives, this

point may now be ascertained; though perhaps

it may not often be adviseable to have recourse

to approximations, when the exact values can be

obtained with so little additional trouble.

The following Tables are inserted, as being

necessary to the solution of the Problems in this

Section. The demonstrations of the rules by

which they have been computed may be seen in

the 79th and 84th volumes of the Philosophical

Transactions. M.

2

TABLE
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*

Shewing the probabilities of survivorship between two

persons of all ages, whose common difference of age is

not less than ten years, computed from the North

TABLE. I.

ampton Table of Observations.

Ten years difference.
*—

Probabilities. Ages. |Probabilities

Twenty yearsdifference Thirty years difference

Ages.
..] Probabilities.

17—

18— S

19— 9

20–1('

21—l l

22–12

23–13

24–14

25—15

26–16

27—17

28–18

29–19

30–20

31–21

32–29

33—23

34–24

35–25

36—26

37–27

38–28

30—29

40—30

41—31

2—3'

.5859

.5 ! 36

.4823

.4598

.4470

.4343

.4253

.4 191

.416C

.4 153

.4 158

.4168

.4 178

.4190

.4202

.4216

.4226

4232

.4234

.423 I

.4229

.4200

.41.97

.4 183

.417 (

.414 l

.4126

.4094

4078

.4063

.43–33

.4156].

.41 10|.

.4 14 l

.4864

.5.177

.5402

.55.30

.5657

.5747

.5S09

.5S40

.5847

.5842

.5832

.5822

.58 10

.5798

.5784

.5774

.5768

.5766

.5769

.5778

.5791

.5803

.5817

.5830

5844.

.5859

.5874

5890

.5900

5022

.5937

.4040.595)

21— 1.5246].4754

22— 2.4433.5567

23— 3.4088|.5912

24— 4.3000].6100

25— 5.3769.6231

26– 6.3640.6360|:

27— 7.3548.6452

28— 8.3484].6516|3

29— 9.3452.6548

30—10.3441.6559

31–11.3440.6560

32—12.3442.6558

33–13].3444.6556

34–14.34471.6553

35—15,3451,6549/4

36—16,3450,6544

37—17|.345S].6542

38–18.3454.6546

39—10.3444|.6556

40–20.3429.6571

41–21.3408|.6592|5

49—29.3384.6616|:

43—23.3359].6641

44–24.3335|.6665|5

45–25.3309|.6691 |5.

46—26.3283.6717|5

47—27.325(l,6744|57

48–28).3228.6772

40–29.3199.6801 ||

50–30.3170.683()|6

51—31|.3143,6857

52–32.31 16|.6884

5–33).3088.6912

31—

32—

63—33

.4823

.3936

.3557

.3286

.3135

.2985

.2883

.2798

.2753

.2733

.2724

.2718

3.27 14

.2711

5|.2708

.2706

.2701

.2600

.2672

.265()

..Q621

.2589

3.2556

..Q.52%

2.5|.Q487

|.2452

7|.24 16

.2379

.234 I

.Q302

.2263

.2223~~~

.218.]

.5.177

.6064

.6443

.6714

.6865

.7015

.71 17

.72O2

.7247

.7267

.7276

.7282

.7286

.7289

.7292.

.7294.

.7299.

.7310.

.7328

.735()

.7379

.7411

.7444

.7.478

.751.3

.7548

.7584

.7621

.7659

.7698

.7737

.7777

.78 10

Ten

-
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Twenty years difference Thirty years difference.

Ages.
Probabilities. Ages. Probabilities.

54–34

55–35

56–36

57–37

58–38

50–39

60–40

61–4]

62—42

63–43

64—44

65-4:

66–40

67–47

68–48

69—49

70–50

71—51

72–52

73–53

74—54

75—55

76—56

77—57

78—58

79–59

80—60

81—61

82–62

83–63

84–64

85–65

86–66

87—67

88—68

80–64,

90—7 (

91—71

92—7.

93–73

94—74

95–75

96–70

.3060.6940

.3032.696S

.3003.6997

.2973.7027

.2943.7.057

.2913.7087

.2882.7.118

.2849.715.1

.2814|.7 186

.277.4.7226

.2733.7267

.2696.7319

.2640.7354

.2601|.7399

.2555.7445

,2509.7491

.2461.7539

.2400|.7594

.2349|.7651

Ten years difference.

Ages.
Probabilities.

44–34.4034

45–35 .4019

46–36.4004

47–37.3988

4S-38.3971

49—39.3954

50–40.3938

51–41.3923

52–42.3907

53–43.3890

54–44/.3881

55—45/.3853

56–46.3S35

57–47.3816

58–48.3797

59–49.3777

60–50.3756

61–51.3730

62–52|.3700

63–53.3668

64–54.3634

65–55.3597

66–56.3558

67–57.3517

68–58.3474

69–59.3430

70–60|.3385

71—61.3338

72–62.3290

73—63.3246

74—64.3204

75–65

76–66

.3170

.3145

77–67.3120

78—68

79–69

80–70

81–71

82–72

83–73

84–74

S5–75

86–76

.3000

.3047

.3000

.2958

.2919

.2890

.2902

.2917

.2925

.5966

.5981

.5996

.6012

.6029

.6046

.6062

.6077

.6093

.6110

.6119

.6147

.6105

.6184

.6203

.6223

.6244

.6270

.6300

.6332

.6366

.6403

.6442

.6483

6526

.6570

.66.15

.666.2

.6710

.6754

.6796

.6830

.6855

.688()

.6910

.6953

.7000

.7042

.7081

.7 110

.7098

.7083

.7075

.9291.7/09

.223&|-776.5

.218 ||.78.19

.213 ||.7869

.2080 |.7920

.2024.7976

. 1959|.8041

. 1890 || 81 10

.1823|.S.177

.1757.8243

.170: ||.S.297

.1673|.8327

.1655.8345

.162G|.837.1

. 1638].S362

. 1644].S356

. 1623|.8377|

.1567.8433

. 145( 1.8550

. 1305.8095

. 1108.8892

.0024.9076

.07 17|.0283

.0512).9488

64—34

65–35

66–36

67–37

68–38

60—39

70–40

71–41

72—42

73–43

74—44

75—45

76–4.

77–47

78—48

79–49

80–50

81—5 l

82–52

83–53

84—54

85–55

86–56

$7–57

88—58

S9–59

90—60

91—61

92–69

93—63.

94—64

95—65

96–66

.213S.

.2093

.2047

.2001

. 1954

. 1906

. 1859

. 1810

. 1758

.1705

.1653

. 1604

. 1560

. 1515

.1468

.1416

.1361

. 1304|,

. 1240.

. 1194.

. 1160ſ.

. 1 13(1.

.1 104|.

... 1080ſ.

..1063|.

. 1025.

.0966.9035

.0868

7862

.7907

.7953

.7999

.8046

,8094

.8141

.8190

.8242

.8295

.8347

.8396

.S440

.8485

.S532

.8584

,8639

$696

8754

S800

S840

S870

8896

8920

8937

8975

9132

07:54.9240

.0618|.93.82

.04.93|.

.0368].

.0258|.97.42

9507

9632

Tea
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º

Ten years difference.

Ages. [Probabilities.

... ...;88–78.2994,7006

89—79.3029.6971

90–80).3022.6978

91—81|.2897.7103

92—82.2720.7280

93-83.2420.7580

94—84.2049.7951

95–85). 1606,8394

96–86). 1173/.8827

Forty years difference. Fifty years difference.

Ages. (Probabilities. Ages.
Probabilities

1.4357.564351–

2.3398.6602|52–

3.2985.7015|53–

44–4].2688.731254

5.2520.7480|55

6.2353.7647|56– 6

7|.223C}.777057–

i
7

48– 8.2140}.7860|58— 8

49— 9.2086.791459– G

50–10,2059.7941|60-10

51–1 ||.2045/.795561–11

52–12.2035,796562–12

53—13.2026|.797463–13

54–14.2O18,7982|64–14

55–15|.2011|.7989/65–15

56–16.2005.799566–16

57–17.1996.8004|67–17

58–18.1981.801968–18

59–19. 1959.8041169–19

60–20.1931.8069/70–20

61–21.1896.810471-21

62–22.1855.8145||72–22

63—23.1812.818873—23

64—24.1768,823274—24,1075

.3916

.2887

.2446

.2128

. 1948

..1768

.1635

. 1535

. 1474

• 1442

. 1422

.1406

. 1390

. 1376

. 1362

. 1350

. 1335

. 1314

.1286

.1253

. 1211

. 1165

. 1 120

.6084

.7113

.7554

.7872

,8052

.8232

.8365

.8465

.8526

.8558

.8578

.8594

.8610

.8624

.8638

.8650

.8665

.8686

,871.4

,8747

.8789

.8835

.8880

.8925

.9127

•9154

.9175

.91.95,

.9212

.9225

.9232

,924.1

.9257

.9281

.9310

.9345

.9384

.94.19

Sixty years difference.

Ages. |Probabilities.

61— 1.3494

62— 2.2413

63— 3, 1952

64— 4.1619

65— 5l. 1428

66–6]. 1237

67— 7.1092

68— 8.0982

70–10,0873

71–11.0846

72–12.0S25

73—13.0805

74—14.0788

75–15.0775

77–17].0759

78–18.0743

79–19.0719

80—20.0690

81–21.0655

82–22.0616

S3–23.0581

.6506

.7587

.8048

.8381

.8572

.8763

.8908

.90.18

69— 9|.0912.9088

84–24,0556.9444

Forty
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Sixty years difference.

Ages. Probabilities
Ages. Probabilities.

75—25

76—26

77–27

78—28

79—29

80–30

81—31

S2—32

83—33

84–34

85–35

86–36

87—37

S8–38

89–39

90—40

91—41

92–42

93—43

94–44

95—45

96—46

.1032.8968

.0991].9009

.0950.9050

O907].9093

.0861.9139

.0815||918.5

.0770.9230

.0727.927.3

.06881.9312

.0660.9340

.0635.9365

.0612.9388

.0591.9409

.0574.9426

.0548|.9452

.0511.94.89

.0455.9545

.0392.960s

.0315|.9685

.0247|.9753

.0180.9820

.0123.9877

Forty years difference. ; Fifty years difference.

Ages. Probabilities. ||

65—25

66—26

67—27

68–28

69—29

70–30

71—31

72–32

73—33

74–34

75–35

76–36

77–37

78–38

79–39

80–40

81–41

82–42

83–43

84—44

85–45

.1722,8278

.1676].8324

. 1629.837.1

.1581.8419

.1532.8468

. 1483.8517

. 1434.8566

. 1384.8616

.1335|.8665

.1287|.8713

. 1242.87.58

1199.8801

. 1156.8844

.11 12.8888

. 1064.8936

. 1021.8979

.0968.9032

.0919.9081

.0876.9124

.0846.9154

.0818.9182

86–46).0795.9205

87–47

88–48

.0774.9226

.0759.924.1

89—49.0732.9268

90–50.0690.9310

91—51

92–52

.0617.9383

.0533.9467

93–53.0432.9568

94–54.0342.9658

95—55.0251].9749

96–56).0173].9827

854–25

86–20

87—27

S8–28

89–29

90–30

91—31

92—32

93—33

94—34

95—55

96–36

!

.0532.9468

.0511.94.89

O490).95.10

.0473.9527

.0448.9552

.04.13.9587

.0363.9637

.031

.0248.9752

.01941.9806

:0140.9860

.0095.9905

.9690

Seventy



310 Tabler.

g

Seventy years difference Eighty years difference. Ninety years difference.

Ages.
Probab Ages. |Probabilities. Ages.

Probabilities.

.7505

.8563

,8966

.9237

.9366

.0508

.9615

.975C

.0784

,9814

.984:

.9875

.9905

.993C

.0951

ilities.

71— )

72— 2

73— 3

74— 4

75— 5

76— 6

77— 7

78– 8

79— 9

80–10

81–11

82–19

83—13

84–l4

$5–15

$6–16

87—17

88–18

89—19.

90—20

91—21

92–22

93–23

Q4—24

.3049

.1945

.6051

.8055

.14S7.85:13

..! 159

.0980

.0798

.0660

.0553

.0484

.0444

.04.18

.0397

.O38()

.0372

.0368

.037C

.0373

.0375

.0367

.0345

.0309

.0263

.02 IO

.0 ſé4

.011S95—25

90—20.
.6080

.884]

.9020

.9202

.934C

.9447

.0516

.0556

.0582

.9603

.9620

.9628

.9632

.9630

.9627

.0625

.9633

.9655

.969 |

.9737

.9700

.0836

.9882

S1— 1.2495

82— 2.1437

S3— 3|. 1034

84— 4.0763

S5— 51.0634

S6— 6.0492

S7— 7|.0385

88– S].0304

S9— 0.0250

90–10].0216

91—11.0186

92–12|,0157

93—13.0125

94–14,0097

95—15|.0070

96–16.0049

.9920

.9696;

91—

92–

93–

94—

95–

96– :

.1893

.0918

.0553

.0312

.0212

.01.15

.8107

.9082

.94.46

.0688

.978S

.9885



Tables.

TABLE II.

Shewing the probability of one's life dying after another *,

r

Ten years difference. Twenty years difference Thirty years difference

w ,

Forty years difference.

Ages. Youngeſt Eldest. Ages. Yºungeſtſ Eldest. A ges. Youngeſt Eldest . Ages. Youngeſt

27

28

11

12

13

14

15

16

17

18

1t,

Q()

24

*

25

26

27

Q8

9|29

30

3 |

39

33

34

35

36

37

38

.3973

.4664

.4962

.5176

.5297

.54. 17

.5501

.5559

.5586

.5591

.5.583

.557 l

3.55.58

.5544

.55.30

.5513

.5506

.54SC

.5486

.54S5

.5490

.5498

.5506

.5515

.5524

.5533

.5543

.5553

,5858

.5136

.4822

.4597

.4469

.4342

.4252

.4190

.4 1.59

.4, 159

.4 157

.4167

.4 17 S

.4 189

.4901

.4215

,4225

.493;

.4233

.423)

.4221

.4200

,4196

.4 183

.4 169

.4 155

.414()

.4 125

:

14

15

16

17

S

19

Q(;

31

22

23

24

25

20

27

Q8

21

22

23

24

25

26

27

28

29

30

31

:32

33

34

35

36

37

38

3S

40

41

42

43

44

45

46

47

.3885.5944

.4536|.4431

.4803|,4080

.4934|.389S

.5028.3707

.512(ſ.303S

.5 1831.3546

.5225].348.

.5237|.3450

.5932.3439

.5225|.3438

.5209|.3440

.5 187|.3449

.517 G|.3445

.5162.3449

.5144|.3454

.5198|.3456

.5 l 17|.34.52

.5100.34.4%

.5105|.3427

.5105.3400

.5107|.338%

.51 1 0.3356

.51 1 Cºl. 33.3%

.51 1 ºl.3300

.51 | Q|.32 S('

.51 || 31.3953

4S

| 6

i I

12

13

{-}

! {

16

17

18

19

2()

2]

QQ

23

'' 4

2.

20

27

31

32

33

34

33

30

37

38

( 30

4()

4 |

| Q

43

44

4.5

40

47

+8

10

* {}

5 !

* Q

53

54

55

...tº

37

2S
.5114).3223

5S

.3384

.3934

.4 155

.4307

.4382

.4450

.4498

.4533

.454 |

.4533

.4510

.4497

.447 (

.4453

.4430

.4405

.43S 1

.4360

. 4.34%

.4395

.4.31%

.4298

.4284

.426S

.4252

.4235

.49 12

... }.89 |

.3934

..}555

.32S4

.3133

.2983

.288 .

.2796

.2751

. 273 1

.272^

. 27 10

.271. It

.2709

.97Of

.2704

.2600

.Q6SS

.267 (,

.2648]2

.26 slº

.2580||

.255.31%

.25 G|.

.2484

.244.5 °

.241,513

.2376|2.41.99

4 |

42

43

44

45

46

47

48

49

5()

5 j

3.

.53

- -

, ) tº

, ()

jS

&

CO

()

03

63

64

ſo.5

}* {}

67

JS

5. .362(,x [...)

.290S

.3355

.3520

.3642

.3694

.3746

.3777

.379]

.378s

.377.

.3747

.3719

.369|

.3650

.359]

.355, 1

.3523

.3491

.3459

.3438

J399

.3244

.3339

.3307

. 3974

.3238

.32Ol

| Eldest. ,

.4355

.3396

.2983

.2686

.2518.

.2351.

.2228.

.2138.

.2084

.2057

.2043

.9033

.2024

.g.016

.2009

.2003.

• 1994

. 197S

. 1956

. 1928

. 1893

. 1852

. 1809

. 1765

. 1719

. 1673

.1626

. 1578

* In this and the preceding Table the certainty of both lives becoming extinct is

denoted by unity, this number being best suited to the sclutions in the foregoing

problems. It may not be improper to add, that both tables, though deduced from

the decrements of life at Northampton, may be safely used, even when the values

of the life annuities are derived from a different source, as the probabilities they

express are very nearl

$9mputed.

y the same, from whatever table of observations they are
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Ten years difference. Twenty years difference Thirty years difference. Forty years difference.

Ages. ſyonº Eldest. Eldest.

.4078

.4063

.4048

.4034

-4022

.4003

5].3986

|.3968

|.3951

4}.3934

;2.3695

8|-3511

.4110

.4094

.3920

.3904

.3886

.3868

.3849

.3830

.381 1

.3792

.3773

.3751

.3725

.3662

-3629

-3591

.3551

.3467

.3423

.5104

.5099

.5092

.5086

.5072

.5071

.5051

.5040

.5038

.5026

.5017

.5007

.4995

.4982

.4967

.4950

.4945

.4907

.4.885

.4860

.4830

.4793

.4747

.4691

.4628

.4561

.3196

.3167

.3140

.3113

.3029

.3000

.2878

.2845

.2810

.2770

.2728

.2685

.264]

.2596

.2550

.2503

.2455

.2400

.2342

.2284

.2227

.217.3

.2122

.2070

.2013

.3085]:

.3057|:

.2969||

.2939||

.2909:

.4179

.4159

.4136

.41 12

.4089

.4066

.4037

.4009

.3978

.3945

.3910

.3872

.3829

.3785

.3736

.368]

.3617

.3544

.3465

.3383

.3308

.3207

.3105

.2993

.2864

.2706

.2530

.2338

.2127

. 1891

.1657

29}59

. 1947

Aº: Eldest

.2338

.2200

.2177

.2134

.2089

.2043

. 1997

. 1950

.1902

. 1854

- 1805

. 1753

. 1699

.1647

. 1598

. 1553

. 1508

.1460

. 1407

. 1351

. 1293

. 1234

. 1 180

. 1143

..1110

.1079

.1049

.1025

.22203

º

30

31

32

33

34

Ages.

29||

Ages. Iyounges"

33|53

3.454

35|55

36'56

37|57

38||58

3959

4060

41.61

4262

43.63

4464

15|65

46|66

4767

48|6S

49|69

50|70

5171

52.72

5373

5474

5575

5676

57.77

58.78

29|49.51.15

30|50.51.15

31|51.51 12

3252/.5108

59.79 .4494

36

37

38

39

40

4]

43

44

45

46

47

48

49

50

51

52

53

54

55

.0979

42.É.

Youngest

.3164

.3122

.3077

.3029

.2977

.2921

.2858

.2788

.271.5

.2637

.2559

.2470

.2384

.2286

.2174

.2040

. 1898

. 1743

.1576

. 1393

. 1214

..I.032

.0865

.0691

.O520

.0324

.01.26

Eldests

-

. 1528

.1479

.1430

.1380

.1331

.1282

.1237

.1194

.1150

.1106

... 1057

.1014

.0960

.0910

.0865

K.0834

.0803

.0776

.0751

.0731

.0700

.0649

.0569

.0476

.0363

.0126



Tabler. º - 413

Ten years difference. Twentyyearsdifference 1 hirty years difference

Youngeſ. Eldeſt. I Ages. Youngeſt Eldeſt. Ages. IY cungeſtſ Eldeſt.

.59041.337716C/80].4421]. 1876|60190.1424.0909

.5921.3330|61|81.4332]. 1808|61|91|. 1204.0801

.5937.3281628%. 4.175.174(16292.0973.0674

.5946.3236|63|83.4103.1683|63.93|.0740.0520

.5950.319364|84.3935|. 164964|94.0467.0364

.5943.315965|85.3737|.1626|65||95.0184.0184

.5921.3133|66|86/.3512]. 1607

7.5896.310667|87.3256]. 1591

.5868.3075|68|88.2956]. 1586

.5848.3030|69|89.2651. 1549

.5822.2981||7(490).2338|. 1473

.5784.2936||7|1|01.2032.1338 - .

.5729-28.93||79|92]. 1695.1166 -

.5649.2860|73|93.1335|.0933

.5508|.2866||74|94.0878.0682 /

.534?|-287.1||75||95|.0361.0361 - .

|.5148.2868 -

.4912.2869| - -

.4601.2899)

.4260/.2907

,3894.2864

.3544.2696 -

2|.3145|-2422 -

93.2599.2072 -

4.1835].1546

.0827.0827
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. .

Fifty years difference. Sixty years difference. Seventyyears difference Eighty

2-4

77

years difference

Ages. (Youngerſ Eldeſt. Ages. |Youngeſt Eldeſt. Ages. Youngeſt Eldeſt Ases. Youngeſt tidett.

51.2419.3914

52.276.11.2S85

53.2879.2444

54.2954.2126

55.2979. 1946

56.3005. 1766

57.301 1.1633

3 Sl. 30.14ſ. 1533

59.2998. 1472

30|.2972]. 1440

0 ||.2940.1420

61.1957.3491

62.2 184!.241.1

63.22.45|. 1950

64.2270. 1617

65.2275]. 1426

Ö6.2275. 1235

Ö7.2266. 1090.

68.2251.0980 87s. 13901.0550

69).2226.0910 970. 1346.0481

70.21941.0870|10|SO. 1301.0440

71.2156.0843||1|81.1250.0414

62.2900]. 1404|1279/.2114.0822|12|82.1193.0392

63.2870. 1388|1373.2070.0802|13|83]. I 137.0375

64.2833.1373|1474.202*.0785|1484.1068|.0366

65.2793. 1359||5||75|. 1973.0768||5|S5.0.99%|.0361

66.2751. 1347|1676. 1909.0764|1686.0913.0360

67|.2707.1339||17|77|. 1845.0755|17|37,0821.0362

7 ||. 1544.3045

72]. 1622. 1942

73.1604.1484

74.1573.1156

75.1523.0977

76]. 1477.0795

77|. 1433.0657

1

I l

l:

i
1969.2617. 1283|19|79.17 13.0714|9|sg|.0623.0350

20|70.2570.125030|80.1643.0685|Sºlº)0.0525,0327

21||71.2524. 1208|21|8 ||. 1569.0649|21|9||.0433.0286

Ös].2668.1311||s|7s. 1780.0739||18|ss.oſ 39.9360

S 1

SQ

83

S4

S5

S6

S7

88

89

90

91

1999

13|93

14|94

15||95

|

.129.4|.2485

. 1189]. 1426

. 1042|. 1027

.0901].0756

.0768|.0626

.0649.0484

.0546.0377

.0457.0294

.0382|.0239

.0318|.0203

.0274.0158

.0204-0140

.014.9.01.05

.0091.0071

.0035.0035

Ages.

227g|.2476]. 1162|29|89]. 1490.0610|2299|.034.0235| ||91

23|73.2424. 1116|23S3]. 1405.0574|2395.0253.0177.

2474.2369|. 1071|24|84. 1305.0548,24.94.0153.01.21

25||75|.230s. 1028|25|S5.1201.0523|2595.0059.005%

20|75|.2242.0987|2686. 1091.0499

27|77|.2174.09.45|27|S7.0975.0476

2878.2103.990s SSS.083.0456
2979].2031.0856|29|86.0731.0427

30|80.1956.0809|30.90.0613

31|81|.1876.076331191.05.10.033.

32|32]. 1788.07.2033199.6402.(

33|83. 1692.06803393.0298.0900

34|84.1580.0650.3494.0183.0143

::::::::::::: ***

-

86.1333.0598

37.87.1198.0574 I

38|8Sl. 1052].0553

39|89].0909.0523

40|90.0770.0481

41911.0641.0420

42|92].0509-03'50

43|03.03S0.0265

44|94].0235.0183 .

4595.0090|-0090 |

END OF VOLUME FIRST.
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Q92

393

4.94

595

Ninety years difference

Youngefil Eldeſt.

.1098. 1803

.0759.0844

.()51()|.04SO

.0291.0234

.01.10.01.16



ERRATA.

For k, in page 396, lines 19 and 22, in page 397, lines 6

and 19, in page 398, lines 4, 10, and 13, in page 399, line

20, and in page 400, line 1, read x-For 2b, za, and zar, in

page 400, line 6, read 2b, 2a, and 2ar, and for 2, in line 7

read 2. - -
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